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Abstract
The warm dense matter regime (WDM), defined by temperatures of a few
electron volts and densities comparable with solids, is a complex state of
matter where multi-body particle correlations and quantum eﬀects play an
important role in determining the overall structure and equation of state.
The study of WDM states represents the laboratory analogue of the astrophysical environments found in the cores of planets and in the crusts of
old stars, but also has practical applications for controlled thermonuclear
fusion.
Time resolved X-ray diﬀraction is used to study the temporal evolution
of a sample from solid state towards WDM, either after irradiation with
an intense proton/electron beam, in carbon samples, or direct laser illumination, in thin gold nanofoils. The electron-ion equilibration time is
extracted through the use of the two-temperature model and in highly excited carbon shown to be longer than previously thought, this is attributed
to strong ion-ion coupling screening the interaction (coupled mode theory).
Calculation of the dynamic ion-ion structure factor is performed using
orbital-free density functional theory (OF-DFT) and shown to compare
well with Kohn-Sham DFT in both the static and dynamic cases. Experimental verification of these results is vital and measurement of the
microscopic dynamics of warm dense aluminium have been successfully
demonstrated through inelastic X-ray scattering. Using the self-seeded
beam at the linear coherent light source (LCLS) scattering at a small
momentum exchange allowed the first direct measurement of ion acoustic
waves in WDM. This data provides the basis for a direct experimental
test of many dense plasma theories through direct comparison with the
ion-ion dynamic structure factor.
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Chapter

1

Introduction
“There are infinite worlds both like and unlike this world of ours.”
Epicurius, c.300 B.C.
At the dawn of the 16th century Nicolaus Copernicus suggested a dramatic change
to our way of thinking and ousted the Earth from its, until then, unrivalled position at
the centre of the universe. This new heliocentric view of the solar system whereby the
planets revolve around the sun would go on to inspire Italian philosopher Giordano
Bruno to predict, almost entirely correctly, that the sun was not unique in the universe
and that there existed an infinite number of suns, each with their own planetary
systems [70].
The search for these so called exoplanets did not really begin for over a century,
and the first documented search was by Christiaan Huygens in 16981 . The first
claimed discovery of an exoplanet occurred in 1855 when Captain W. S. Jacob of the
East India Observatory suggested that orbital anomalies in the binary star system 70
Ophiuchi were caused by an orbiting planet. However, this was proven not to be the
case. The first confirmed discovery of an exoplanet came in 1992 when Aleksander
Wolszczan and Dale Frail discovered two planets orbiting the pulsar PSR B1257+12
[82, 212]. Since then a total of 1028 planets in 782 solar systems2 have been discovered
[180].
Planets with sizes ranging from Earth type masses to masses of up to twenty-two
times that of Jupiter have now been discovered, and just like their solar counterparts
1

This was actually before some of the largest inter-solar planets had been discovered. Uranus
was discovered in 1781, Neptune in 1846 and Pluto not until 1930. Although Pluto was downgraded
to “dwarf planet” in 2006.
2
The rate of exoplanet discovery is rapidly increasing, and this number will surely be outdated
before long.
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many unanswered questions remain regarding their formation and evolution [142].
The cores of these planets can reach pressures above a megabar and temperatures of
up to one hundred thousand kelvin, and any successful description must include the
eﬀects of strong ion-ion correlations and high electron degeneracy. Eﬀorts to describe
the structural dynamics of the cores of these planets, as well as those within our solar
system, such as the JUNO mission to Jupiter scheduled to arrive in 2016 intended to
measure higher order gravitational moments, are an area of intense scientific interest.
This thesis is primarily concerned with the process of creating, diagnosing and modelling the behaviour of these extreme states of matter, a task that requires answering
some fundamental physics questions spanning condensed matter, plasma physics and
laser physics, and utilises recent technological advances in both high power lasers and
ultra-fast X-ray science.

1.1

The Advent of High Energy Density Physics

The study of matter in extreme conditions, such as those found in the cores of Jovian
planets, is now collectively known as high energy density physics (HEDP) and incorporates many other more traditional areas of physics including plasma physics and
fusion energy, condensed matter, material science, astrophysics and laser and particle
beam physics [52]. The most widely accepted definition of HEDP is the one set out
in the US National Academy of Sciences, Frontiers in High Energy Density Physics,
where a material should have an energy density of above 1011 J m−3 , or equivalently a
pressure of order 1 Mbar [93]. This definition was chosen to be the pressure at which
solid density matter compresses significantly, in other words it is the same order of
magnitude as the internal energy of a hydrogen molecule ∼Mbar.
In order to study these extreme states of matter more easily scientists attempt
to reproduce conditions relevant to these planetary core conditions here on earth.
Accessing the high pressure and temperature regions of phase space requires inputting
huge amounts of energy into a system, achieving this has typically required both large
and costly machines, and as a result the major technological advances associated with
this field of study has in general been driven by defence and the pursuit of fusionenergy.
Pressures above a Mbar cannot typically3 be obtained during static compression,
such as using a diamond anvil cell, but requires dynamic compression such as driving
3

However, there is a trade oﬀ between sample volume and the maximum pressure which can be
reached. With nano-diamond inserts small volumes of the order of a few cubic microns have recently
been compressed to pressures of over 6 Mbar [53].
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Figure 1.1: Phase diagram showing the location in phase space of the WDM regime.
Figure reproduced from Ref. [57].
an intense shock wave through a material, often after high intensity laser irradiation.
The first appearance of these high energy density conditions here on earth came with
the development of nuclear weapons in the 1940s. These early underground nuclear
explosion tests were often used as a driver for the shock compression of matter up to
pressures of around 100 Mbar. However, this method of creation is no longer available
after the recent comprehensive nuclear-test-ban treaty in 1996, and has necessitated
the need to find alternative methods [32].
Two stage gas guns developed in the 1940s would use an explosive charge to
drive a piston into a light gas, this in turn would rupture a diaphragm at a particular
pressure, driving a flyer plate towards a sample at velocities approaching ≈10 km s−1 ,
reaching pressures in excess of 6 Mbar [36, 95]. Until recently the majority of work
on obtaining high pressure equation of state (EOS) data from dense materials was
carried out this way, however in the last few decades high intensity laser sources
have been exploited to allow access to new, higher pressure, physical regimes in the
laboratory. These intense laser-matter interactions can be used in a variety of forms
to increase the energy of a system to above 1011 J m−3 , from producing large fluxes
of particles which can be used to isochorically heat matter, or driving intense shock
waves into materials to compress matter to ultra high densities. These new techniques
have opened up a huge area of phase space for exploration.
One area of HEDP that has been identified as a significant challenge is the warm
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dense matter (WDM) regime. This state is characterised by high pressure (∼1 Mbar),
temperature (∼1 eV) and approximately solid density, see Fig. 1.1. It represents a
major challenge theoretically, computationally and experimentally as it lies in the
regime between traditional solid state and plasma physics, where expansion techniques
are no longer applicable, and neither the kinetic nor the potential energy can be
treated perturbatively. Strongly coupled ions, non-equilibrium species (Te /Ti ̸= 1)
and non-negligible electron degeneracy play an important role in defining structural
dynamics [78]. Here, Te and Ti are the electron and ion temperature, respectively. A
complete description of the WDM regime is important for describing many physical
phenomena ranging from phase transitions within the interior of large astrophysical
objects [40] to temperature relaxation rates during the internal processes of inertial
confinement fusion (ICF) [127]. In many text books WDM is referred to as a strongly
coupled or non-ideal plasma.

1.1.1

Outstanding Questions

Our understanding of these states of matter is rapidly increasing with access to increased computing power and experimental facilities such as free electron lasers(FELs).
However, there are still many unanswered questions:
• What is the equation of state of high pressure and temperature systems? What
relevance does this have to the formation and evolution of planets? [57]
• On what time-scale is the electron-ion (lattice) equilibration in non-equilibrium
matter? [33, 143, 199]
• What is the stopping power of warm dense matter for fast particles? [168]
• What are the transport coeﬃcients in a strongly coupled plasma? [51, 179]
• How does the conductivity change in high pressure and temperature systems?
[46, 138]
Answering any of these questions requires a complete understanding of the behaviour of both the electrons and ions within these states of matter. The disparate
time-scales associated with both electron and ion dynamics, coupled with being unable to resort to many approximations used in other areas of physics, means the
computational cost of answering these questions is often prohibitively high. Solving
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these problems from first principles requires solving the Schrodinger equation to obtain the electron-wave functions, but the ion motion necessitates that a huge number
of microstates are sampled when calculating thermodynamic properties. Experimentally accessing these high pressure states is diﬃcult as here on earth these states
exist only for time-scales of a few nanoseconds before they disassemble; in addition
to this they are optically dense meaning experimental diagnosis requires the use of
ultra-bright short-pulse high energy X-rays.

1.2

Development of the Field

To help answer these long standing questions associated with materials under extreme
conditions it is informative to reviewe briefly the developments that have led up to
this point, and in many ways permitted the study presented in this thesis. Here
I will present an overview of high power optical lasers4 , short pulse X-ray sources
and molecular dynamics, as these are the tools used primarily throughout this thesis
to create, probe and simulate these extreme matter conditions. A more detailed
description of each of these techniques is given in chapter 2.

1.2.1

Creation: High Power Optical Lasers

The creation of HEDP states of matter here on earth relies on dumping a huge amount
of energy into a system within a short time frame. High power optical lasers are the
perfect tool for this as they oﬀer flexibility in their use and make large regions of
phase space accessible.
The first functional optical laser was developed in 1960 by Theodore H. Maiman
[125] and used flash-lamps to pump a ruby crystal emitting light at a wavelength of
694 nm. Also that year the physicists Ali Javan, William R. Bennett, and Donald
Herriott constructed the first gas laser that produced light at a wavelength of 1.15 µm
from a helium/neon filled cavity [103]. These first lasers had a low average power
and were typically either continuous wave or had pulses of the order of milliseconds.
However, the importance of lasers to scientific discovery meant that over the next
five decades huge advances would be made in the number of attainable wavelengths
(developments in gain medium and 3-wave mixing processes) as well as the average
and peak powers possible (mode-locking [137], Q-switching [128], CPA [152, 186]). In
4
The creation of extreme matter states through high power laser-matter interactions is by no
means the only method. Alternative schemes relying on diamond anvil cells, gas guns, pulsed power
machines and free electron laser irradiation exist, but are outside the scope of this thesis.
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Laser Intensity (W/cm2)

particular the development of chirped pulse amplification has led to an increase in
peak power of over five orders of magnitude, see Fig. 1.2 [115].
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Figure 1.2: History of laser intensity for high power lasers reproduced from Ref. [115].
Important advancements in the history of laser science and the physics areas that can
be accessed with increasing intensity are highlighted.
Nowadays laser technology is split into two categories depending on the pulse
length, typically either long (∼ns) or short (∼fs-ps) pulses. Both pulse length regimes
are useful in the creation of HEDP states. Long pulse lasers with tunable pulse
shapes are typically used to ablate the surface of a solid target. The laser light is
absorbed by the surface5 of the target to within a few skin depths generating a high
temperature plasma. The plasma expands from the free surface into the vacuum
generating a reaction force, this force launches a compression wave into the target
while the expanding plasma continues to absorb the laser light up to some critical
density. Recent advances in the pulse shaping capability of long pulse lasers has
given great precision over the density and temperature states that can be accessed.
For example, a slowly increasing intensity (ramp wave) can compress a target along
the isentrope, increasing the density of the system while keeping the temperature
low. A step like laser profile on the other hand can be used to drive a shock wave
with velocities on the order of km/s through solid targets. The shock wave increases
both the density and temperature of a system according to relations known as the
Hugoniot conditions discussed further in section 2.4.2.
5

In some situations a second material known as an ablator is deposited on the surface of the
target to increase the pressures that can be reached, see section 2.4.2 for more detail.
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Short pulse lasers are not often used to compress a target, typically due to the
lower energy contained in the pulse6 . Instead the ultra-high intensities available
are more often used to accelerate charged particles (electrons, protons or ions) into
solid targets, heating on ultra-short time-scales before hydrodynamic expansion sets
in. This isochoric heating of materials gives access to a region of phase space not
typically available to long pulse interactions.
Lasers are now routinely used in the laboratory to create high pressure states of
matter not accessible through static compression. These states of matter typically
exist on nanosecond time-scales and are held together through inertial confinement.
That is to say they exist on very short-times scales before huge internal pressures
cause them to disassemble. To this end any diagnosis must also take place on these
ultra-short time-scales.

1.2.2

Diagnosis: Short Pulse X-rays

On the 8th November 1895 Wilhelm Conrad Röntgen discovered that a screen coated
with barium platino-cyanide placed on the one side of his laboratory in Munich would
fluoresce when he fired a discharge tube on the other side. He went on to discover
that the unknown ray causing this fluorescence could penetrate card and aluminium
without attenuation, and even that it could penetrate skin - but not bone [165].
Röntgen was able to deduce that this eﬀect was coming from an unknown type of
radiation which he named X-rays7 . The first X-ray image ever recorded was taken of
his wife’s hand, see Fig. 1.3. Röntgen received the first ever Nobel prize in physics
for his discovery in 1901.
The definition of an X-ray is conventionally the region of the electromagnetic spectrum with a wavelength between 0.01 − 10 nm, or equivalently an energy between
120 eV and 120 keV [130]. X-rays lie in the region of the electromagnetic spectrum
between vacuum ultraviolet (VUV) at lower energies and gamma rays at higher energies, however the boundaries are not strict and a definition based upon the source
of the radiation is preferred by some authors8 .
Since their discovery X-rays have been at the heart of many breakthroughs in
science, from the determination of crystal structures in 1913 (Bragg and Bragg) [26,
56], the discovery of the double helical nature of DNA in 1953 (Crick, Watson and
6
Although advances in the energy available within a short pulse laser and the increased precision
obtainable means that they are increasingly used as a drive system [131].
7
Although the term Rötgenstrahlung was used for a while around their discovery.
8
That is describing radiation emitted from nuclear interaction as gamma rays and radiation from
outside the nucleus as X-rays [45].
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Figure 1.3: Discoverer of X-rays Wilhelm Röntgen along with the first X-ray photograph showing the hand of his wife, Anna Bertha. Image reproduced from Ref. [92].
Wilkins) [203] to diﬀraction imaging of biological samples, viruses and proteins [157].
The wavelength of X-rays make them perfectly suited for probing systems where the
atoms are spaced a few Ångströms apart, as well as optically dense systems.
Observing transient events such as phase transitions, high pressure shock waves
or rapid thermal expansion requires extremely bright pulses of X-rays produced on a
time-scale shorter than the response of the system being probed. Modern day X-ray
science has focussed in part on this eﬀort, which is in essence taking a snapshot of
the atoms in a dynamically evolving system. Since laser-produced shock waves travel
at speeds of the order of tens of kilometres per second, and experimental samples are
typically tens of micrometers thick, a natural time-scale for the event is of the order of
a few nanoseconds. Furthermore, the speed of shock waves produced from laser-solid
interactions means that any such X-ray source must be synchronised to an event, not
least because the sample is usually destroyed by the intense laser irradiation [90].
The earliest eﬀorts towards this goal of diﬀraction from a short X-ray pulse was
the creation of a millisecond X-ray source by Tsukermann and Avdeenko in 1942
[191, 201]. By utilising a pulsed X-ray tube they managed to obtain diﬀraction
patterns from single crystal aluminium samples. A year later Al’tshuler used similar
techniques to produce diﬀraction patterns from steel samples with a time resolution
of below 10 µs [9, 92]. However, the brightness of the X-ray sources meant only static
diﬀraction patterns were possible at the time.
Over the resulting decades pulsed X-ray sources become become steadily brighter
8
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and radiography of shocked materials become common place. However, in 1969 the
brightness of X-ray sources had increased enough such that Johnson was able to
record the first diﬀraction pattern from a shocked solid [104]. The development of
short pulse radiation sources would then diverge into two diﬀerent technologies both
of which are used in the experimental work discussed here. The first method revolves around using a high intensity optical or near-optical laser to drive electrons
into metal targets releasing characteristic X-ray radiation, bremsstrahlung radiation
or thermal radiation. The second technique revolves around using conventional accelerator technology to drive high intensity electron beams into a metal target or later,
an undulator, to produce synchrotron radiation.
1.2.2.1

Laser Produced X-rays
1
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Figure 1.4: Typical spectrum of a Kα source taken from short-pulse (40 mJ, 40 fs)
laser irradiation of a thin (10 µm) Ti foil. The spectrum was recorded using a HOPG
crystal analyser with a CCD placed equal distance away. Energy calibration was
carried out using the known energies of the Kα (A) and Kβ lines (C). Satellites
arising from additional ionisation levels can also be seen, marked (B).
As detailed in section 1.2.1 the development of high powered lasers led to the
ability to create high pressure and temperature states of matter for very short periods
of time in the laboratory. However, the interaction of an intense pulse of optical or
near-optical radiation with matter can also act as a source of X-ray radiation that
can be used to probe the target. Typically the interaction of a long pulse laser with
an intensity of around 1015 − 1016 W cm−2 with a solid density target creates a hot
plasma in a highly ionised state with many He-like ions. These He-like ions emit
9
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radiation from the 2p-1s transition with high eﬃciency (0.1% conversion of optical
light into X-rays) yielding around 1011 photons per joule in modern experiments. This
type of X-ray source has been used as a back-lighter to study laser driven shocks for
the past decade but suﬀers due to relatively long pulse length and a large bandwidth,
typically of the order of 10−2 . Additionally, the energy spectrum is not smooth,
containing features from diﬀerent orbital transitions as well as satellite lines.
The interaction of a short-pulse laser with a thin foil excites fundamentally diﬀerent physical processes in the target. The radiation drives an intense beam of electrons
travelling at relativistic speeds into the target. As these electrons pass through the
target collisional excitation leaves vacancies in the inner shell and electrons from
higher orbitals drop down an energy level to fill the shell emitting characteristic Kα
radiation [59, 176]. This line radiation typically has a pulse length of the order of
the laser pulse length and a much cleaner spectrum than that of the He-α source.
The down side is that the conversion eﬃciency is of the order of 10−4 , coupled with
the reduced energy in short-pulse laser systems, makes using this radiation source a
challenge. However, before the advent of forth generation light sources optical laser
produced X-rays were one of the prevailing technologies used to capture the behaviour
of ultra-fast events in dense materials. Alternative methods to observe events occuring on a sub-picosecond timescale utilised X-ray streak camera technology, developed
in the 1970s [61, 121, 129, 141].
1.2.2.2

Free Electron Lasers

Another method of short pulse X-ray production is based on accelerator technology.
Among the first of these was the PHERMEX linear accelerator which sent a short
electron bunch into a tungsten target producing bremsstrahlung radiation in the soft
X-ray regime [184]. The development of accelerator based light sources is generally
split into generations, with the first generation generally being machines traditionally
used for particle or nuclear physics modified, or adapted to a light source. The
second and third generation light sources utilised synchrotron and wiggler radiation
to produce harder radiation. Finally, there are fourth generation light sources where
a high intensity X-ray beam is passed through an undulator to produce an ultra-short
coherent X-ray beam9 .
9
As part of eﬀorts to develop the fourth generation light source at Stanford an accelerator-based
X-ray source, the Sub-Picosecond Pulse Source (SPPS), based on linac acceleration and electron
bunch compression schemes was able to produce 80 fs pulses which were succesfully used to observe
ultra-fast transient phenomena [122]
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One important measure of the quality of a light source is the brilliance. The
brilliance of a source is a measure of the number of photons per second, per angular
divergence, per cross sectional area, per 0.1% bandwidth. In general the greater the
brilliance the more photons that can be concentrated on a single spot in a set amount
of time. Fig. 1.5 plots the change in brilliance of X-ray sources over the last century.
The most brilliant X-ray sources on the planet are FELs.

Figure 1.5: Comparative brilliance of third and fourth generation light sources, reproduced from Ref. [211].
A FEL works by passing a beam of electrons accelerated to relativistic energies
through an alternating transverse magnetic field, called an undulator. If the undulator period λ0 , radiation wavelength λ, and electron beam velocity cβ are matched
according to λ ≈ λ0 (1 − β)/β, where c is the speed of light then resonance is achieved
and eﬃcient exchange of energy between the electrons and magnetic field takes place.
With the advent of fourth generation light sources based on free-electron laser
technology, experiments that require extremely high photon flux become possible.
Chapter 5 outlines a ground breaking experiment where the ultra-high brilliance of
the linac coherent light source (LCLS) is exploited to measure the low frequency ion
waves in dense plasma. A detailed description of the LCLS, including the new low
bandwidth self-seeding mode, can be found in section 5.1.
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1.2.3

Simulation: Molecular Dynamics

The primary simulation technique used throughout this thesis is molecular dynamics
(MD). Molecular dynamics is a technique that is able to model the detailed microscopic dynamics of the ions in a gas, liquid, solid or even a plasma. Classical MD
revolves around solving numerically the Newtonian equations of motion, F = mẍ,
for a particular ensemble of atoms to obtain the time evolution of the many-body
dynamics. This deceivingly simple technique developed in the 1950s by Alder and
Wainwright is extremely powerful and can be used to investigate systems in chemistry, physics and biology [3]. It can be used to calculate dynamic properties of an
evolving system, as well as to sample from particular statistical ensembles as a means
to determine equilibrium thermodynamic properties such as temperature and pressure. A huge advantage of this technique is that if a system displays the correct
macroscopic properties, for example the output could be matched to an experimental
result, then the simulation can be interrogated at a microscopic level not always possible experimentally. These simulations provide an important link between the micro
physics describing the exact ion-ion interactions and the macro physics - for example
the temperature and pressure.
The very first MD simulations were performed in the 1950s by Alder and Wainwright [3, 4] and were used to study the interaction of systems of hard spheres.
Although this provided many insights into the behaviour of liquids, the development
of more accurate potentials was required to simulate more complex physical systems.
This was achieved in 1960 when the Vineyard group simulated the radiation damage
of a copper crystal [69] and in 1964 when Rahman simulated liquid argon using a
potential developed from the van der Waals interaction [160]. Since then the development of more accurate potentials and the parallelisation of MD algorithms has led
to larger spatial and temporal simulations being performed with increased physical
accuracy. In classical MD it is now routinely possible to simulate systems with over
1 million atoms on a small cluster of a few tens of CPUs [108]. Indeed, this is done
in section 3.5 where a thin 200 nm gold foil reaching temperatures of just a few
hundred Kelvin is modelled completely in one dimension. However, when studying
HEDP states it is not always possible to find a suitable potential which can model
the ion-ion interactions over large temperature and density scales. As such quantum
molecular dynamics where the potential can be calculated for each condition and
on each time-step in a simulation represent a significant improvement over classical
models. However, this typically limits the number of atoms it is possible to simulate
to less than 103 . Hence this technique is typically used in quantum chemistry, where
12

1.3 Structure of the Thesis

molecules are simulated, or in condensed matter where the periodicity of the problem
allows the complexity of the problem to be reduced. The simulation of HEDP states
in this work uses an orbital-free technique, which acts as a middle ground between
the classical and full quantum descriptions, and is described in chapter 4.

1.3

Structure of the Thesis

This section will briefly outline the structure of this thesis.
Chapter 2 begins by reproducing some of the fundamental theoretical concepts
that underpin the work in this thesis. The topics discussed include basic crystallography, X-ray scattering from solids and plasmas, classical molecular dynamics and
laser-solid interactions.
Chapter 3 outlines the problem of temperature relaxation in non-equilibrium plasmas, a problem identified as an outstanding question in this area of research, see
section 1.1.1, and crucially is relevant to the creation of HEDP states in the laboratory. Details of three diﬀerent experiments each designed to measure the time-scale
of electron-ion equilibration will be presented. Each experiment uses time-resolved
X-ray diﬀraction to measure the structural dynamics of the ions and infer the ion
temperature, but in each case a diﬀerent heating mechanism was used (high intensity
proton beam, high intensity electron beam and direct laser illumination). The results
show the need for an increased understanding of the electron-ion coupling in extreme
matter states and highlights that many experiments investigating high pressure EOS
may not in fact be in local thermodynamic equilibrium as previously assumed.
Chapter 4 concentrates on the application of a theoretical technique based around
density functional theory to enable the extraction of both thermodynamic properties
and structural dynamics of HEDP states of matter. In this section the process of
creating suitable pseuodpotentials necessary for a quantum MD simulation is discussed thoroughly along with the validity of this approach. The computational speed
up oﬀered by this approach is exploited to allow self-consistent quantum calculations of the dynamic ion-ion structure factors for the first time. Classical simulations
are compared with the quantum molecular dynamics simulations and the diﬀerences
discussed.
Chapter 5 presents a ground breaking proof-of-principle experiment performed
at the LCLS to directly measure the ion-ion fluctuations in a dense plasma. Time
resolved X-ray scattering from laser shock produced HEDP states are spectrally resolved to observe the ion feature which can be compared directly with the dynamic
13
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ion-ion structure factor presented in chapter 4. The comparison between experiment
and theory shows that the sound speed and acoustic peak position is captured accurately in the simulations while the entropy (central) peak shows discrepancies. A
separate analysis technique revolving around a hydrodynamic description of a dense
plasma is also discussed briefly and shown to be a powerful method to describe the
data, and to extract thermodynamic and transport properties.
Chapter 6 contains an overview of the thesis, and the work performed. Finally, a
short insight into the direction this work could take in the future is included.
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Chapter

2

Elementary Theory
This chapter will cover some of the elementary theory relevant for understanding the
work presented in this thesis. Ideas presented here can be found in many textbooks
but is presented here for reference. In addition, it is hoped that the necessary diﬃculty of alternative nomenclature present when working in a multidisciplinary field is
lessened when similar ideas are presented side-by-side.

2.1

States and Phases of Matter

There exist many diﬀerent states1 of matter in our universe. Solids, liquids and gases
are the most common and we come into contact with these on a daily basis, but more
exotic states of matter exist, such as plasmas or Bose-Einstein condensates, and are
often highly studied due to their unique properties and prevalence in astrophysical
environments. This thesis is about the creation and study of extreme states of matter, i.e. those states which are rarely found here on earth but must be created in
the laboratory in order to be studied up close. In particular it is concerned with the
study of WDM, a state that lies in the transition regime between solids, liquids and
plasmas and has characteristics associated with all three. Experimental and theoretical work surrounding WDM requires techniques and theories from each discipline.
It is therefore useful to cover some basic theory from condensed matter and plasma
physics to provide a framework for this thesis.
1

Although the word phase is often used interchangeably with state this should be avoided as
within a particular state there are often multiple phases of matter, e.g. liquid-liquid phase transitions
within hot dense hydrogen or the solid-solid (α − ϵ) phase transition during shock compressed iron
[92].
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2.1.1

Solids, Liquids and Gases

A solid can be defined as a rigid structure in which the atoms are tightly bound,
that is the atoms do not contain enough kinetic energy to move significantly from
their equilibrium positions. Often the most energetically favourable structure is for
the atoms to arrange themselves into a regular periodic structure, a crystal. This
long range order is a characteristic property associated with many solids. A crystal is
described mathematically first by defining a lattice made up of a linear superposition
of N independent basis vectors, where N is the dimension of the crystal. For a
3-dimensional crystal the position of the lattice points in real space can then be
expressed as L(r) =

∞
∞
∞
∑
∑
∑

δ(r − ua − vb − wc) ,

(2.1)

u=−∞ v=−∞ w=−∞

where a, b and c are the basis vectors and u, v and w integers that act as indices for
the atoms.

a
c
a

a
a

a
a

a

a

Figure 2.1: Three examples of the 14 Bravais lattices. From left to right are the
body-centred-cubic (BCC), the face-centred cubic (FCC) and the simple hexagonal
lattices. The letters a and c are the lengths of the unit cells.
Every lattice point is equivalent and the system of points displays translational
symmetry along each of the basis vectors. To turn this description of a lattice into a
description of a real crystal we define a basis set. A basis set is a set of N vectors which
describe the position of the atoms in relation to each lattice point. The simplest basis
set is to place a single atom at each lattice point (i.e. the basis set would consist of
a single vector of length 0), in this situation each atom is equivalent and the number
of crystal structures is limited by translational symmetry. It has been shown that in
this case only 14 lattices, called Bravais lattices, can be defined. This includes the
three common crystal structures, the crystal structure of iron known as body-centred
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cubic (BCC), the structure of aluminium known as face-centred cubic (FCC), and a
hexagonal crystal structure, hexagonal close packed (HCP), all shown in Fig. 2.1. The
volume defined by the vectors a, b and c creates a unit cell which when tessellated
fills all space and fully defines the crystal. There exists an unlimited number of unit
cells for each crystal structure, however, in practice two are generally used. The
conventional unit cell which most easily describes the full symmetry of the crystal
and the primitive unit cell which is the smallest possible volume that can describe
the crystal. For example, the conventional unit cell of an FCC structure contains 4
atoms and has a cubic unit cell while the primitive unit cell contains a single atom
and is rhomboidal in shape. More complex crystal structures require a multi-atom
basis, graphite for example has the HCP lattice shown in Fig. 2.1 but requires a four
atom basis. The basis vectors place atoms at locations (0,0,0), (0,0, 2c ), a2 ( √1 ,1,0)
(3)

√ , −a , c ).
( 2−1
3 2 2

and
The resulting crystal is shown in Fig. 2.2. In a HCP lattice the
vectors a and b are at 120◦ to each other and equal in length, they map out the basal
plane, while the c-axis represented by c is perpendicular to both.

A'

3.35 Å

B'

A

B

1.41 Å

Figure 2.2: Graphite crystal structure showing the four atoms in the unit cell (A, B,
A’, B’).
As the temperature of a system is increased, at some point, the thermal energy
of the atoms becomes high enough to overcome the potential barrier binding the
atoms together, and the long range order vanishes. Typically, liquids retain a shortrange order while gaseous systems are characterised by complete disorder. The radial
distribution function (RDF) can be used to quantify the level of disorder present in
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a system. It is defined by writing the average number of atoms, δN (r), in a spherical
shell of radius r and thickness δr around any given reference ion as,
∫

r+δr

r2 g(r)dr ,

δN (r) = 4πn

(2.2)

r

where n is the average ion density and g(r) the RDF. For g(r) = 1 which is the
case for an ideal gas, characterised by complete disorder, the expression reduces to
δN ≈ n × Vshell where Vshell is the volume of the shell. If there is either short or long
range order in the system then the RDF is non-trivial and for solids can also have
directional dependence where g depends on vector r. For a solid at T=0 K the RDF
would be a sum of delta functions located at the lattice sites while for an isotropic
liquid the RDF can be averaged spherically. Fig. 2.3 shows the loss of structure
in the RDF of solid density aluminium as the temperature is increased from 0.2 to
20 eV. The RDFs were were calculated from 32 atom orbital-free DFT calculations
run for 1 ps in 1 fs steps. Full calculation details are given in chapter 4. The peaks
in the function represent shells of atoms located around the reference atoms, the first
peak is often located at the nearest-neighbour distance. For all liquids the long range
behaviour is to tend to unity due to to the absence of long range order.
2.5
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Figure 2.3: Radial distribution function of solid density aluminium at 0.2, 2 and 20
eV. RDFs were calculated from 32 atom orbital-free DFT calculations run for 1 ps in
1 fs steps. Full calculation details are given in chapter 4.

2.1.2

Non-Ideal Plasmas

A plasma is defined as a quasi-neutral system of charged particles. It is the natural
state of matter at high temperatures where the electrons in the system have enough
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energy to become ionised. This partially ionised system presents diﬃculties over, for
example, an ideal gas as the electromagnetic fields from the ions create a collective
many-body system. Classical plasma physics is focussed on high temperature, low
density systems. Here the ions are treated as point particles and ion-ion interactions
are considered weak or neglected completely. Non-ideal plasmas, such as WDM are
characterised by strong ion-ion correlations and the presence of short range order, such
as that commonly associated with a liquid. It is this short range order (or in some
special conditions long range order2 ) which can considerably alter the physics and
renders much of the classical statistics-based plasma physics techniques unsuitable.
An example where electron-ion interactions play an important role in determining
the behaviour of a physical system is charge screening. First developed by Debye
and Huckel in 1923 for electrolyte solutions the idea of charge screening has become
a ubiquitous tool in describing non-ideal plasmas [43]. The idea is that the Coulomb
field surrounding a positive ion in a plasma is screened by the negatively charged
electrons which it attracts. Classically, by considering the distribution of free electrons
surrounding an ion the screening length can be shown to be,
√

ϵ0 kB Te
,
(2.3)
e2 Z 2 n
where kb is the Boltzmann constant, Te the electron temperature, Z the average
ionisation state and n the ion number density. The Debye length then defines a
region around the ion known as the Debye sphere where the Coulomb interaction is
λD =

screened and the potential can be written in the form,
e −r/λD
e
,
(2.4)
4πϵ0 r
this is the screened Coulomb potential, or the Yukawa potential.
The number of electrons contained in the Debye sphere surrounding an atom is
given by ND = 4/3πnλ3D . For a typical ideal plasma with an ion density of n ∼
V (r) =

1014 cm−3 and a temperature of around 8 keV this number is of the order of 108 .
However, for the types of systems considered here this is often not the case. The
centre of Jupiter which is thought to consist of a Hydrogen plasma with a density of
n ∼ 1024 cm−3 and a temperature of around 1 keV we find that this number comes
out as 10−3 demonstrating that for such non-idea plasmas the statistical approach to
the concept of screening as given by the Debye length is not appropriate. Although
2
It is possible to have a high temperature/pressure system where the ions form a crystalline
lattice. In fact it is believed that the centre of the earth is crystalline in nature [126].
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the concept of screening from plasma physics has been shown to be inapplicable in the
regimes studied here, the idea of screening is one that is still useful in HEDP states of
matter. Alternative screening concepts based on the Thomas-Fermi screening length
are routinely used in high pressure systems where the electron degeneracy is high and
screening plays an important role in electron-ion coupling (see section 4 on developing
potentials for use in both classical and quantum simulations).
A second concept from plasma physics which is used in this work is that of plasma
frequency. This is the frequency of characteristic oscillations associated with the
electrons (or ions) in an ionised system. Since this work is focussed on the ion
dynamics in a dense plasma the useful quantity is the ion plasma frequency. This is
given by,
√
ωp =

n(Ze)2
.
ϵ0 m

(2.5)

The inverse of this frequency dictates the typical time-scale during which ion
motion occurs. The electron plasma frequency is obtained by replacing the ion charge
(Ze) with the electron charge and the ion mass (m) with the electron mass. The
electron plasma frequency is not discussed in this work but plays a crucial role in
dictating the absorption of electromagnetic radiation into a target. Radiation with a
frequency lower than the plasma frequency cannot penetrate further into the target
and this defines a critical density (ne = ωϵ0 me /e2 ) above which radiation is reflected
from the surface. The plasmas studied in this work all fall into this optically overdense category emphasising further the need for X-ray diagnostics.
Beyond classical plasma physics a few parameters have been defined specifically
for the study of WDM. One of these parameters is the ion-ion coupling parameter.
The ion-ion coupling parameter is defined by,
Γ=

(Ze)2
4πϵ0 kB Ti a

(2.6)

1

where a = 3/(4πn) 3 , is the Wigner-Seitz radius (average inter-particle separation).
Eq. (2.6) expresses the ratio of the pairwise Coulomb interaction to the average
kinetic energy. An exact definition of WDM is diﬃcult as it encompasses a huge area
of phase space where other theories break down, however it is reasonable to assert
that WDM is defined by the region where the coupling parameter is of order unity or
greater.
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• When (Γ << 1) the kinetic energy of the ions is the dominant term and the
system can be treated as an ‘ideal’ plasma. It is within this regime that kinetic
theory and hydrodynamics are most applicable.
• A value of order unity represents a system where the Coulomb interaction becomes non-negligible and correlations between particles must be incorporated
into any theory. This typically defines the WDM regime discussed throughout
this work.
• At (Γ >> 1) the influence of the Coulomb interaction is greater than the kinetic energy and the ions arrange themselves around their equilibrium lattice
positions. In this crystalline phase the ions oscillate around the equilibrium
lattice positions. For a pairwise Coulomb system the phase transition occurs at
Γ = 171.8 increasing with additional screening eﬀects [83].
A second important quantity relevant to the study of WDM is related to the
degeneracy of the system. As the density of the plasma is increased further the interparticle separation becomes comparable to the DeBroglie wavelength of the electrons,
Λe = √

h
.
2πme kb Te

(2.7)

At this point the electrons no longer follow Maxwell-Boltzmann statistics (another
reason the Debye screening is no longer applicable in dense plasma states) but have
a Fermi-Dirac distribution. The highest occupied energy level in a fully degenerate
system (Te =0 K) is given by the Fermi energy,
π 2 ~2
EF =
2me

(

3ne
π

) 23
,

(2.8)

which gives a characteristic temperature of the electron system as Tf = EF /kB . The
final important parameter in characterising WDM is then the degeneracy parameter
defined as,
kB Te
.
(2.9)
Θ=
EF
When this parameter is small the electrons are in a degenerate state and quantum
statistics play a crucial role in their description. In particular, if the electrons are in
lower energy states the Pauli exclusion principle becomes important, and in crystalline
materials Bloch waves are set-up altering the material characteristics dramatically.
At higher Θ thermal eﬀects increase and the electrons can be considered to behave as
classical point-like particles. There are other parameters that describe the conditions
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of a dense plasma, such as the importance of relativistic eﬀects, but at the electron
temperatures considered here they can be considered non-relativistic [99, 100].
In a fully degenerate plasma the Debye screening length is replaced with the
Thomas-Fermi screening length given by,
√
2ϵ0 EF
.
3Zn2e

λT F =

(2.10)

For conditions considered for most WDM states the limiting cases of the Debye screening length and Thomas-Fermi screening length are not appropriate. Some
models have been proposed which interpolate between these two extremes. One particularly successful example is that of an electron gas at arbitrary degeneracy which
has been shown to yield results with less than 2% error for all densities [67].

2.1.3

Correlation Functions

From a theoretical point of view the physics behind the many-body correlations
present in a strongly coupled system is studied through the use of distribution functions [86, 133]. The short-range order present in the systems studied here can be
characterised by the density-density correlation function. A correlation function is
used to assess if there is a statistical correlation between one or more functions at
multiple points, often spatially or temporally separated. A time dependent correlation
function is generally defined as,
GAB = ⟨A(r1 (t), r2 (t)...rN (t))∗ B(r1 (0), r2 (0)...rN (0))⟩T ,

(2.11)

where A and B are dynamical variables. In this case they are variables which depend
on the position of the particles in the system, but in principle can depend on other
quantities such as the particle momenta3 . The angle brackets ⟨...⟩T in the correlation
function denote an ensemble average at temperature T , that is an average weighted
by the partition function for a system in thermodynamic equilibrium. Details of
the ensemble average is given in section 2.3.1, which deals with calculating these
functions from MD simulations. This thesis will only be concerned with calculating
autocorrelation functions, that is functions where the dynamical variables A and B
are the same. One such variable is the microscopic density of the system.
3

The velocity autocorrelation function or current correlation functions are examples correlation
functions that depend on variables other that the particle positions.
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Following the derivation by Baiko et al. [15] we begin by defining r̂i as the position
operator of the ith atom. The Heisenberg operator of the microscopic density is then
given by,
N
∑
ρ̂(r, t) =
δ(r − r̂i (t)) .
(2.12)
i=1

From the real space microscopic density, the correlations between the density at
two points in space and time can be defined through the dynamic density-density
autocorrelation function, also known as the van Hove function,
1
⟨ρ̂(r′ + r, t)ρ̂(r′ , 0)⟩T .
(2.13)
N
For a translationally invariant system the van Hove function can be integrated
over r′ removing the dependence on the choice of origin,
G(r, r′ , t) =

1
G(r) =
N

⟨∫

⟩
′

′

ρ(r + r , t)ρ(r, 0)dr

T

N
N
1 ∑∑
= ⟨
δ(r − ri (t) + rj (0))⟩T . (2.14)
N i=1 j=1

The density-density correlation function can then be split into two terms. The first
term is the self-correlation and represents a particle’s correlation with itself, while the
second term is the pair distribution function and represents the correlation between
two particles in the system,
G(r, t) = Gs (r, t) + Gp (r, t) ,

(2.15)

N
1 ∑
Gs (r, t) = ⟨
δ(r − r̂i (t) + r̂i (0))⟩T ,
N i=1

(2.16)

N
1 ∑
Gp (r, t) = ⟨
δ(r − r̂i (t) + r̂j (0))⟩T .
N i̸=j

(2.17)

with,

For the static case (t=0) the above expression simplifies to,
G(r, 0) = δ(r) + ρg(r) .

(2.18)

In the time-independent case the self correlation term is the probability of finding
the same particle at position r away from its initial location, this reduces to a delta
function. The pair correlation term, g(r), represents the probability of finding a
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diﬀerent particle a distance of r away given that there is a particle at the origin, this
is just the RDF, g(r), introduced in section 2.1.1. The van Hove function can be
thought of as a time-dependent RDF.
The RDF plays an important role as many thermodynamic properties can be
written as an integral over g(r). The average potential energy of a system, a quantity
that is important in describing the EOS, can be obtained by integrating the potential
energy multiplied by the mean number of particles in a shell of thickness δr from
r = 0 to r = ∞. That is, the excess internal energy of a system can be written as,
∫
U

ex

∞

= 2πN n

r2 v(r)g(r)dr ,

(2.19)

0

where we have divided the result by two to prevent double counting. The total
internal energy of a system can then be found by adding the internal energy of the
ideal gas (U0 = 3/2N kb T ) to this excess energy.
The pressure associated with the system can then be written in terms of the excess
energy according to,
)
(
1 U − U0
P = P0 1 +
,
2 U0

(2.20)

where P0 = nkB T is the pressure of the idea gas. From these relations further
thermodynamic relations such as the heat capacity or compressibility can be derived
through the usual thermodynamic relations [133].
The real space auto-correlation functions are in a way very intuitive, that is they
can be expressed as the probability of finding a particle at some particular distance
and time away from another particle. However, in a homogeneous system, the Fourier
transform of these functions can provide a much greater wealth of information.
The intermediate scattering function (ISF) is defined as the spatial Fourier transform of the van Hove function,
∫

∞

F (k, t) =

G(r, t)e−ik.r dr =

−∞

1
⟨ρ̂(k, 0)ρ̂(−k, t)⟩T
N

(2.21)

where,

ρ̂(k, t) =

N
∑

e−ik.r̂i (t) .

(2.22)

i=1

In the case of an isotropic system (such as a liquid, gas or plasma) the value of
these functions depend only on the magnitude of k and hence the ISF will be denoted
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F (k, t) where appropriate. The temporal Fourier transform of the ISF is a quantity
called the dynamic structure factor (DSF),
1
S(k, ω) =
2π

∫

∞

F (k, t)e−iωt dt .

(2.23)

−∞

This is a quantity which describes both temporal and spatial correlations present
in the density fluctuations in a system. It is important theoretically as it can be
related to the density response function through the fluctuation-dissipation theorem,
kB T
ℑm[χ((k), ω)] ,
(2.24)
πnω
and is a quantity which can be measured directly through X-ray scattering measureS(k, ω) = −

ments discussed in section 2.2.
The integral of Eq. (2.23) is a quantity known as the static structure factor (SSF),
∫

∫

∞

S(k) =

S(k, ω) dω = 1 + n

e−ik·r g(r)dr ,

(2.25)

−∞

which as one would expect for the reciprocal correlation function of a static system
is related to the Fourier transform of the RDF. The SSF is a quantity which like the
DSF can be measured through the X-ray scattering techniques discussed in section
2.2. Fig. 2.4 shows a comparison between the RDF and the DSF for a copper lattice.
It is informative to notice how the peaks broaden with temperature in the RDF but
not in the Fourier space SSF.

Figure 2.4: Comparison between the static structure factor and radial distribution
function for a 500 000 atom MD simulation of Cu arranged in an fcc lattice with
periodic boundary conditions. The RDFs have been scaled to demonstrate the change
with temperature, while the structure factors have been plotted on a log scale. This
figure was adapted from [108].
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2.1.3.1

Correlation Functions in Solids and Plasmas

In the previous section correlation functions have be discussed without much thought
as to what particles the microscopic density function represents. For example, the
equations in the previous section are all perfectly valid if we are discussing electron
density as they are when discussing ions. Since this report is focussed on describing
the strong correlation between the ions in a dense plasma system, we will assume
from this point that the density function represents the ions in the plasma.
Fig. 2.5 shows some computed static ion-ion structure factors for various ion temperatures in graphite. In the high temperature regime the structure factor tends towards unity for all values of k. This is the limit for a high temperature non-interacting
gas where there are no correlations between the particles. At lower temperatures more
structure appears and the liquid correlation peak (k/kBragg ≈ 0.7) grows as the correlations in the more strongly coupled plasma appear. At lower temperatures or
conversely higher ion-ion coupling parameters the influence of the Coulomb interaction is increased and the ions arrange themselves around their equilibrium lattice
positions. In graphite this gives rise to the lattice planes and, as can be seen from
Fig. 2.5, a delta-like peak appears at k = kBragg where kBragg = 2π/d and d is the
inter-plane separation.
2.1e4
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Ti=0.28 eV
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Figure 2.5: Ion-ion static structure factor for graphite where k is aligned perpendicular to the planes. Obtained from molecular dynamics simulations performed with
LAMMPS (see section 2.3).
The origin of this peak is most easily understood by treating graphite as an infinite
perfect crystal, which in a single lattice direction can be represented by a Dirac comb
of separation d. The Fourier transform of this Dirac comb is another Dirac comb with
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separation 2π/d. This gives rise to the peaks in the SSF of a solid. It will be shown
in the next section that the peaks in the SSF lead to X-ray scattering only when the
condition 2d sin(θs /2) = nλ is satisfied.

2.2

X-ray Scattering

X-rays typically have energies of a few keV and a wavelength of the order of a few
Ångstöms, this length scale is comparable to the inter-particle distance in solids,
liquids and dense plasmas and hence makes them an ideal candidate for probing
these states of matter4 .
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Figure 2.6: Schematic showing the
typical set-up for an X-ray scattering
experiment.

e ή +
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ݎ

Figure 2.7: Scattering of a plane wave
from a single potential or atom.

This section will outline some of the basic theory associated with X-ray scattering
which is essential to understanding the experimental techniques discussed in the later
sections. A schematic of a general scattering experiment is shown in Fig. 2.6. An
incident beam of photons with energy Ei and wave-vector ki intercepts a sample and
is scattered by an angle θs into a new beam with energy Ef and wave-vector kf [30].
The energy and momentum transfer from the scattering process is given by,
E = ~ω = Ei − Ef

~k = ~ (ki − kf ) .

(2.26)

In the non-relativistic limit where the energy transfer is less than the photon
energy as will be considered throughout this work the momentum transfer is simply
related to the scattering angle by,
4

Thermal neutrons are also often used to probe the structure of solid density matter having a
typical wavelength of ∼1 Å.
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(
~k = 2ki sin

θs
2

)
.

(2.27)

We begin by considering an incoming plane wave scattering from a single potential
located at the origin. In this case the original incoming plane wave is superimposed
with a spherical wave of scattering amplitude f (k, r̂), see Fig. 2.7. At large distances
the scattering amplitude can only depend on the incident wave vector5 and on the
direction of the scattered light [22],
eikf ·r
.
(2.28)
r
For scattering of unpolarised electromagnetic radiation from a bound electron
where the frequency of the X-rays is much larger than the typical resonance of an
eiki ·r → eiki ·r + f (ki , r̂)

electron (i.e. hard X-rays) the scattering cross section can be written as (see appendix
A for further details),
(

dσ
dr̂

)

1
= |f (r̂)| = re2 (1 + cos2 θ) ,
2

(2.29)

where re = 2.8 × 10−15 m is the classical electron radius. The total scattering
cross section can then be calculated by integrating over all directions,
∫

∫

2π

dΘ
0

0

π

(

dσ
sin(θ)dθ
dr̂

)

8
= πre2 = 0.665 × 10−24 cm2 .
3

(2.30)

The exceptionally low value of the Thomson cross-section explains why experimentally X-ray scattering required the development of high intensity X-ray fluxes
or to exploit the properties of coherent scattering and constructive interference from
crystals in order to observe a significant signal.

2.2.1

Scattering from Ensembles of Electrons

Next it is typical to consider the scattering of X-rays from ensembles of electrons.
This begins with the case of an electromagnetic wave scattering from two electrons,
one at the origin and another at r. The phase diﬀerence between the two waves can
be shown to be
5

For a spherically symmetric potential the scattering cross section is independent of ki .
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(
)
2π
2π 1
1
× path =
(kf · r) − (ki · r)
λ
λ kf
ki
2π 1
=
(ki − kf ) · r
λ ki
= k·r

ଵ
(
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(2.31)
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Figure 2.8: Path diﬀerence and change in phase due to scattering from two potentials
separated by r.
The total scattering amplitude from an ensemble is obtained by summing the
scattered wave from each of the electrons ensuring that the phase of the scattered
waves are correctly taken into account. It is clear that the scattering amplitude will
hence depend not only on the scattering wave vector but also the relative position of
the two electrons. In reality an atom is surrounded by many electrons which form a
cloud around the atom. This electron cloud is typically defined as an electron density
ne (r) around the atom. Addition of the scattering amplitudes from all the electrons
with the correct phase shifts is given by,
∫
f (Q) =

ne (r)eiQ·r dV.

(2.32)

The function f (Q) is known as the atomic form factor and reduces to Z, the
number of electrons in the atom, for the forward scattering Q = 0 case. Eq. (2.32)
can be interpreted as the Fourier transform of the spatial distribution of electrons
around the atom ne (r). Typically this spatial distribution is spherically symmetric
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Figure 2.9: Spherically averaged atomic form factor for C, Si and Fe.
and so a Q dependence is introduced into the scattering behaviour. The form factor
for some typical elements is shown in Fig. 2.9.

2.2.2

Scattering From Solids

This section will look at the scattering of hard X-rays from solids, in particular crystals
where the atoms are arranged into a periodic lattice. Incoming waves scatter from the
atoms as shown in Fig. 2.10 and the path diﬀerence between X-rays scattering from
adjacent planes with spacing d is given by 2d sin θB . The waves interfere constructively
and destructively. When the path length is an integer multiple of the wavelength, i.e.
when,
2d sin θB = nλ,
(2.33)
the waves interfere constructively. This method of looking at scattering from a crystal
follows the ideas developed by Bragg in 1913. However, in parallel to Bragg an
approach developed by von Laue described the same behaviour in reciprocal space.
This idea was touched upon earlier in section 2.1.3.1 on the origin of the shape of the
SSF.
The scattered amplitude from a crystal lattice described by the Bravais lattice
rn = n1 a + n2 b + n3 c with N lattice points is given by the phase-correct addition of
the scattering from each atom,
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Figure 2.10: Schematic representation of Bragg diﬀraction. Bragg’s law comes from
the requirement that the path required for two X-rays to constructively interfere is
2d sin θB .

′

F (Q) =

N
∑

f (Q)eiQ·rn ,

(2.34)

n

= f (Q)

N
∑

eiQ(n1 ·a+n2 ·b+n3 ·c) ,

n1 ,n2 ,n3

= f (Q)

(N
1
∑

ein1 Q·a

)( N
2
∑

n1

(2.35)

ein2 Q·a

)( N
3
∑

n2

)
ein3 Q·a .

(2.36)

n3

Each term in Eq. (2.36) can be approximated as a geometric sum which leads to
the equation,
(
′

F (Q) = f (Q)

sin[0.5N1 Q · a]
sin[0.5Q · a]

)(

sin[0.5N2 Q · b]
sin[0.5Q · b]

)(

sin[0.5N3 Q · c]
sin[0.5Q · c]

)
(2.37)

Eq. (2.37) describes the constructive and destructive interference pattern that the
X-rays produce. For this to be non-zero Q the scattering wave-vector must satisfy
the following three equations,
Q · a = 2πh Q · b = 2πk
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and Q · c = 2πl.

(2.38)
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where h, k, and l are integers. These equations are known as the Laue conditions
and reduce to the well known Bragg’s Law6 . The diﬀraction pattern from a crystal
sample can therefore be thought of as a direct image of the underlying reciprocal
lattice. In the real world the spatial extent of the crystal and thermal vibrations will
alter the diﬀraction pattern from the simple picture discussed here, an idea exploited
in section 3 to measure the ion temperature in a dynamically evolving system.
2.2.2.1

Kinematic vs Dynamic Diﬀraction

Up to this point the idea of X-ray scattering (and in particular diﬀraction) has been
discussed on a micro-structural level. There has been the assumption that each point
in the macroscopic sample will scatter independently from the rest of the crystal.
This assumption is known as kinematic diﬀraction theory and is traditionally the
norm. This assumption holds true for weakly interacting samples where the scattered
signal is weak compared to the incoming X-rays. Each atom in the crystal will be
exposed to the same incident beam. However, in reality this is not necessarily the
case. For example, in an infinite perfect crystal diﬀracting in a manner similar to
Fig. 2.10 each layer will diﬀract some of the X-rays from the incoming beam such
that the layer below will be exposed to less radiation. This eﬀect is measured by the
primary extinction length in a crystal and is most prevalent in large perfect crystals.
In reality most samples are not perfect crystals and are made up of a mosaic of
smaller crystallites each of which is slightly misoriented with respect to the crystal.
The eﬀect of this is to slightly broaden the diﬀraction peaks, but at the same time
the chances of multiple crystallites lining up perfectly and reducing the beam intensity further into the crystal is considerably lower than in a perfect crystal. In such
samples the primary extinction length is replaced by the secondary extinction length.
For graphite samples such as those studied in section 3 the primary extinction length
is 10 µm and the secondary extinction length 1.4 mm [194]. A full theory of diﬀraction taking into account the spatial extent of the sample and extinction is known as
dynamical diﬀraction theory and is needed primarily for large perfect crystals.

2.2.3

Scattering From Liquids and Plasmas

The previous section demonstrates that the scattered intensity from a crystal is an
image of the crystal lattice in reciprocal space (Laue conditions). However, this
6

The Laue conditions can be written in a much more succinct form as Q = G where G =
2π
2π
hA + kB + lC. Here, A = 2π
Vc (b × c), B = Vc (c × a) and C = Vc (a × b) are the reciprocal wave
vectors.
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result is much more general than this. In section 2.1.3 on correlation functions the
structure factor of a sample is derived as a useful measure from statistical mechanics
of quantifying correlations amongst atoms and electrons. However, this structure
factor is simply the Fourier transform of the electron density distribution in a sample.
Hence, it is not unsurprising that the intensity of scattered radiation from a sample
can be directly linked to the structure factor of that sample,
I ∝ S(Q) = |F ′ (Q)|2 ,

(2.39)

or more generally,
P0
See (k, ω)dω,
(2.40)
A
where ω is the frequency shift of the scattered photon and Ω the solid angle [73].
This expression holds in the kinematic limit and describes the intensity of scattered
radiation at position R as proportional to the value of the dynamic electron structure
Ps (R, ω)dΩdω ∝

factor See , the incident power P0 and the inverse irradiated area A.
It should be noted here that the dynamic structure factor in Eq. (2.40) is the
electron-electron structure factor. i.e. the scattered radiation is a measure of the
electron-electron density correlations. However, a widely used approach is to split See
into three separate terms each of which can be modelled independently [37, 38].
0
See (k, ω) = |f (k) + q(k)|2 Sii (k, ω) + Zf See
(k, ω)
∫
+ Zc Sce (k, ω − ω ′ )Ss (k, ω ′ )dω ′ .

(2.41)

The three terms here can each be modelled independently making theoretical
analysis simpler. The first term corresponds to electrons that are either bound or
dynamically follow the ion motion. The term f (k) is the traditional form factor while
q(k) can be thought of as a form factor for free electrons that surround the ions.
This thesis is concerned primarily with the ion motion in dense plasmas and solids
and so it is the first term Sii that will be of primary interest. The second term
in Eq. (2.41) is the high frequency component corresponding to electron-electron
oscillations or plasmons. The third term represents bound-free transitions in the
interactions. Essentially, it can be thought of as electron-hole pair creation by the
incoming X-ray. Many X-ray scattering experiments ignore this term as it is usually
smaller than the See term.
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Figure 2.11: Schematic representing possible energy losses that can occur during
inelastic X-ray scattering event, reproduced from [62].
The splitting of the spectrum accordingly raises an important point. Up to now
the scattering has been considered to be entirely elastic. However, the generality
introduced by Eq. (2.40) and the splitting in Eq. (2.41) are related to inelastic scattering, that is the X-ray gaining or losing energy during the scattering process. A
typical X-ray inelastic scattering profile is shown in Fig. 2.11.
By resolving the energy transfers in addition to the momentum transfers of the
scattered radiation information on both the structure and dynamics of a sample can
be determined. Lattice vibrations and scattering from ions (phonons/ion acoustic
waves) typically have a smaller energy transfer of the order of a few hundred meV
while scattering from the lighter electrons (plasmons) gives higher energy transfers
of the order of tens of eV. Chapter 5 concentrates on the diﬃculty of measuring
experimentally the small energy shifts associated with ion motion and contains the
first measurements of such shifts in a WDM sample.
Finally, it is common to separate the scattering from a material into a coherent and
incoherent part. This splitting is somewhat arbitrary, and separates the scattering
that arises from interference eﬀects and collective scattering from that which occurs
from interactions with single particles. This same splitting has been seen before in the
section on correlation function where the pair distribution function is split into self
correlation (Eq. (2.17)) and pair correlation (Eq. (2.18)) terms7 . A rough estimate
as to the importance of the two terms to the scattering process is to compare the
length scales associated to the system with the wavelength of the probing radiation
7
In the field of diﬀraction (scattering from crystals) incoherent scattering is given the name
thermal diﬀuse scattering.
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1
by use of the parameter α = kλ
, where k is the usual momentum transfer and λ a
typical length scale such as a screening parameter or inter-particle distance. If α > 1
then large length scale collective scattering is observed. If α < 1 then single-particle

scattering is observed.
X-ray Thomson scattering (XRTS) is today used as a broad term referring to
the scattering of X-rays from a sample, both inelastic and elastically. Modern day
experiments on dense plasmas employ the high spectral purity and large X-ray photon
fluxes obtained from long-pulse optical laser irradiation of macroscopic samples to
produce Lyα or Heα sources, or using short pulse lasers to produce a Kα source. As
well as these more conventional back-lighters the development of large FELs capable of
producing high fluxes of monochromatic X-rays with much higher repetition rates has
led to increased interest in their use in characterising dense matter. XRTS scattering
provides a powerful tool of directly measuring the DSF of a material giving complete
information on the structure and dynamics of both the electrons and ions in a system.

2.3

Classical Molecular Dynamics

Molecular dynamics is a method of solving the classical Newtonian equations of motions that govern the microscopic evolution of particles or atoms in a system. Computational advances in hardware and the development of massively parallel MD codes
such as the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)
software package have meant that it has become a widespread and important theoretical tool [156]. It is used in many areas of science from physics to chemistry
and biology and allows the dynamical behaviour of systems of gases, liquids, solids,
surfaces, clusters [192] and more recently plasmas to be studied [135, 136] computationally. The advantage of this is that detailed properties of the system not readily
accessible to experiment can be probed or manipulated in an eﬀort to glean additional
understanding.
The essence of MD is to take a system of N particles with masses (mi ,i = 1, . . . , N )
at positions Ri which interact through a prescribed potential given by V (R) and
evolve their trajectories by integrating Newton’s laws of motion (within a particular
statistical ensemble). Typically, in a classical simulation a pairwise additive potential
is used - although this can be an ‘eﬀective’ two-body potential where the eﬀects of
higher order interactions have been incorporated [5]. The equation of motion of the
N particles is given by,
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mi R̈i = ai = −∇Vi (Ri . . . RN ) ,

(2.42)

where in the case of a pairwise additive potential,
− ∇Vi =

N
∑

v(rij ).

(2.43)

j̸=i

Once the initial conditions of the atoms in the simulation have been defined
(i.e. the positions and velocities of every atom in the system) a discretised form
of Eq. (2.42) is iteratively solved. The first proposed integration algorithm was developed by Verlet [195] in 1967 and is still generally used for most MD simulations
performed today [60]. The algorithm begins by examining two Taylor expansions for
the particle positions. One forward in time,
ri (t + ∆t) = ri (t) + vi (t)∆t +

ai (t) 2 ȧi (t) 3
∆t +
∆t + O(∆t4 )
2
3!

(2.44)

and one backwards,
ai (t) 2 ȧi (t) 3
∆t −
∆t + O(∆t4 ),
(2.45)
2
3!
where ∆t is the time step of the simulation. Adding Eqs. (2.44) and (2.45) gives,
ri (t − ∆t) = ri (t) − vi (t)∆t +

ai (t) 2
∆t + O(∆t4 ).
(2.46)
2
This equation can be used to update the positions of the atoms at each timestep where the acceleration is derived from Eq. (2.42). The error is of order of ∆t4 ,
ri (t + ∆t) ≈ 2ri (t) − ri (t − ∆t) +

and the computational time-step should be selected such that ∆t4 << r(t) and the
trajectory does not diverge. In practice a slightly modified version of this integrator
known as the ‘velocity Verlet’ algorithm is used where an additional step calculating
the updated velocities is included,
vi (t + ∆t) = vi (t) + (ai (t + ∆t) − ai (t))∆t.

(2.47)

This particular implementation first calculates the new atom positions using Eq. (2.46),
and from these new positions calculates the updated velocities from Eq. (2.47). It has
been shown previously that this algorithm generates identical results to the original
algorithm but at any instant in the time the positions and velocities are correctly defined. The advantage of this is that properties that depend on these quantities such
as the total (kinetic + potential) energy are accurately captured. Since this algorithm
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requires the positions of the atoms at two time-steps, care should be taken when initialising the simulation, although in this work we allow the simulation to equilibrate
before extracting data and as such this additional error has a negligible eﬀect. All
simulations performed in this work have used the ‘velocity Verlet’ algorithm.
As mentioned previously the choice of time-step should be ∆t4 << r(t) such that
the trajectories of the particles do not diverge from their true trajectory. Another
way of stating this is that the algorithm conserves the total energy of the system.
If the time-step is too large the atoms can travel too large a distance on a single
time-step and hence end up un-physically close to another atom, this situation leads
to a jump in potential and hence total energy. Conversely the time-step must be large
enough such that the physical process under consideration is visible in a simulation of
reasonable length. This balance becomes particularly important for high temperature
MD simulations where the atoms can travel large distances on a short time-scale due
to large velocities. A typical time-step for the simulations present in this work is
about a femtosecond.

2.3.1

The Ergodic Hypothesis and Ensembles

MD can be used to simulate the microscopic behaviour of particles in a system which is
in thermal equilibrium. However, practically we are usually trying to extract a macroscopic property of the system such as pressure or the DSF which can be compared
with experimental results. From statistical mechanics we know that measurements
of thermodynamic properties are an ensemble average, that is they are a weighted
average over the diﬀerent microstates8 of the system. The diﬀerent weighting factors
in the average correspond to the diﬀerent ensembles in statistical mechanics, each of
which serves a diﬀerent purpose. The most common is the microcononical ensemble,
which holds the number of particles, volume of the system and total energy constant
(known as constant NVE). This ensemble equates to averaging equally over all microstates with a total energy equal to E. Another common ensemble is the canonical
ensemble (NVT) where the temperature rather than the total energy is kept constant,
this is often used to represent systems that are coupled to a heat bath of infinite extent. Experimentally where the number of atoms is large (N> 1023 ) the system is
in the thermodynamic limit and the results from each ensemble can be shown to be
formally equal. In MD where we have considerably fewer atoms care must be chosen
when choosing the correct ensemble [193].
8
A microstate of the system in this case is defined as a particular set of atom positions and
velocities.
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A straight forward MD simulation using an energy conserving integrator can be
seen to be a representation of the microcanonical (NVE) ensemble. In MD simulations
an (N V T ) ensemble is often approximated by running in the microcanonical ensemble
and applying a thermostat to keep the mean velocity constant. The simplest of these
is the velocity rescaling thermostat which scales the velocities of the atoms at each
time step such that the temperature of the system is maintained at a constant value.
A velocity rescaling ‘thermostat’ is relatively common, but known to be non-physical
and does not in fact reproduce any statistical mechanical ensemble. Often velocity
rescaling is used to bring the system in to equilibrium before being switched oﬀ
for the calculation of the system properties. More complex methods of maintaining
constant velocity have since been developed such as the Nose-Hoover (deterministic)
or Langevin (stochastic) thermostats which are designed to better mimic temperature
fluctuations present in a real system and approximate the (NVT) ensemble.
A MD simulation running in the microcanonical ensemble which has run for a
suﬃciently long time will reach an equilibrium macrostate where these macroscopic
quantities are constant (or rather fluctuate around an average value). If a thermodynamic property is calculated from the simulation by averaging over successive
microstates we will obtain a time average rather than the desired ensemble average.
We can imagine however that if the simulation was allowed to run for a long enough
time it would eventually sample all microstates accessible to it and the time average
would converge on the ensemble average. This is the idea behind the ergodic hypothesis, it relates the time average properties of the system to the ensemble average.
Mathematically it is stated as,
1
⟨...⟩ = lim
τ →∞ τ

∫

τ

...dt

(2.48)

0

where the left hand side of Eq. (2.48) is the ensemble average and the right hand
side a time average. This hypothesis has never been proven rigorously, and even if this
were possible a simulation of infinite extent would be necessary to obtain an exact
result. Additionally, the integration performed in Eq. (2.48) is a discrete summation
over time-steps and so the final results is only ever an approximation. A longer
simulation with finer time-steps will calculate more accurately the ensemble average.
In this work all results are checked for convergence with an increasing number of
time-steps so the accuracy with which an average can be found is known. A detailed
description of the ergodic hypothesis can be found in [60].
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2.3.2

Periodic Boundary Conditions

In deriving thermodynamic properties from MD simulations we are often required
to the take the thermodynamic limit, that is the limit where N → ∞. However,
it is obvious that such a simulation would be impossible. Even though the largest
simulations possible today contain a few trillion atoms [68], this only represents a
volume of around one cubic micron, it is clear that surface eﬀects will still play a
huge role in determining behaviour [133]. This is overcome by introducing periodic
boundary conditions (PBC) whereby if an atom is to exit a simulation from one
direction it would enter the the opposite side with the same velocity. In addition all
forces between atoms must also be transmitted across the boundary - in essence an
infinite lattice is simulated.
However, this does not completely negate finite size eﬀects in the simulation.
For example, a particular problem in this work looking at the ion dynamics is that
the simulation can only support ion modes up to the size of the simulation box.
Mathematically this means that the structure factor cannot be determined below a
value of k = 2π
, where L is the box length. Numerous studies have looked at changes
L
in the SSF as the number of particles is increased, a recent study by J. P. Mithen in
2013 found the thermodynamic properties did not change above 600 atoms [133].

2.3.3

Classical Potentials

Surprisingly it is not the numerical integrator or ergodic hypothesis that are the main
contributors towards errors from MD simulations, rather they stem from inaccuracies
present in the inter-atomic potential. Most MD potentials are developed empirically
and often contain fitting parameters which are used to match the simulation to experiment. Typical properties used for this are the lattice parameter or bulk modulus
in solids [92] and RDF or SSF in dense plasmas [198].
The simplest potentials are pair-wise interactions where the potential is a function
only of the distance between two atoms. Examples of this type are the Lennard-Jones
potential which is often used to describe liquids and simple solids,
]
[( )
σ 12 ( σ )6
−
,
V (r) = 4ϵ
r
r

(2.49)

and the Yukawa9 (or screened coulomb) potential often used in plasma physics, see
Eq. (2.4). A potential based on the screened coulomb potential but with additional
9

The origin of the Yukawa potential in plasmas comes from the screening eﬀect of electrons
around the ions.
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short range repulsion (SRR) eﬀects has recently shown success in accurately describing
the strong ion correlations in a dense aluminium plasma [123, 197],
[

Viieﬀ (r)

]
Z 2 e2 (Zc2 − Z 2 )e2 −br −κr
=
+
e
e ,
r
r

(2.50)

where Zc = 13 is the atomic number for aluminium, Z = 3 is the charge state, and κ is
the Thomas-Fermi screening length. The parameter b represents the eﬀect of increased
nuclear repulsion when there is interpenetration of the bound electron charge clouds
around each nucleus. It determines the onset of the SRR. Setting b → ∞ gives the
usual Yukawa potential. This potential will be be explicitly examined in chapter 4
and compared with results from quantum MD simulations. It will be shown that
although the static properties are in agreement some diﬀerences arise in the dynamic
structure factor.
The Lennard-Jones potential is derived from the electrostatic dipole-dipole interaction present in gases and liquids but at low temperatures freezes to a FCC structure.
This property and huge amounts of historical work lead to this potential often being
a substitute in more phenomenological studies. However, a new method was developed to capture more accurately the behaviour of complex materials such as phase
transitions and vacancy energy. The limitation of pairwise potentials in solids stems
from their preference to maximise the number of nearest neighbours thus minimising
the binding energy of the system, that is they have a tendency to form close packed
structures10 . In metals the embedded atom model (EAM) is a particularly successful
approach,
(
Ei = F

∑

)
ρ(rij )

i̸=j

+

1∑
ϕ(rij ) .
2 i̸=j

(2.51)

The EAM approach was developed in 1983 by Daw and Baskes [42]. The basic
premise is that the excess energy felt by an interstitial atom at any point is given by
the sum of internal energy over all other atoms in a system, Eq. (2.51). The potential
felt by the excess atom, provided the interstitial does not alter the crystal, is then
the potential at that point regardless of if the interstitial is present. In Eq. (2.51)
F is the energy required to embed an atom into electron density ρ and ϕ is the
pair-wise potential between two atoms. Chapter 3.5 utilises an EAM potential for
gold to simulate the mechanical oscillations in gold nano-foils after short-pulse laser
radiation.
10

A common problem with pair potentials is that Cauchy pressure is found to be zero, whereas it
should be non-zero for real metals.
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The diﬃculty associated with classical MD is finding a potential that can accurately capture the physics of a situation across large temperature and density conditions as well acting as a predictive tool. Quantum molecular dynamics (QMD), or
DFT MD, is a tool which allows the potential between ions to be calculated from first
principles on each time-step of the simulation, the benefit of this is that situations
where the potential is diﬃcult to describe analytically (for example during bonding)
or where the potential changes due to electron temperature increases (for example
the system may ionise as it is heated). However, the downside of this method is
that it requires huge computational eﬀort, particularly if the number of atoms in the
simulation is large. Typical QMD simulations scale as O(N 3 ) compared to O(N 2 )
for classical calculations. Chapter 4 details a new method known as orbital free DFT
that has shown considerable success in the high temperature and high pressure regime.
Section 4 gives details of the first calculations of the DSF performed for WDM using
self-consistent quantum molecular dynamics.

2.4

Intense Laser-Matter Interactions

The interaction of a high-power laser with a solid target is the main method used
in this work to both create HEDP states of matter and produce the X-rays used for
diagnosis.
Throughout this thesis various phenomena are exploited to create HEDP states
of matter, but they are unified in that they utilise intense laser-matter interactions.
This section will discuss in detail the interaction of a high intensity laser with a solid
target in the context of creating extreme matter states. The three main mechanisms
used in this work are direct radiation absorption into the free electrons (inversebrehmstrahlung), charged particle acceleration (protons or electrons) and shock wave
generation.
It is important to distinguish laser-matter interactions performed with either a
long or short pulse beam, as this dictates the time-scales associated with the experiment. A long pulse laser will typically have an intensity of 109 − 1016 W cm−2 and a
pulse length measured in nanoseconds, while a short pulse laser can have intensities
of up to 1023 W cm−2 and typically a pulse length measured in picoseconds or even
femtoseconds. The energy contained in a long pulse laser beam can be more than
an order of magnitude greater than in a short-pulse beam and hence can drive larger
samples to greater pressures and temperatures.
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2.4.1

Target Normal Sheath Acceleration

The method utilised in section 3 to create a WDM state is to use a high intensity
proton beam created through a method known as target normal sheath acceleration
(TNSA). This method uses a short pulse laser interaction with a thin foil, the lasermatter interaction induces charge seperation on the surface of the foil. This charge
seperation leads to extremely high longitudinal electric fields which in turn accelerates ions and protons on the surface resulting in a high intensity proton beam. On
a short time scale the protons heat the sample (primarily through collisions with
free electrons) and there is not enough time for hydrodynamic expansion to occur.
This method allows for solid density but high temperature samples to be created in
the laboratory. The standard set-up for TNSA is the interaction of a pulse above
1018 W cm−2 with a thin foil [168]. The interaction of the laser with the solid target
and subsequently the expanding plasma drives fast electrons into the target with a
quasi-thermal energy spectrum given by,
(

Nfast (E) = n0 e

−k

E
B Tfast

)

.

(2.52)

Many diﬀerent processes act during laser-matter interaction and are responsible
for electron acceleration, however the pondermotive potential of the laser pulse and
direct conversion of laser energy into hot electrons through J × B heating are thought
to contribute the most in this regime [149]. The electrons travel through the thin
foil with a large angle of divergence and emerge on the rear-side. As the electrons
escape the target the foil becomes positively charged and an electrostatic sheath field
is created. This field is strong enough to confine electrons with energies well in excess
of an MeV and causes the electrons to re-enter the target in a process known as
refluxing. Eventually electrostatic sheath fields build up on both the front and rear
surface of the target. At the rear surface there is no plasma cloud created through
laser irradiation and so the sheath fields are not screened allowing them to reach
strengths of several TV/m. These fields can accelerate ions from the rear surface of
the target (typically impurities on the surface) up to MeV energies.
The second method utilised in section 3 to create a WDM state is similar to
the TNSA method in that a short pulse laser hitting a thin foil is used, however,
the diﬀerence is that the sample to be heated is mounted such that it is in contact
with the interaction foil. The result of this is that no sheath field is created and the
fast elections themselves are accelerated through the foil and into the target. The
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Figure 2.12: Schematic showing the principles of the target normal sheath acceleration
(TNSA) ion acceleration method, reproduced from Ref. [167].
fast electrons scatter in the target depositing energy into the ions. Details of the
diﬀerences between proton and electron heating is given in section 3.

2.4.2

Laser Produced Shock Waves

A completely separate method of producing HEDP in the laboratory is to create
a high pressure shock wave in the sample. This can occur when a long-pulse laser
of the order of nanosecond duration and with an intensity of above approximately
109 W cm−2 interacts with a solid target. The surface is heated and expands to
produce a plasma, as this plasma expands the reaction force produces a shock wave
in the target. Typically one of two cases are used, either the plasma is free to expand
or a transparent material is used to confine the plasma. If the expanding plasma is
confined by a transparent material then typically higher pressures can be reached in
the sample. This technique is known as adding an ablator or tamper to the target
and a full description of the eﬀects of material and thickness can be found in the
review article by Swift et al. [189].
A shock is characterised as a discontinuity in a thermodynamic variable, typically
the material pressure or density. The laser produced shock wave method is used
throughout this thesis to produce HEDP states of matter. A set of equations known
as the Rankine-Hugoniot relations define the relationship between material before and
after the shock. These equations are the result of applying conservation laws across
the shock front. They are typically derived by considering a solid of cross sectional
area A, carrying a shock wave travelling at velocity us . This shock wave is driven by
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Figure 2.13: Diagram showing interaction between a laser pulse and a solid target.
The laser is absorbed into the target up to a critical density. The expanding plasma
drives a shock wave into the target with the shock front defined by a discontinuity in
ion density. There exists a complex interaction between magnetic and electric fields
with the dynamically evolving shock front. Figure reproduced from Ref. [167].
the surface moving at a velocity of up , typically represented by a piston. We define
the pressure and density in the shocked region as ps and ρs respectively and in the
un-shocked region as p0 and ρ0 respectively. The first conservation law to consider
is mass conservation. In a time t the shock front has moved forward a distance of
us t and thus compressed a volume Aus t. Simultaneously the free surface has moved
forward a distance of up t, hence the amount of new shocked material is given by
A(us − up )t. Since the total mass of material must be the same before and after this
time we can multiply by the respective densities and equate the two volumes,
ρs A(us − up )t = ρ0 Aus t ,

(2.53)

which gives the first Rankine-Hugoniot relation,
ρs (us − up ) = ρ0 us .

(2.54)

The second equation comes from considering momentum conservation. The momentum gained by the shocked material, given simply by mass multiplied by velocity,
is ρ0 us Atup . This additional momentum must be equated to the impulse generated
at the shock front, (ps − p0 )At. The second equation is then,
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ρ0 us up = ps − p0 .

(2.55)

The third equation comes from energy conservation and states that the increase
in internal and kinetic energy is equal to the work done on the system. It is expressed
as,
(
)
u2p
= ps u p ,
ρ0 us ϵs (ρs , ps ) − ϵ0 (ρ0 , p0 ) +
2

(2.56)

where ϵs and ϵ0 are the specific internal energies of the shocked and un-shocked
material. The left hand side of this equation is the increase in internal and kinetic
energy while the right hand side is the work done on the material. However, in order
to close the Rankine-Hugoniot relations the EOS must be known, i.e. the functional
form of ϵs and ϵ0 .
For most materials of interest it is generally not possible to write down an analytical form of the EOS11 . For solids the internal energy is made up of multiple
contributions. The first of these comes from the elasticity of the material, that is as
the increase in internal energy as the material is compressed due to the overlap of the
repulsive electronic wave functions. The second contribution comes from the thermal
energy associated with the system. In the absence of thermal vibrations (T=0 K) the
compression of a solid is a reversible process, however a shock wave is an irreversible
process, and the discontinuity at the shock front can be considered to heat the material and increase the thermal pressure. The EOS must include contributions from
both this elastic and thermal pressures. Typically it is the elastic pressure that is
most diﬃcult to derive analytically as detailed knowledge of the inter-atomic potential must be known. As mentioned in section 2.3.3 this is not trivial across a wide
range of densities and temperatures.
Shocks also diﬀer in solids and fluids due to their ability to support shear strain.
The Rankine-Hugoniot equations assume a hydrostatic condition where the oﬀ-diagonal
components of the stress tensor are all zero. Therefore, a shock in a solid typically
has a region of elastic response before hydrostatic conditions are reached. As material
passes through the shock front it is compressed uniaxially into an elastic state, this
state remains until the material has time to respond and enter a plastic state through
11

In the case of the ideal gas with constant heat capacity the internal energy can be expressed
c
1
as ϵ = γ−1
pV where γ is the ratio of specific heat capacity cvp . This allows the Rankine-Hugoniot
equations to be expressed as

ρ0
ρs

=

(γ−1)ps +(γ+1)p0
(γ−1)p0 +(γ+1)ps .
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defect transport and generation [44], this time leads to diﬀering velocities for the elastic and plastic shock fronts [131]. The velocity of the plastic wave is related to the
intensity of the shock, and so naturally two regimes are present, those with a plastic
wave velocity below that of the elastic wave (weak shock regime) and those with a
plastic wave velocity above that of the elastic wave (strong shock regime). Only in
the weak case do we observe splitting of the wave into a faster elastic component and
slower plastic wave. Typically, the pressures used in section 5 are in the strong shock
regime.
However, a strong shock can induced a phase transition in a material altering the
shock Hugoniot. As is standard in thermodynamics a phase transition is defined as a
discontinuity in a thermodynamic variable or a derivative thereof. A first order phase
transition is a discontinuity in the first derivative. Considering the Gibbs free energy,
G, of a material,
dG = V dP − SdT ,

(2.57)

where S is the entropy of the system. It follows that at constant temperature a change
in the Gibbs free energy must be associated with a corresponding change in volume.
Finally, there a subtlety to shock wave formation in a material. In order to allow a
shock wave to propagate through the sample there must be no dispersion of the shock.
This is normally expressed by the condition that the high amplitude components
travel faster than the low amplitude ones such that a stable shock front exists. The
high pressure components of the shock travel faster than the low pressure components
causing the shock front profile to steepen. This is expressed mathematically as,
(

∂ 2P
∂V 2

)
> 0.

(2.58)

This condition means that the Hugoniot must be concave in order for a shock to
propagate, this is typically true for most solid materials, including those covered in
this work [92].
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Chapter

3

Temperature Relaxation in Dense
Plasmas
3.1

Introduction

On short time-scales, due to the preferential and rapid heating of one subsystem over
the other (electrons or ions, depending on the details of the excitation mechanism),
there is no guarantee that extreme states of matter created in the laboratory will be in
thermodynamic equilibrium. Relatively few experimental results have attempted to
measure such relaxation rates, and those that have seem to indicate relaxation times
that are much longer than those predicted by ideal or nearly-ideal plasma models.
This behaviour, which essentially suggests a weak energy coupling between electrons and ions, has been attributed to the excitation of collective modes that screen
the electron-ion potential, and thus reduce the energy transfer. Depending on the
exact implementation of such coupled-mode theories, relaxation times between one
and two orders of magnitude smaller than that produced by the ideal Spitzer-Brysk
model have been predicted [47]. Experimental verification is thus essential, and, at
the same time, knowledge of the times over which the energy relaxation processes
occur is of fundamental importance in any WDM work.
This chapter is concerned with the experimental measurement of electron-ion,
or rather electron-phonon, coupling in highly excited states of matter. It is based
on three separate experiments looking at graphite heated with an intense proton
beam [209], graphite heated with an intense electron beam [206] and gold heated
directly with laser illumination [207]. Although this chapter is about experimental
measurement of electron-ion equilibration rates, a brief review of some of the models
available for temperature relaxation is included.
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3.2

Models for Temperature Relaxation

Describing electron-ion relaxation rates is a complex topic and many models have
been produced over the years to describe this eﬀect. The first of these was developed
for a hot two-temperature plasma by Landau and Spitzer in 1936 [114, 183]. This
approach assumes that the electrons and ions are in thermal equilibrium and hence can
be assigned temperatures Te and Ti respectively. It assumes the electrons and ions are
weakly coupled and transfer energy only through small angle Coulomb scattering. The
electrons travel in straight lines and the scattering event can be defined by an impact
parameter b and the energy of the impact. By integrating over all possible impact
parameters an equation for the energy transfer cross-section between an electron and
an ion of charge Z is obtained [63, 66],
4πZe4
λC ,
(3.1)
me v 4
where v is the relative velocity between the electron and ion and λC the Coulomb
logarithm. The Coulomb logarithm is the logarithm of the ratio of maximum and
minimum impact parameters in the sample. It is common in low density systems to
1
take the Debye screening length (λD = (kB Te /4πe2 ne ) 2 ) and the distance of closest
Qei (v) =

1

2
approach (ρ⊥ = Zi e2 /me vth
) for these two terms. Here, vth = (kB T /me ) 2 is the
thermal velocity of the electron. Additionally, a quadratic sum of the distance of
closest approach and the deBroglie wave length (λdB = ~/me vth ) can be used to

approximate quantum diﬀraction eﬀects [63],
(
λC = ln

bmax
bmin

(

)
= ln

λ
√ D
ρ2⊥ + λ2dB

)
.

(3.2)

These phenomenologically derived cut-oﬀs are not exact derivations, but are however physically motivated. They are simply an educated guess towards a correct result
[63]. This approach obviously fails in systems where λC < 0, such as in dense highly
degenerate systems where the deBroglie wave length becomes larger than the screening length leading to non-physical (i.e. negative) results. Some success has been found
in treating the electron orbits as hyperbolic where the Coulomb logarithm becomes
[63],
(
)
1
b2max
λC = ln 1 + 2
.
(3.3)
2
bmin
From these results the electron-ion relaxation time, the quantity discussed throughout this chapter, can be shown to be,
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τLS

3me mi
= √
8 2πni Zi2 e4 λC

(

kB Te kB Ti
+
me
mi

)3/2
.

(3.4)

Going beyond this model are extensions to degenerate systems by Brysk in 1974
[29], the use of quantum kinetic theory over the classical kinetic equations by Gericke
et al. in 2002 [65] and, most relevant to this work, the description of energy transfer
through coupled collective modes by Dharma-wadana and Perrot [47, 48, 77] in 19981 .
One problem with the Landau-Spitzer method is that it considers the electrons
and ions as separate particles that interact purely through binary collisions. Collective
behaviour in the electrons (plasmons) or ions (phonons, ion acoustic waves) is not
included. Of particular consequence to this is that when the collective behaviour
is included in the theory the electron and ion modes can couple together, an eﬀect
which leads to dynamic screening and significantly reduced energy transfer rate when
compared to binary collision models.
The formula developed by Dharma-wadana and Perrot is rather involved, however
in the weak coupling limit an approach based around the Lenard-Balescu equations
gives,
∫
2
dk
dω
Vei (k)
ω
ℑmχee (k, ω)
(2π)3
(2π) ϵ(k, ω)
[ (
)
)]
(
~ω
~ω
× ℑmχii (k, ω) nB
− nB
,
kB Te
kB Ti

dEe
= −4~
dt

∫

(3.5)

where in the Lenard-Balescu equations the dynamic response of the electrons are
handled within the random phase approximation [63]. The rate of change of thermal
energy in the electron subsystem Ee in Eq. (3.5) can be seen to depend on the electronion potential Vei (k), the full dielectric function ϵ(k, ω), and the density response of
the electrons χee and ions χii . Here, nB (x) = [exp(x) − 1]−1 is the Bose function.
This method includes degeneracy eﬀects and, since the electrons and ions are treated
within the same formula, the influence of electrons on the ions and the ions on the
electrons is included from the start.
Inspecting carefully Eq. (3.5) the interaction between species Vei is screened by
the dielectric function, and as discussed earlier in section 2.1.3 and 2.2.3 the full
dielectric function is related to the dynamic structure factor of the electrons (through
1

A numerical approach to calculating electron-ion equilibration rates based on classical molecular
dynamics has recently shown considerable success but requires the use of positive electrons to prevent
the system collapsing due to coulomb attraction between the atoms and electrons. In addition, eﬀects
due to electron screening or coupled modes are not accessible through this method [49].
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the fluctuation dissipation theorem) which in turn relies on knowledge of the electron
and ion dynamics in a system. Hence, ion dynamics can have a significant impact on
energy transfer rates.
In practice numerical evaluation of χ is diﬃcult due to sharp peaks in both the
numerator and denominator. Hence, often the numerator is set to unity (a method
comparable to using Fermi’s Golden Rule) or evaluated within the random phase
approximation. Whichever method is used they come to the same conclusion; that
is the energy transfer rates are significantly reduced. This can be seen in Fig. 3.1
reproduced from data given in Dharma-Wardana and Perrot, 1998 [47]. Depending
on the exact implementation of such coupled-mode theories, relaxation times between
one and two orders of magnitude smaller than those produced by the ideal SpitzerBrysk model [29, 183] have been predicted.
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Figure 3.1: Electron-ion Relaxation rates calculated using Spitzer-Brysk, Fermi’s
golden rule and coupled mode theories for solid density Aluminium with an ion temperature of 946 K. This figure is reproduced from data in Dharma-Wardana and
Perrot (1998) [47].

3.2.1

Temperature Relaxation in Metals

While the field of temperature relaxation in highly non-equilibrium and dense systems
is a particularly new area of research, in condensed matter systems it has been studied
for many decades and is better understood. The main diﬀerence between the two fields
is that here the ion lattice is considered to remain cold (often Tion =0 K) while the
electron sub-system is heated.
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Detailed calculations of the electron-phonon energy transfer rate have been performed by Lin et al. in 2008 [120]. These go beyond treating the electrons as a
free electron gas and instead use rate equations first developed by Allen (1987) for
electron-phonon collisions [6]. The result of this work is that the electron-phonon
equilibration rate can be described by,
4π ∑
dEe
~ωq |Mk,k′ |2 S(k, k ′ )δ(ϵk − ϵk′ + ~ωq ) ,
=
dt
~ k,k′

(3.6)

where k and q describe the electron and phonon fundamental quantum numbers, M
is the electron-phonon scattering matrix describing the probability of scattering a
photon in state k with energy ϵk to state k ′ with energy ϵ′k by a photon with energy
~ωq . The term S is the equation is known as the thermal factor and is equal to
S(k, k ′ ) = (fk − fk′ )nq − fk′ (1 − fk ). This term describes the absorption and emission
of phonons scattered within the sample in terms of the electron (fk ) and phonon (nq )
occupation numbers. Assuming that these occupation numbers can be described by
Fermi-Dirac and Bose-Einstein functions and Taylor expanding the resulting equation
to keep only terms where the scattering energy is small compared with the thermal
energy Allen and Lin found,
dEe
π~kB λ⟨ω 2 ⟩
=
dt
g(ϵF )

(
)
∂f
g (ϵ) −
dϵ(Ti − Te ) .
∂ϵ
−∞

∫

∞

2

(3.7)

The terms in this equation such as the electronic density of states (DOS) g(ϵ), the
second moment of the phonon DOS ⟨ω 2 ⟩ and the electron-phonon mass enhancement
parameter λ can all be calculated from first principles DFT. For systems close to
equilibrium this method has considerable success but fails to capture the complexity
present in highly non-equilibrium systems or systems with a more diﬃcult electronic
structure such as semi-metals. Fig. 3.2 shows that the electron-ion coupling constant
is approximately 2.5×1016 W m−3 K−1 in room temperature gold but rises rapidly
above ∼3000 K.

3.2.2

Extreme States of Matter

Relatively few experiments have attempted to measure relaxation rates [33, 144, 163,
209], and those that do seem to indicate relaxation times that are much longer than
those predicted by ideal or nearly-ideal plasma models [29, 114]. This behaviour,
which essentially suggests a weak energy coupling between electrons and ions, has so
far been attributed to the excitation of collective modes screening the electron-ion
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Figure 3.2: The electron temperature dependence of the electron-ion equilibration
constant for gold calculated by Lin et al. (2008) [120]. Calculations were performed
with the VASP DFT code. Also shown are commonly used experimental values
with the temperature range accessed experimentally highlighted in bold. The ion
temperature in this calculation is set to Ti = 0 K.
potential as discussed above. Experimental verification is thus essential, and, at the
same time, knowledge of the time scales over which the energy relaxation processes
occur is of fundamental importance in any WDM work.
The reason temperature relaxation rates are vital to understanding extreme states
of matter is related to the creation of WDM states in the laboratory using lasers or
pulsed power machines [162]. Generation of these states via these methods results in
producing a system of highly coupled ionic liquids immersed in a partially degenerate
electron sea. On short time-scales, due to the details of the heating mechanisms and
slow energy transfer, there is no guarantee that the matter will be in thermodynamic
equilibrium. Many codes that are used to model high power laser experiments, particularly those based on hydrodynamic descriptions, use the Spitzer model and hence
vastly underestimate the time required to reach thermodynamic equilibrium.
Descriptions of electron-ion equilibration are often performed within a phenomenological model describing the energy flow between the electron and phonon subsystem
known as the two-temperature model (TTM). Within this formalism the evolution
of the temperatures of the two subsystem can be described by a pair of coupled
diﬀerential equations [11],
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∂Tele
= ∇ · (Kele ∇Tele ) − g (Tele − Tion ) + Ssource (r, t) ,
∂t
∂Tion
Cion
= ∇ · (Kion ∇Tion ) − g (Tele − Tion ) ,
∂t
Cele

(3.8)
(3.9)

where Cele/ion are the specific heat capacities of the electron and ion components
respectively, Kele/ion the thermal conductivity2 and g the electron-ion coupling coeﬃcient. A solution to this equation requires an EOS model to relate the energy density
to the temperature of each subsystem and, hence, calculate the heat capacities Cele
and Cion . In the work presented later on graphite two diﬀerent EOS models are used,
PROPACEOS 4.2, which is based on a chemical model [124] and ab-initio DFT for
the electrons coupled to classical molecular dynamics for the ions (see appendix E).
The coupling coeﬃcient itself is diﬃcult to model from first principles as it depends on
the interaction dynamics of the electron and phonon subsystems. However, it allows
the complexity of the physical system to be contained within a single parameter.

3.3

Measuring Temperature Relaxation in Solids

The main method used throughout this chapter to measure the ion temperature in a
non-equilibrium sample is time resolved X-ray diﬀraction. In section 2.2.2 the origin
of the diﬀraction peaks is shown to be given by the Fourier transform of the atomic
positions. For example, an infinite in extent perfect crystal will lead to a set of distinct
diﬀraction lines (See the top panel of Fig. 3.3). Adding in finite size and temperature
eﬀects, panels 2 and 3, it can be seen that the height of this diﬀraction peak is given
by the Fourier transform of a top hat function, representing the spatial extent of the
sample, the position of the peak in reciprocal space and the thermal vibrations in the
solid.
To show this mathematically the motion of the ions in a crystal can be decomposed
into multiple terms, Ri which represents the equilibrium position of the ions in the
lattice as well as uoi (t) and uti (t) which represent the displacement of ions from these
points via oscillatory and translational motion respectively. Following the derivation
by Gregori et al. (2003) [79, 80] which is reproduced in appendix D we can derive a
2

To estimate of the eﬀects of thermal conduction we calculate the time it takes for the temperature
to equilibrate throughout the sample. The equation dE/dt = K∇2 T can be approximated by
)−1
(
K∆T
t≈ L
which for a L=50 µm thick graphite (K=0.8 W/cm/K) target with energy density
2ϵ
3d
ϵ3d = 1011 eV/µm3 corresponding to ∆T = 1 eV ∼11000 K gives an equilibration time of ∼70 µs.
This makes thermal conductivity negligible on time scales of the experiments performed here.
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Figure 3.3: Origin of the shape of the static structure factor in a single crystal [108].
set of equations showing the temperature dependence of the ion-ion structure factor
in a solid (note that the intensity of scattered X-rays is then proportional to the
square of this term).
(
)
S(k, t) = Ft (k, t) 1 − e−2W + e−2W b(k) ,

(3.10)

where,
N
N
1 ∑ ∑ −ik.[ûti (0)−ûtj (t)]
Ft (k, t) =
⟨e
⟩T ,
N i=1 j=1

(3.11)

N
N
1 ∑ ∑ −ik.[Ri −Rj ]
b(k) =
e
.
N i=1 j=1

(3.12)

and,

Here ⟨...⟩T denotes an ensemble average of N particles at temperature T . Eq. (3.11)
can be thought of as a translational structure factor (≈ N in a solid), and captures
coherent motion in the sample; it is sometimes called thermal diﬀuse scattering and
to first order represents the phonon spectrum of a crystal. Eq. (3.12) represents the
Bragg peaks of a perfect crystal at T=0 K. Eq (3.10) describes, to first order, the
reduction in coherent scattering as the parameter 2W = k 2 ⟨u2oi ⟩ is increased. In the
harmonic approximation [7, 139] the displacement of an atom from its equilibrium
position can be related to the ion temperature Ti through,
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3k 2 ~2
2W =
M kB Θ D

[(

Ti
ΘD

)2 ∫
0

ΘD
Ti

udu
1
+
u
e −1 4

]
.

(3.13)

This relation shows that there is a reduction in the scattered intensity due to
increased thermal vibrations of the atoms around their equilibrium lattice sites [122].
However, as pointed out by Ernstorfer et al. [55] great care must be taken when using
Eq. (3.13) in a highly non-equilibrium system. In such cases the electron excitation
can impact the Debye temperature, ΘD , dramatically and as such it should be treated
as a function of electron temperature, ΘD (Te ). A full ab-initio analysis of the phonon
DOS at higher electron temperatures is necessary to calculate an exact value of the
Debye temperature3 . Furthermore, this analysis assumes that the atomic form factor
does not change, an argument that holds if Tele < TF where TF ∼ 13.3 eV. A ThomasFermi calculation of the average ionisation shows that between room temperature and
2 eV it changes by less than ∼2% [174].
This method assumes diﬀraction within the kinematic limit, i.e. as the sample is
heated and the atoms vibrate around the lattice positions fewer X-rays are coherently
diﬀracted from the sample. In a full dynamical calculation it can be easily seen that
these X-rays that no longer diﬀract from the top layer of the target would thus be
diﬀracted from the lattice deeper within the target. The graphite samples used in
this work can be considered within the kinematic approximation due to their mosaic
structure, provided the c-axis depth of each crystallite is less than the primary extinction length. The thin (200 nm) gold samples have a an extinction length (207 nm)
comparable to the sample thickness, suggesting they cannot be treated fully within
the kinematic limite. However, epitaxially grown films are known to have a high
defect density [91], reducing the degree of perfection in the crystal and allowing the
kinematic approximation to be used.
3

In this work we have taken ΘD = 800 K for bulk graphite, this value agrees with previously published values and experimental measurements for a graphite lattice at room temperature [159]. In
reality, as energy is deposited into the electron system by the proton beam, the potential landscape
that surrounds the ions may undergo changes and the approximation of a constant ΘD must be verified. By performing finite temperature DFT-MD simulations, we have found that ⟨u2⊥ ⟩ = 0.020 Å2
when Tion = Tele = 300 K and ⟨u2⊥ ⟩ = 0.023 Å2 when Tion = 300 K, and Tele = 20, 000 K. These displacements correspond to ΘD = 820 K and ΘD = 760 K, respectively. This indicates little variation
of the out-of-plane Debye temperature with Tele , and the approximation ΘD = 800 K seems entirely
justified.
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3.4

Temperature Relaxation in Graphite

Solid density carbon with pressures above one megabar and temperatures in the thousands of Kelvin lie in the WDM region, which sits between the traditional solid state
and the high temperature plasma domains. Expansion techniques are no longer applicable and neither the kinetic nor the potential energy can be treated perturbatively;
as such, the phase diagram of carbon is still largely unknown for both the highly
excited solid [25] and fluid phases [150]. These extreme matter states are highly relevant to the understanding of the evolution and the structure of large planets and
compact objects [40, 81, 98, 111, 171], as well as for ICF experiments [71, 127], EOS
and opacity models [16].
Here we focus our work on graphite, a highly anisotropic semimetal that has
proven to be a material with unique electronic [218] and phonon properties [101]. It
has the highest electron mobility and thermal conductivity of any bulk material. Both
features suggest unique behaviour in the electron-ion coupling and indeed it exhibits
exceptionally low relaxation rates [101, 116, 117, 155, 177, 178, 188, 209, 215] that
disagree with current theoretical models [117].
A large body of work exists studying the electron-ion energy transfer in both
graphite and graphene. However, in the interpretation of the experimental data,
uncertainties remain in disentangling the excitation mechanism with the relaxation
pathways. Since nearly all studies used an optical pump to create a non-thermal distribution of the electrons within the first few tens of nanometres of the sample surface,
inhomogeneities in the heating and direct coupling to optical phonons have been suggested as possible sources of uncertainty. While the overall energy transfer between
electrons and ions is slow, a strong and almost instantaneous interaction between the
excited electrons and high energy (200 meV) coupled optical phonons(COPs) was
found.
The diﬀerent channels of energy transfer in carbon act as a complicating factor
when modelling electron-ion temperature relaxation within a simple TTM. Although
previous experiments have investigated lattice temperature in weakly to moderately
driven systems [122, 177] these utilised direct coupling of a pump laser to optical
phonons (see, e.g., Ref. [101]).

3.4.1

Proton Heated Graphite

Here we discuss the results of an experiment where a graphite sample has been heated
to very high temperatures by an intense beam of protons, but the lattice remains
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intact. This allows us to investigate electron-phonon coupling in the high-temperature
limit, that is, near melting. Energy deposition by protons also avoids many issues
related to laser heating of solids, e.g., direct coupling of the laser light to phonon
modes and inhomogeneous heating.

Figure 3.4: The experiment was performed on the Titan Laser at the Jupiter Laser
Facility, Lawrence Livermore National Laboratory (USA). The 150 J, 10 ps Titan
beam at the fundamental wavelength λ0 =1054 nm was split into two arms in a pumpprobe configuration. To heat the graphite sample, 30% of the energy was delivered
onto a thin aluminium foil with a 10 µm focal spot. The accelerated electrons create
an electric field which drives an intense proton beam normal to the rear surface of
the aluminium foil. The remaining energy was focused 225 ps later with a 10 µm
focal spot onto a copper disk to generate Cu-Kα probe X-rays. The image plate
detector was placed 300 mm away from the graphite sample at 27.4◦ to detect the
Bragg diﬀracted light. The magnification of the set-up was 138. The proton beam
forms a spot of diameter ∼1.0 mm on the sample. The sample consisted of 50 µm
thick HOPG covered with 30 µm of polypropylene.

3.4.1.1

Experimental Set-up

The experiment was carried out on the Titan laser at the Jupiter Laser Facility,
Lawrence Livermore National Laboratory (USA). Fig. 3.4 and its caption give a detailed description of the laser beams, diagnostics and sample set-up. We employed

57

3.4 Temperature Relaxation in Graphite

Figure 3.5: a) Measured spatial distribution of the proton intensity showing a ∼1
mm width at the position of the sample surface. The inset shows the radiochromic
film data used to monitor the proton beam. b) Proton energy spectrum taken from
the centre of the proton beam and plotted up to the maximum energy measured.
c) Calculated electron temperature in the HOPG sample. A ray tracing simulation
is used to follow the proton trajectories through the sample. The simulation uses
the measured proton distributions in space and energy shown in panels a) and b).
From the energy deposited by the proton beam and the specific heat of a given EOS
model, the electron temperature throughout the sample can be inferred. Electron
heat capacities from density functional simulations are used to obtain the temperature
distribution shown.
proton beams created through the TNSA mechanism outlined in section 2.4. Protons
with energies of up to 10 MeV were produced by high-intensity short-pulse irradiation
of a 10 µm Al foil [164] (see Fig. 3.5a and Fig. 3.5b for the spatial and energy distributions measured). The protons emerge in a 60◦ cone from the rear surface of the
foil, which was placed 1 mm from the highly orientated pyrolytic graphite (HOPG)
sample, this leads to heating within a ∼1 mm diameter region after a time of flight on
the order of t ≈ 100 ps. A 30 µm plastic layer, placed between the proton beam and
the HOPG target, was used to stop electrons, heavier ions and low energy protons,
ensuring uniform and predictable heating of the sample. Additionally, the plastic
layer acts as a tamper, eﬀectively preventing any thermal expansion on the timescales probed in the experiment. The protons provide isochoric heating throughout
the 50 µm thick HOPG. The heating due to the protons was calculated from measurements of the proton spectrum (see Fig. 3.5b) taken on shots where the HOPG sample
was absent and scaled with laser intensity for shots where the sample was present
[164]. The measured spectrum was used in a proton ray tracing simulation, in which
the energy deposition was modelled using the known stopping power of protons in
graphite [23]. Over 99% of the proton energy is deposited in the electron subsystem

58

3.4 Temperature Relaxation in Graphite
(see appendix F) and the electron temperature accordingly rises to Tele ≈ 17, 000 K
(1.5 eV) on a picosecond time-scale, see Fig. 3.5c). Within the electron subsystem,
thermalisation occurs on a femtosecond time-scale [54]. Subsequently, the electronphonon energy exchange rate determines the temperature evolution of the electron
and phonon subsystems.

Figure 3.6: Raw Bragg scattering signal on image plate from proton heated (top) and
unheated (bottom) graphite samples.
X-rays for probing the sample were generated by a second laser pulse, delayed by
t = 225 ps with respect to the first pulse, which irradiated a copper foil and, thus,
acted as a source of Cu-Kα line radiation of 8 keV. Simultaneously, the Bragg scattering of these X-rays was measured and the reduction in scattering intensity from
the heated regions of the sample was observed. As mentioned before this reduction
in intensity is related to increased thermal vibrations of the atoms around their equilibrium lattice sites. Fig. 3.6 shows a noticeable decrease apparent in the raw data
when comparing the heated and unheated diﬀraction lines. Fig. 3.7 shows a line-out
of the decreased intensity of X-rays scattered across the surface of the sample. A
heated region of approximately 1 mm in width is apparent where the intensity drops
to ∼30% compared with the scattering from the ambient region. With knowledge
of the inter-atomic potential and the partial phonon DOS, the magnitude of thermal
vibrations can be connected to the lattice temperature. More specifically, we relate
the vibrations to the ratio of lattice and Debye temperatures, Tion /ΘD , where the
Debye temperature characterises the lattice strength through the frequency of the
DOS. ΘD = 800 K was extracted from density functional theory calculations and
shown to have little variation with electron temperatures in the range considered in
our experiment. Taking into account the eﬀects of absorption and extinction within
the sample4 , the analysis shows that a drop of around 70% in the Bragg intensity is
4

When using the Debye-Waller equation to compare the predicted Bragg peak intensity ratio,
IT /IT0 , to the experimental values, X-ray attenuation through the graphite sample must be taken
into account. An X-ray scattered from a depth d into the sample must be weighted by a factor
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Figure 3.7: Intensity of scattered radiation and corresponding lattice temperature
at t=225 ps. a) The measured Bragg peak intensity of the scattered radiation from
across the sample surface. The values are plotted relative to the Bragg intensity
without heating. This ratio is given by I/I0 = e−2W , where 2W = k 2 ⟨u2⊥ ⟩ is the
Debye-Waller factor. Here, k = 3.73 Å−1 is the scattering wave number with its
direction parallel to the c axis of the graphite lattice and ⟨u2⊥ ⟩ is the out-of-plane rms
deviation from the equilibrium ion positions. Since ⟨u2⊥ ⟩ is a function of Tion /ΘD (see
main text), we can calculate the ion temperature from the measured decrease in the
Bragg scattering intensity, as reported on the right axis of the plot. The shaded region
corresponds to ion temperatures obtained by solving the two-temperature model with
an electron-phonon coupling constant of g = 0.45 – 0.8 × 1016 W K−1 m−3 . b)
Calculated spatial distribution of the lattice temperature within the graphite sample
based on the measured decrease in Bragg scattering.
consistent with a lattice temperature of around 3500 K.
3.4.1.2

Results

The average electron-phonon coupling during the experiment can now be obtained
by solving the TTM discussed earlier using the initial electron temperature and the
lattice temperature at t = 225 ps as boundary conditions. In this work, we use
two diﬀerent EOS models: PROPACEOS 4.2, which is based on a chemical model
[124] and includes many adjustments based on experiments, and ab-initio DFT for
the electrons coupled to classical molecular dynamics for the ions (see appendix E).
The source term in the TTM was obtained from proton ray tracing simulations,
Sproton (r, t) ≈ Sproton (r, t = 100 ps). This provides the initial conditions, and the
exp(−d/ξ), where ξ = 193 µm is the total extinction length. It accounts for absorption (ξabs =
222 µm) and secondary extinction (ξext = 1487 µm). Primary extinction (ξpri = 4 µm) within the
sample is negligible due to the smaller c-axis depth of the mosaic crystallites. Since ξ ≫ 50 µm (the
depth the HOPG sample), the X-rays can be thus considered to probe the full volume of the sample.
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Figure 3.8: Relative Bragg scattering intensity at the centre of the graphite sample at
t = 225 ps plotted against the electron-phonon coupling coeﬃcient. The calculations
are performed by solving the TTM with two diﬀerent models for the EOS and heat
capacities: PROPACEOS 4.2 (red line) and DFT-MD (blue line). The experimentally
measured scattering intensity is shown by the dotted and dashed lines, where the error
margin of 5% was estimated from the variation in intensity across unheated samples.
The energy of the laser producing the proton beam is a) Elaser = 39.3 J and b)
Elaser = 46.5 J.
energy relaxation then evolves according to the TTM. By scaling g the coupling
constant to fit the observed lattice temperature at t=225 ps, we are able to infer its
value from the experiment.
The results from the fitting procedure for g are shown in Fig. 3.8. The energy
deposited by the proton beam heated the sample close to melting, but the lattice
remained intact as we still observe Bragg scattering. The extracted electron-phonon
coupling coeﬃcient, averaged over the conditions in the first 225 ps of the temperature
equilibration, is found to be in the range of g = 0.54 – 0.66 × 1016 W K−1 m−3 . The
5% error margin results from the variance in intensity on unheated shots. It is also
evident from Fig. 3.8 that only calculations based on the EOS model from DFT-MD
are able to match the experimental data at t = 225 ps. Indeed, it has previously been
shown that chemical models for the EOS are not suﬃciently accurate for describing
warm dense graphite, primarily due to the exclusion of the latent heat [150]. As an
example the time evolution of the electron and ion temperatures extracted from the
TTM with the correct energy deposition and coupling parameter are shown in Fig 3.9.
In order to compare with previously published data in the lower temperature
range, we transfer our measurements to the dimensionless parameter λ that is related
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Figure 3.9: The time evolution of the mean electron and ion temperature in the
proton heated graphite after irradiation by a high intensity proton beam. The data
shown corresponds to a coupling parameter of 0.6 × 1016 W K−1 m−3 .
to the coupling coeﬃcient by g = 3λ~Cele ⟨ω 2 ⟩/πkB Tele , where ⟨ω 2 ⟩ ≈ Θ2D /2 is the
second moment of the phonon DOS [28]. Converting our values for the coupling
coeﬃcient gives λ ∼ 0.06. This is considerably lower than the value for typical metals,
however previous work on weakly excited carbon have also found low coupling in room
temperature graphite [101, 117] (λ < 0.2), and graphene [31] (λ = 0.05 − 0.1). These
results have been attributed to a small DOS at the Fermi energy in semimetals, an
argument that becomes highly questionable for the high electron temperatures present
in our experiment.

3.4.2

Electron Heated Graphite

In an attempt to disentangle the energy relaxation pathways in graphite this section
presents the results of an experiment similar in design to the previous section, however,
in this case the graphite sample is heated to high temperatures by a fast electron beam
as opposed to a proton beam. This again allows us to investigate electron-phonon
coupling in the high-temperature limit, but as the energy deposition is driven by fast
electrons it again avoids many issues related to laser heating of solids, e.g., direct
coupling of the laser light to phonon modes and inhomogeneous heating. Moreover,
the electron heating occurs on times shorter than in the case of proton driven samples
which helps to simplify the analysis. In the case of hot electrons the stopping power is
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very diﬀerent to protons and so the electron-ion equilibration can be further decoupled
from the heating mechanism.

Figure 3.10: Schematic of the experimental set-up. The experiment was performed at
the PHELIX Laser Facility, GSI Helmholtz Facility, Germany. The 80 J, 0.7 ps beam
at the fundamental wavelength λ0 =1054 nm was split into two arms in a pump-probe
configuration. To heat the graphite sample, 50% of the energy was delivered onto the
titanium substrate with a 30 µm diameter focal spot. The fast electron distribution
heats the graphite attached to the rear of the sample. The remaining energy was
focused between 0 and 1000 ps later with a 30 µm diameter focal spot onto a copper
foil to generate Cu-Kα probe X-rays. The copper foil is angled with respect to the
target to reduce the source size. An image plate detector was placed 100 mm away
from the graphite sample at 13.3◦ to detect the Bragg diﬀracted light.

3.4.2.1

Experimental Set-up

The experiment was carried out at the PHELIX Laser Facility, at the GSI Helmholtz
Institute (Darmstadt, Germany). Fig. 3.10 shows the schematic of the experiment.
A 0.7 ps long laser pulse delivering 80 J of energy was split into two equal arms, with
one focused onto a 200 µm thick Ti substrate with the rear surface coated with a
50 µm thick HOPG layer. The presence of the Ti substrate enables the electrons to
isochorically heat the graphite while preventing direct illumination from the laser.
The interaction drives a non-thermal fast electron current through the target. These
electrons are accelerated by the radiation field of the laser pulse and can reach energies
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Figure 3.11: Experimental data showing the reduction in intensity of Bragg scattering
from the surface of the graphite (solid lines) for two diﬀerent delays of 75 and 500 ps.
Experimental error bars are represented by the shaded region. The dashed line shows
simulation results taken from the ZEPHYROS fast electron code applied to the two
temperature model with a coupling constant of 0.2 × 1016 W K−1 m−3 . Also shown
are the calculated absorption, temperature and divergence angle of the fast electron
distribution through comparison with the emitted Ti K-shell line emission.
of the order of one keV to several MeV [210]. The background thermal electrons in
the solid target respond to this fast electron current by setting up resistive electric
fields and strong return currents. Through a process of collisions and ohmic heating
the fast electron population loses energy to the surrounding material.
The second laser beam is delayed by a varying amount (0-1000 ps) with respect to
the first and irradiates a copper foil acting as a short pulse source of 8 keV Cu-Kα line
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Figure 3.12: Time evolution of the electron (blue dashed line) and ion (red dotted line)
temperatures using a coupling constant g = 0.2 × 1016 W K−1 m−3 and source term
Se = 7 J mm−3 . The points represent the experimentally measured ion temperature.
The shaded region represents varying the source term from 6 and 8 J mm−3 .
radiation (see Fig. 3.10). The X-rays diﬀract oﬀ the graphite layer at a Bragg angle
of 13.3◦ onto an image plate detector placed 100 mm away. The magnification of the
set-up was 38. The copper foil is tilted edge-on with respect to the sample in order to
reduce source broadening. As before, the temperature of the graphite ions is related to
the intensity of the Bragg scattered X-rays via the Debye-Waller eﬀect, see Eq. (3.3).
Fig. 3.11 shows the decrease in the measured intensity of the scattered X-rays across
the surface of the graphite sample for two diﬀerent delays. As the electrons transfer
their energy to the ions via ohmic heating, the ion temperature increases, and a more
pronounced reduction in the diﬀracted intensity becomes apparent in the data.
3.4.2.2

Results

As before, the experimental data showing the increase in ion temperature over time
can be fitted with a simple two temperature model. Again, the heat capacities of
the electrons and ions were obtained from density functional theory calculations,
see appendix E [150]. The transfer rate is set by the coupling constant g. This
method allows the complexity of the physical system to be contained within a single
parameter. The coupling constant is a quantity which is diﬃcult to estimate from
first principles as it depends on the interaction dynamics of the electron and phonon
subsystems. Within the two temperature model, g and Se are chosen as a fitting
parameters such that the predicted ion temperature in the graphite sample reproduces
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the measured reduction in the Bragg peak intensity. The best fit, by matching the
ion temperature at the centre of the heated region, is found to be a coupling constant
of g = 0.15 – 0.25 × 1016 W K−1 m−3 and a source energy of Se = 6 – 8 J mm−3 , as
shown in Fig. 3.12.
3.4.2.3

Fitting Data to Hybrid PIC Code

In addition to fitting the two temperature model to the experimental ion temperature
the source term in the TTM can be calculated from the Ti K-shell emission. The high
energy electrons that are accelerated through the solid target also produce intense
X-ray and VUV emission, primarily through bremsstrahlung radiation and K-shell
ionisation. The resulting Ti K-shell line emission was collected with an absolutely
calibrated, toroidally bent spectrometer [132, 216] and used to infer the single shot
properties (spectral temperature, angular divergence and absorbed laser energy) of
the fast electron population [39, 76]. This on shot diagnostic was a significant improvement over the previous proton based experiment. The fast electron properties
were achieved by modelling the energy deposition throughout the sample using the
3-D hybrid code ZEPHYROS [107]. The ZEPHYROS code is a 3D macroparticle
based hybrid code developed by A. P. L. Robinson for the study of electron transport
in dense plasmas. The fast electron population are treated as a collection of macro
particles as is typical in a particle-in-cell code, while the background electron and
ions are treated as a two temperature fluid. The code currently implements many
features, such as Bremsstrahlung cooling of the background electrons, electron-ion energy exchange, creation and evolution of magnetic fields and various EOS models for
both plasma and solid conditions. Recently, the ZEPHYROS code was upgraded to
calculate the Kα photon emission rate due to fast-electron-induced K-shell excitation
using the algorithm developed by A. G. R. Thomas [190]. The code currently outputs
the rate of production of Kα photons for each element of the simulation in units of
photon number per second per volume. By taking into account radiation transport,
the detector solid angle and by integrating across both the depth of the sample and
along a single spatial direction at the back of the target it is possible to obtain the
linear intensity of photons on the detector. This number is directly comparable with
experimental results obtained from an absolutely calibrated imaging spectrometer.
A 2.5 × 1018 W/cm2 laser with a 30 µm radius flat-topped spot incident on a
200 micron Ti target for 0.7 ps was simulated within the ZEPHYROS code. The
simulation contained 400,000 fast electron macroparticles distributed thermally at
some characteristic temperature. The simulation was carried out in a 20x30x30 box
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Figure 3.13: Comparison of linear Kα spectrum obtained from the ZEPHYROS hybrid code with the experimentally measured result. Plotted is the least-mean-squares
fit against the fast electron angle, spectral temperature and total energy. The experimentally measured Kα spectrum is plotted along-side the output from ZEPHYROS
for a 15%, 1.25 MeV fast electron spectrum with a divergence angle of 78◦ .
representing a 200x1800x1800 micron sample. It was run for a time of 6 ps and
the Kα production was output at 0.2 ps steps. The resistivity is handled within
a reduced Lee-Moore model [99]. Each simulation was run on the SCARF lexicon
cluster operated by the central laser facility (CLF). A single run required a time
of approximately 300 seconds, including post-processing, and operated on a single
core. A total of 18,000 simulations were carried out representing a range of fast
electron characteristics. This range covered a 3D parameter space of size 30x30x20
representing fast electron spectral temperature (1.2−1.5 keV), laser energy absorption
(10−50 %) and FWHM divergence angle (63−86 degrees). The simulation result was
then compared with the experimentally measured Kα spectrum.
The figure of merit used for comparison between the simulated spectra and the
experimental spectra is achieved using a least mean squares fit between the experimental data and simulation. Here N is the number of experimental data points, x
the position across the target surface and I the linear intensity of Kα photons hitting the detector. The minimum of this function represents the conditions where the
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simulated spectra best matches that observed experimentally,

ϕ=

N
1 ∑
(Isimulation (x) − Iexperiment (x))2 .
N x

(3.14)

This function was minimised when the fast-electron temperature was set to ∼1.2 keV,
the angle to ∼72 degrees and the absorption of laser light to ∼15%. Plotted in
Fig. 3.13 is the log of this function plotted with one of the electron distribution variables held constant and the other two varied. It can clearly be seen that there exists
a point in the three dimension space where the figure of merit is minimized. This suggests that these three variables are somewhat decoupled and that this measurement
allows all three to be determined to within some degree of accuracy. Also shown in
Fig. 3.13 is the experimentally measured Kα spectrum plotted alongside the output
from ZEPHYROS for a 15%, 1.25 MeV fast electron spectrum with a divergence angle
of 78◦ .
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Figure 3.14: Simulation results showing the fast electrons from the laser interaction
heating the graphite sample. These results are produced from the fast electron transport code ZEPHYROS. The fast electron density (units 1/m3 ) is shown at time=0.8
ps. The insert shows the Ti-Kα emission from the simulation and the experimental
measurement using an absolutely calibrated imaging spectrometer.
In this way, the initial fast electron population is varied until the predicted K-shell
emission from the simulation matches the experimental result. The source term for
the two temperature model found through this method is Se = 6.9 J/mm3 which is in
agreement with the value found though fitting the data directly. With this spatially
dependent source term from ZEPHYROS we can plot the predicted intensity drop
across the back surface at diﬀerent times after heating, see Fig. 3.11. We find good
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agreement between simulation and experiment for a coupling constant g=0.2 ×1016
W K−1 m−3 .
Because of the complexities associated with short pulse laser irradiation and fast
electron transport, the assumption that the heating is uniform and instantaneous
should be discussed. The intense fast electron current in the target produces large
magnetic and electric fields that can complicate the analysis through magnetic focusing, the formation of resistive current loops, and large-scale instabilities arising
from a varying resistance with temperature. As shown in appendix G, these eﬀects
remain small in our experiment, and thus the assumption of uniform and instantaneous heating is sound. This is supported by the measurement of the Ti-Kα emission
from the rear surface of the sample, showing a smooth intensity distribution of the
line emission across the transverse direction.
As before, in order to compare with previously published data, we use the dimensionless parameter λ. In this work a value of λ ∼ 0.03 is obtained. Again this value is
considerably closer to room temperature graphite [101, 117] (λ . 0.2) than to values
reported for metals and plasmas. However, our result is almost an order of magnitude less, suggesting the relaxation pathway is inhibited by the highly non-equilibrium
conditions. Near room temperature lower λ values in semimetals are attributed to a
small DOS at the Fermi energy, an argument which does not hold here due to the
high electron temperatures (Te ∼ 15, 000 K). This suggests a more complex energy
pathway in warm dense graphite which acts as a barrier to relaxation.
The results presented here are in good agreement with the energy relaxation timescale inferred from the proton heated experiments suggesting that energy equilibration
rate measured here is independent on the details of the heating mechanism.
There is still much debate over the coupling rate in semimetal materials such as
graphite. Current work focuses on the coupling between the electrons and COPs at
frequencies of ωCOP ≈ 200 meV. This pathway is believed to allow for a fast energy
flow on time-scales less than 100 fs, although the decay of these excited phonons occur
over significantly longer times. In experiments using laser heating, the possibility that
these optical phonons are excited directly by the pump laser cannot be dismissed[101].
Through applying heating with an energetic proton or electron beam, we eliminate
direct COP generation by the heating source. Additionally, we probe lower energy
phonons with a component of motion out-of-plane through the measurement of the 002
Bragg peak intensity. As such we expect no contribution to intensity reduction from
COPs [177]. While our method does not discriminate between direct coupling and
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coupling via COPs, the low relaxation rates observed here suggest either saturation
of the COP pathway or lower coupling via more direct pathways.
Due to the large electron temperature (Te ≈ 15, 000 K) achieved, it may be interesting to compare the result found here with data obtained in other high temperature systems in the WDM region which might be particularly insightful as the
coupling coeﬃcient is expected to vary strongly with electron temperature [120]. The
experimental diﬃculties in creating and measuring temperatures within highly nonequilibrium dense systems means that only a few data points exist; none prior to
this work for graphite or carbon. However, experiments performed on warm dense
silicon and aluminium samples also suggest a very low coupling parameter [33, 163]
of the order of 1016 W K−1 m−3 . To explain these experiments, it was proposed that
the eﬀective electron-ion interaction is suppressed by virtue of a dynamical coupling
of electron and ion modes discussed earlier. These coupled ion modes mainly occur
at frequencies ω ≪ ke cs ≃ 200 meV, where ke is the inverse of the Thomas-Fermi
screening length and cs ∼ (kB Tele /M )1/2 is the isothermal sound speed (M here is the
carbon ion mass) suggesting that very low frequency excitations have an important
role in determining the pathway and the bottleneck in the energy relaxation. To interpret our experimental results, we have to assume that frequencies ω ≪ ωCOP play
the major role in the electron-phonon energy exchange. Such processes may thus be
more general than previously believed and, as indicated by these experiments, occur
in any strongly driven two-temperature system.

3.5
3.5.1

Temperature Relaxation in Gold
Introduction

This section moves away from investigating electron-ion equilibration in graphite and
will describe experimental results that show the calculation of the electron-phonon
equilibration rate in gold. In particular this section will describe a technique that
can be performed on smaller table-top based laser systems and does not require the
large-scale facilities discussed above. The electron-phonon coupling within gold is an
important property that determines or modifies many electronic properties such as
electronic and thermal conductivities (with superconductivity as the premier example
[18]), the magnetic susceptibility, the available electron energies, and thus, the EOS
[13]. Accordingly, this quantity is needed for a number of applications in nanotechnology [109], material science [205], laser ablation [20], and energy production by
means of ICF [14].
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Exciting a thin metal foil with a short-pulse laser is a well-established procedure
to create non-equilibrium systems in order to study equilibration rates. However,
contrary to previous studies, we have combined this method with full MD simulations
of the entirety of the system, at least in a single dimension. The value obtained agrees
with values reported in similar experiments, but, crucially our analysis indicates that
other factors may also determine the position of those peaks which are not directly
related to the energy relaxation time. We therefore believe that our results give a more
reliable estimate of the equilibration time than previous work. This result confirms
that the energy relaxation in gold is a fast process in the bulk as well as on the surface
of the sample. The fact that diﬀerent experimental methods yield very similar values
for the electron-phonon coupling constant strongly raises the confidence in this result
at low excitations. The addition of the MD analysis suggests that this work could
in the future be extended to cover the more diﬃcult highly non-equilibrium regime
mentioned earlier.
A direct way of investigating electron-phonon coupling, or more generally electronion energy transfer, is to set-up a non-equilibrium situation and observe the equilibration of the system towards a state with a common temperature. Since optical lasers
can be considered to directly interact with only the electrons in the sample, the electron subsystem contains a greater amount of energy after the heating process. After
an ultra-fast thermalisation within the electron subsystem [64, 140], the energy then
flows into the lattice by excitation of phonons, and ultimately ion-acoustic waves that
heat the background ions [145]. This process is relatively slow, and electron and ions
may have unequal temperatures for times that long exceed the laser pulse duration
[209]. The evolution of the electron and phonon temperatures is thus a complex process which depends on many factors such as initial temperatures, crystal structure,
defects and scattering properties of the sample [8, 120].
Although energy relaxation between the electron and ion subsystems has been
investigated in many studies both experimentally and theoretically, the process is not
well understood. While experiments near to equilibrium [145] show good agreement
with standard theoretical predictions [120], other experiments with high excitation
densities or a more complex material structure have demonstrated large deviations
with relaxation times longer than predicted [118, 209]. Such deviations are typical for
strongly heated, fluid systems [33, 35, 144, 163, 206] where the energy transfer does not
evolve through electron-phonon coupling but through direct two-particle scattering or
ion acoustic modes. Although theoretical models considering the collective behaviour
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of these coupled system show similar eﬀects [47, 77, 200], the predictions do not agree
with the small amount of experimental data available.
Here, we investigate electron-phonon coupling in weakly driven gold samples,
adding more data for non-equilibrium systems with low excitations. Indeed, our systems are heated only slightly above room temperature requiring precise determination
of the ion temperature. This is done through the determination of the response of the
ion lattice via X-ray Bragg scattering. The time-dependent lattice constant obtained
can then be related to the lattice temperature and, thus, the energy received from the
electrons. This work diﬀers from previous experiments by Nicoul et al. [145], where
a similar experimental technique had been employed, through the utilisation of large
scale non-equilibrium MD simulations to analyse the lattice response. These simulation contain up to ∼115,000 atoms and are able to model the full depth of the gold
samples. It is this capability to fully capture the acoustic modes of the system which
suggests that MD would be ideally suited to model systems with higher excitation
densities.

Figure 3.15: Schematic showing the experimental set-up. The 50 fs, 40 mJ, 800 nm
laser is split into two arms. The first arm is focused onto the gold foil to rapidly heat
the conduction electrons in the sample while the second arm passes through a delay
stage and then drives the Ti-Kα transition in a thin Ti foil in order to probe the
lattice parameter. The movement of the diﬀraction line due to the heating is imaged
onto a CCD placed 10 cm away.

3.5.2

Experimental Set-up

The experiment was performed using an ultra-fast Ti:sapphire laser with wavelength
centred at 800 nm, 50 fs duration, and delivering ∼40 mJ per pulse. The laser was
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used in single shot mode, and split into two equal arms to achieve a pump-probe
geometry, as shown in Fig. 3.15. The error on the delay stage was determined from
the precision of the micrometer stage to be less than 1 ps. One arm (the pump) was
focused to a spot size of approximately 3 mm onto a 200 nm thick gold nanofoil 5 .
This set-up leads to a laser fluence incident on the sample of 0.28 J/cm2 . Taking into
account the reflectivity of gold at 800 nm, we estimate the energy flux absorbed by
the target to be ∼0.01 J/cm2 . This corresponds to an overall increase in the energy
of the sample on the order of ∼1 eV/nm3 . The gold foil is grown on a mica substrate
on the opposite side to the laser beam, whereas the laser side of the gold film only
faces the vacuum and can expand freely.
The second arm (the probe) of the laser pulse was sent through a delay stage with
diﬀerence in time of arrival of the two arms ranging from ∆t = −5 ps to ∆t = 250 ps
(where negative values means that the probe was fired earlier than the pump beam
on the gold foil). The probe beam was focused by a f/10 parabola to a spot size of 50
µm onto a 12.5 µm thick Ti foil to generate short pulse line radiation at 4.5 keV. Both
the pump and probe lasers were incident normal to the foil and the X-rays intercepted
the gold foil at the Bragg angle (θB =35.9◦ ). A schematic of the experimental set-up
is shown in Figure 3.15.
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Figure 3.16: Change in diﬀraction angle from the gold nano-foil plotted against delay
time. The data has been shifted in time to approximate the position of t=0 ps.
The X-ray line radiation was scattered coherently from the gold nano-foil and
imaged onto a 2 cm × 2 cm charged coupled device (CCD) array with 13.5 µm pixel
5

The gold foil is commercially available from PHASIS (Switzerland) and has been epitaxially
grown onto a mica muscovite substrate.
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size, placed at a distance of 10 cm from the sample. The diﬀraction angle, and hence
the position of the line on the CCD chip, is related to the inter-planar distance in gold
through Bragg’s law. Thus, any movement of the atoms such as thermal expansion
can be seen through translation of the diﬀraction line.
For each shot a Gaussian profile was fitted to the middle of the diﬀraction line and
the centre used to calculate the diﬀraction angle. Multiple shots were taken for each
pump-probe delay and the error bars were estimated using one standard deviation
from the average. For delays between −5 ps and 40 ps each condition was repeated
12 times, for all other delays an average of 6 shots were used. The experimentally
obtained change in diﬀraction angle including standard deviation in the error bars is
shown in Fig. 3.16.

3.5.3

Modelling the Lattice Response

Again the TTM describing the energy flow between the electron and phonon subsystems is used. Given the large laser spot size compared with the thickness of the gold
foil, we can treat the heating of the sample as being one dimensional. Furthermore,
the source term in Eq. (3.8) does not depend on a spatial coordinate and, thus, does
not take into account the finite penetration depth of the laser. This is due to the ballistic nature of the hot electrons which causes the target to equilibrate spatially across
its depth within a picosecond after laser irradiation [27, 105, 187]. As the energy is
transferred from the hot electron population to the ions forming the lattice, the crystal expands and the lattice parameter increases. From Bragg’s law, the position of
the diﬀraction line can be related to the expansion of the sample. If the equilibration
rate is quick (less than a few 10s of picoseconds) the gold foil will rapidly expand and
oscillate around some new mean lattice constant. If the rate is slower the sample will
slowly expand until it reaches the new lattice constant. In our experiment we expect
the former scenario to apply (see for example reference [166]).
The time-scale of temperature equilibration in this experiment is considerably
faster than the proton and electron heated graphite experiments in sections 3.4.1 and
3.4.2. As such the applicability of the TTM must be evaluated. The TTM requires
that both the electron and phonon subsystems are in local equilibrium, that is the
electron-electron scattering maintains a Fermi-Dirac distribution with a characteristic
temperature Te and phonon-phonon scattering maintains a Bose-Einstein distribution
with a characteristic temperature Ti [1]. The electron-electron thermalisation time
can be estimated from the relation τe ≈ ~EF /4⟨E⟩2 where EF is the Fermi energy and
⟨E⟩ the mean electron energy [54]. For the gold nanofoil used here, EF = 5.53 eV.
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For an average electron energy of ⟨E⟩ = 0.086 eV, which corresponds to an electron
temperature of 1000 K, the electron-electron thermalisation time is of the order of
0.25 ps. Given the laser fluence in this experiment we expect electron temperatures
of 1000 K to be readily accessible [54]. The electron-electron energy equilibration,
spatial equilibration and laser pulse duration are all much less than the time-scale of
interest in this work and hence it is reasonable to approximate the source term in
the TTM to be instantaneous, i.e., Se (t) ≈ Se δ(t). Indeed, in previous experiments
on thin gold films of a similar thickness to those used here the electron distribution
was found to be Fermi-Dirac-like after 0.8 ps [54]. Therefore, a full non-equilibrium
treatment of the electron subsystem, which has been shown to modify the energy
transfer to the lattice [140], is not necessary here and we can rely on temperature
estimates.
On the contrary, the phonon-phonon thermalisation time for gold is much longer,
and it has been estimated theoretically to be of the order of tens of picoseconds.
Hence the phonon system is expected to be out of local-equilibrium on the timescales probed here. However, since the change in phonon temperature found in our
experiment remains small (i.e., a 10% increase from 300 K to ∼330 K), we can still
describe the phonon gas in terms of a Bose-Einstein distribution at 300 K plus a
small number of out-of-equilibrium phonons [54], and assume that the additional
excitation of the phonon system results in negligible changes of the energy transfer
during equilibration. The evolution of the electron and ion temperatures in the sample
is dominated by the electron-phonon coupling, and this occurs on time-scales of the
order of a few picoseconds.
In order to understand the details of the equilibration process, we have modelled
the gold foil in a classical MD simulation. Molecular dynamics is a powerful tool that
has had considerable success in describing the lattice dynamics in numerous laser-solid
target interactions [106]. Here, we vary the rate at which energy is transferred to the
ions to match the experimental results. This is made possible by the one dimensional
nature of the experiment. Classical molecular dynamics simulations are performed in
the LAMMPS package [156] within a micro-canonical ensemble. The simulation used
114,916 atoms in a 3.98 nm × 2.30 nm × 218 nm box which is equal in size to 3 × 3
× 300 gold crystal unit cells. The small cross section preserves the one dimensional
nature of the problem, but may not fully capture phonon modes with large transverse
motion. The simulation box was split into 7 nm of vacuum and 211 nm of gold with
the crystal lattice orientated along the (111) plane.
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Each simulation was run with a 1 fs time step and the total number of time steps
in each simulation was 300,000. The simulations were run for 50,000 time steps prior
to the application of the laser heating to ensure that the crystal was initially at rest.
A viscous damping factor, γ, is applied to the gold lattice in order to account for
the energy loss to the mica substrate. This factor allows the adjustment of the speed
with which the gold loses energy.
The gold atoms are modelled using an EAM potential as discussed in chapter 2.3.3.
Details on the exact potential can be found in Ref. [182]. This potential accurately
predicts the lattice constant and bulk modulus of gold to within 2% and we therefore
expect to accurately capture the acoustic dynamics. The MD simulation was run by
accounting for the energy relaxation between electrons and ions via the TTM. We
utilise an exponential function as an approximate solution to the TTM (equations
(3.8) and (3.9)) for a given initial electron temperature. That is, energy is deposited
into the ion subsystem by exponentially decreasing amounts with a time constant
equal to τ = Ce /g, where g is the electron-phonon equilibration constant [94]. We
take the electron heat capacity to have a value of Ce = 67.6Te J m−3 K−2 [120]. This
solution to the TTM assumes that the electron and lattice thermal conductivities
are low enough as to not transport heat laterally in the target over the time-scales
of the experiment. For gold in 250 ps the characteristic length over which heat is
1
conducted is (Kt/C) 2 = 200 nm, considerably less than the 3 mm heated spot.
Finally, the predicted diﬀraction line is obtained from the Fourier transform of the
atom positions at each time-step. The peak position in reciprocal space is related to
the diﬀraction angle by k = 4π(E0 /hc) sin(θ/2) where E0 is the energy of diﬀracted
X-rays and k the scattering wave-number.

3.5.4

Fitting Parameters from Molecular Dynamics

As electrons are heated by the laser, a sound wave is launched into the bulk of
the sample. The oscillations shown in the diﬀraction peak position for delay times
∆t & 40 ps are related to reverberation of the sound wave between the sides of
the sample. This process occurs on time-scales longer than the energy equilibration
between electron and ions (τ . 10 ps), and it can thus be used in order to infer the
long-term mechanical response of the gold due to the short-time perturbation caused
by the laser heating.
There are four free parameters available in the numerical simulation which must
be varied in order to fit the data for ∆t & 40 ps. These are the thickness of the
gold, l, which is known with ±20% accuracy, the total energy absorbed into the
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Figure 3.17: Change in diﬀraction angle from the gold nano-foil compared to results
from MD simulations. The eﬀect of changing the final temperature of the lattice
(top-left); the damping coeﬃcient (top-right); the energy absorbed by the lattice per
nanometre cubed (bottom-left) and the thickness of the gold (bottom-right) on the
diﬀraction angle plotted against time. The solid line represents the best fit, while the
dashed and dotted lines are under and over-estimates, respectively.
gold target per nanometre cube, Ein , the final temperature of the lattice, Tf , and
the damping coeﬃcient, γ. Figure 3.17 shows the change in predicted behaviour
associated with varying each of these parameters. The eﬀect of the choice of a diﬀerent
final temperature is to change the equilibrium lattice spacing at late time, while
the damping coeﬃcient controls the time over which the lattice attains this new
configuration. The energy absorbed determines primarily the depth of the first trough
as well as the amount of ringing seen about the equilibrium lattice spacing. Lastly,
the gold thickness alters the period of the oscillations. Our best fit values for these
parameters are: γ = 90 ps, Tf = 320 K, Ein = 5.2 eV/nm3 and l = 211 nm.
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Figure 3.18: The variation of τ in the simulation. The solid line represents the best
fit (τ = 5 ps) while the dashed and dotted lines are under and over-estimates (τ =
2 ps, 8 ps) respectively. We have used γ = 90 ps, Tf = 320 K, Ein = 5.2 eV/nm3 l
= 211 nm in all cases.

3.5.5

Electron-Ion Coupling Constant

Once the long-time behaviour has been determined, the simulation is used to fit the
short-time behaviour (∆t < 40 ps), which is strongly determined by the electronphonon coupling parameter (g) in the TTM. In the simulations we have varied the
energy relaxation time, τ , to best fit the data, as shown in Fig. 3.18. We find a value
of τ = 5± 3 ps. This value agrees with reported data in a similar experiment [145]
where it was inferred by observing the shift in position of the peaks due to acoustic
reverberation in the sample. However, our analysis indicates that other factors (in
particular the energy loss to the mica substrate) may also determine the position of
those peaks which are not directly related to the energy relaxation time (see Fig. 3.17).

3.5.6

Conclusions

The determined value for τ leads to an electron-phonon equilibration constant of
g = 2 ± 1.2 × 1016 W m−3 K−1 , a value which is in close agreement with previous
studies. Table 3.1 contains a comparison of electron-phonon coupling constants based
on a variety of experimental and theoretical techniques. This result agrees well with
previous values, confirming that the energy relaxation in gold is a fast process in the
bulk as well as on the surface of the sample. The fact that diﬀerent experimental
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methods yield very similar values for the electron-phonon coupling constant strongly
raises the confidence in this result at low excitations. This result agrees well with
previous values, confirming that the energy relaxation in gold is a fast process in the
bulk as well as on the surface of the sample. The fact that diﬀerent experimental
methods yield very similar values for the electron-phonon coupling constant strongly
raises the confidence in this result at low excitations.

3.6

Conclusions on Temperature Relaxation

In conclusion electron-phonon equilibration rates in both gold and graphite samples
have been measured experimentally. The graphite samples were subjected to higher
excitation densities and showed significantly reduced electron-ion coupling compared
with room temperature samples and with idealised plasma models. These experiments conclusively show the need for improved models for energy relaxation in this
warm dense regime, either through theoretical models involving coupled ion modes
or numerical modelling such as Monte Carlo or PIC simulations. Moreover, we can
expect that such low equilibration times in dense plasmas could lead to changes in
other other transport quantities such as the optical conductivity and opacities, which
may have a number of important implications ranging from the laser processing of
materials and ICF [143] to the cooling rates of white dwarf stars and neutron stars
[40, 98].
Fig. 3.19 shows the results of the two experimental campaigns alongside the separate theories for temperatures relaxation. As discussed previously the results from
the Landau-Spitzer technique, although seemingly correct, are based upon assumptions that are certainly invalid in this regime. Instead, it can be clearly seen that
the coupled mode theory most closely matches the experimental data, predicting a
Exp. Method
Bragg Peak Shift (MD)
Bragg Peak Shift (Acoustic)
Bragg Peak Intensity
Surface Expansion
Surface Reflectivity
Ab-Initio Calculation

τ
5.0
5.0
4.7
1.5
4.0

g /1016
±3
2.0 ± 1.2
± 0.3 1.6 ± 0.1†
± 0.6 1.8 ± 0.2†
± 1.0† 1.6 ± 0.6
± 1.0† 2.2 ± 0.3
2.5

Reference
this work
[145]
[119]
[213]
[94]
[120]

Table 3.1: Comparison of electron−phonon coupling times in gold reported in the
literature together with the result from this work. The time constant τ is given in
units of ps and the coupling constant g is given in units of W m−3 K−1 . Values
marked with a † have been inferred from τ = Ce (Te )/g.
79

3.6 Conclusions on Temperature Relaxation

10

19

23

CM
FGR
T-M
LS

-3

ne=2.3 10 cm
3

Ti=1 10 K

18

3

Z/(Te-Ti) [W/m /K]

10

17

10

16

10

CM, Z=2
CM, Z=1

15

10

3

10

4

5

10

6

10

10

7

8

10

10

Te[K]
10

19

23

CM
FGR
T-M
LS

-3

ne=2.3 10 cm
18

3

Z/(Te-Ti) [W/m /K]

10

Ti=300K

17

10

16

10

CM, Z=2
CM, Z=1
CM+LFC, Z=1

15

10

14

10

3

10

4

10

5

6

10

10

7

10

8

10

Te[K]

Figure 3.19: Theoretically obtained electron-ion relaxation rates in solid density
graphite with ion temperature Ti =1000 K (top) and Ti =300 K (bottom). Shown
are results from Landau-Spitzer (solid blue), Brysk (dashed blue), T-Matrix (solid
black), Fermi’s golden rule (solid green) and coupled mode with ionisation Z=1 (dotted red) and Z=2 (solid red) [196]. The experimental values measured in chapter
3 via proton heating (black dashed) and electron heating (black dashed-dotted) are
also plotted for comparison.
lower energy transfer rate at lower temperatures. An interesting feature to note here
is the reduction in equilibration rate between the subspecies as the ion temperature is
reduced, this highlights further the eﬀect of ion-ion structure and long-range order on
equilibration rates. These two experiments contribute vital data points the few experimental measurements of temperature relaxation in the HEDP regime. This body
of evidence demonstrates that extreme care must be taken when inferring quantities
which depend on local thermodynamic equilibrium, such as temperature and pressure, when conducting a dynamic experiment. This is particularly true in graphite
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where the ion-ion structure coupled with a highly non-equilibrium sample results in
a bottle-neck that only the coupled mode theory comes close to correctly describing.
In the gold samples, which were closer to equilibrium, the results obtained were in
agreement with those predicted from traditional solid state calculations. This finding,
in combination with the discrepancies for higher energy input both for solids and
fluids, further points towards changes in the relaxation behaviour in strongly driven
systems. This work highlights the possibility to study energy relaxation processes in
bulk samples through large-scale MD simulations and could be particularly successful
at describing the complex ion-ion correlations [110, 123] which make experiments with
higher excitation densities diﬃcult to describe [77, 200].
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Chapter

4

Density Functional Theory Molecular Dynamics
4.1

Introduction

The experimental results from the highly non-equilibrium graphite created through
heating with an intense proton beam (see section 3.4.1) and electron beam (see section
3.4.2) both suggest a very low coupling parameter of the order of 1016 W K−1 m−3 .
To explain these experimental results, it was proposed that the eﬀective electron-ion
interaction is suppressed by virtue of a dynamical coupling of electron and ion modes
[47, 48, 77, 200]. As discussed earlier, in the coupled mode theory of temperature
relaxation the interaction potential between species Vei is screened by the dielectric
function which itself can be related to the dynamic structure factor of the electrons
through the fluctuation dissipation theorem. Hence, ion dynamics and long range
order have a significant impact on the subsystem energy transfer rates.
Models for the dynamic ion motion present in a dense plasma has been of enormous
interest to the community for many decades and many now exist. In this chapter we
present, for the first time, calculations of the ion-ion dynamic response that goes
beyond approximate approaches used previously [78, 86, 98, 112]. While a number
of diﬀerent theoretical approaches have been proposed to describe Sii (k, ω), where,
in the case of an isotropic system, we can assume that the structure factors depend
only on the absolute value k ≡ |k|, none to date have used self-consistent quantum
simulations. Additionally, the methods used here can describe large systems both
spatially and temporally and hence capture accurately the low frequency ion response.
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4.2

Density Functional Theory

The primary simulation technique used to calculate the ion component of the DSF
for WDM is to to take the spatial and temporal Fourier transform of the ion positions
taken from the output of a MD simulation. Appendix B contains a detailed description
of the graphical code implemented in python that was used in this work to perform
the large-scale Fourier transforms. However, many questions arise relating to the
applicability of a classical simulation and standard pair potential1 to describe a system
where strong correlations and quantum degeneracy becomes important.
In order to go beyond classical mechanicals and traditional MD we utilise DFT
to calculate the inter-atomic potential on-the-fly. DFT is a technique whereby an
approximate solution to the ground state energy of a many body system can be
found through solving the Schrödinger equation2 ,
Ĥϕ = Eϕ ,

(4.1)

where the total energy operator can be written in terms of the kinetic energy, electronnucleus and electron-electron energy operators respectively,
1
Ĥ = T̂ + Vˆne + Vˆee = −
2

N
∑

∇2i

+ Vne +

i

N
∑
i<j

1
.
|ri − rj |

(4.2)

The average energy of a system in state ϕ can then be written as,
E[ϕ] =

⟨ϕ|Ĥ|ϕ⟩
,
⟨ϕ|ϕ⟩

(4.3)

where the ground state energy E0 is that which minimises this value with respect
to all allowed wave functions, E0 = min E[ϕ]. Hence, the Schrödinger equation can
ϕ

equivalently be written in terms of the variational principle, δE[ϕ] = 0, or if it is
minimised with the normalisation constraint ⟨ϕ|ϕ⟩ = 1 the minimisation becomes,
δ[⟨ϕ|Ĥ|ϕ⟩ − E⟨ϕ|ϕ⟩] = 0 ,

(4.4)

where E is the Lagrange multiplier.
1

Standard pair potential here is taken to mean a screened coulomb (Yukawa) with and without
additional SRR eﬀects. A potential of this type is typically used for describing weakly coupled
plasmas.
2
DFT began with solving the time independent, non relativistic Schrödinger equation within the
Born Oppenheimer approximation. However, time dependent DFT is now commonly used when
looking at electronic transitions in atoms.
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While solving this equation is possible, it is exceptionally diﬃcult for all but the
simplest of systems. DFT is a theory which allows the complex N-electron wave
function ϕ to be replaced with simply the electron density. Research began by investigating the trial system of a homogeneous electron gas by Thomas and Fermi in
the 1920s. They were able to extract (for a system of non-interacting electrons) the
dependence of the kinetic energy on the density of the system,
∫
Ttf [ρ] = CF

ρ5/3 (r)dr ,

(4.5)

and if only the classical electrostatic energies are taken into consideration the total
energy functional can be written as,
∫

∫

∫ ∫
ρ(r)
1
ρ(r1 )ρ(r2 )
Etf [ρ] = CF ρ (r)dr − Z
dr +
dr1 r2
(4.6)
r
2
|r1 − r2 |
∫
which under the constraint that N = ρ(r)dr where N is the number of electrons
in the system can be solved through the constrained minimisation of,
5/3

∫
δ{Etf [ρ] − µ( ρ(r)dr − N )} = 0 .

(4.7)

The Lagrange multiplier µ can be expressed as µ = (5/3)CF ρ2/3 (r)−v(r) in which
v(r) is the electrostatic potential due to the atom and the electron distribution. These
equations can be solved with relative ease to obtain the ground state energy of a
system. However, a seminal paper by Hohenberg and Kohn published in 1964 showed
that the Thomas-Fermi theory is merely an approximation to a more exact theory
which they called Density Functional Theory or DFT.
The underlying premise of DFT is based upon two theorems proved by Hohenburg
and Kohn in their seminal 1964 paper. The first of these states that;
“The electron density can uniquely define the external potential for a
system (within an additive constant)”
A simple proof of this theorem is given in appendix H. Hence, for a given electron
density a unique Hamiltonian is also defined. From this Hamiltonian it would then be
possible to find all the wave functions describing the electronic density and thus the
material properties of the sample. It can be summarised by saying that the energy of
a system is a functional of the electronic density, or equivalently E = E[ρ] [87, 148].
However, this is now an exact formalism rather than the approximate Thomas-Fermi
model discussed above.
The second theorem developed by Hohenburg and Kohn states that;
84

4.2 Density Functional Theory

“For any positive definite trial density such that
E0 ”

∫

ρdr = N then E[ρ] ≥

Together the two statements lead to a constrained minimisation problem similar
to (4.7) however now the Thomas-Fermi energy functional has been replaced with a
more general energy functional which Hohenberg and Kohn wrote as,
E[ρ] = T [ρ] + Vext [ρ] + Vee [ρ]

(4.8)

with kinetic energy (T ), the external potential (Vext ) and the electron-electron interactions (Vee ). Of these three terms the external potential is trivial and given by
the coulomb potential surrounding the ions in a system, while the kinetic energy and
electron-electron interaction energy are much more diﬃcult. Although Hohenberg
and Kohn have shown that these universal functionals exist their explicit form is unknown, and so one must resort to approximations such as the Thomas-Fermi model.
However, in 1965 Kohn and Sham developed a method to go beyond these simple
approximations by introducing orbitals. They begin by writing the kinetic energy as,

T =

N
∑
i

1
ni ⟨Φi | − ∇2 |Φi ⟩ ,
2

(4.9)

where Φi and ni are the spin orbitals and their respective occupation numbers.
Hohenberg-Kohn theory states that the kinetic energy must be a functional of electronic density,

ρ(r) =

N
∑
i

ni

∑

|ΦI (r, s)|2 .

(4.10)

s=1,2

However, for an interacting system there are an infinite number of terms in these
two equations. What Kohn and Sham did was to use two simpler forms of these
equations. Namely setting ni = 1. This gives the kinetic energy for a system of N
non-interacting electrons which we will define as Ts .
The energy functional is re-written,
E[ρ] = Ts [ρ] + Vext [ρ] + VH [ρ] + Eec [ρ]

(4.11)

where the functional Eec is the exchange and correlation (XC) functional equal to
Eec = (T [ρ] − Ts [ρ]) + (Vee [ρ] − VH [ρ]). Here, VH is the classical coulomb interaction
between particles (known as the Hartree energy) while Ts is the energy associated with
a system of non-interacting electrons. The Eec term hence contains the ‘diﬃcult’ part
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of the calculation in that it contains the deviation from a non-interacting system of
electrons.
This formalism gives rise to three Kohn-Sham orbital equations,
1
[− ∇2 + vef f ]Φi = ϵΦi ,
2
vef f (r) = v(r) + vH (r) + vxc (r) ,
ρ(r) = 2

N/2
∑
∑

|Φi (r, s)|2 .

(4.12)
(4.13)
(4.14)

s

i

Kohn and Sham thus solve the Hamiltonian corresponding to a non-interacting
reference system with an eﬀective potential vef f , in which the first term is the real
external potential, the second term a purely coulomb potential and the final term the
XC correction to the potential. As before this is a constrained minimisation problem,
however the Lagrange multiplier is no longer the chemical potential but the eﬀective
potential. This set of equations is usually solved iteratively in a process known as self
consistent field calculation during modern DFT calculations.
The kinetic energy term Ts is known as the Kohn-Sham kinetic energy and is
defined exactly as,
Ts [ρ] = min T [Φ] ,
Φ→ρ

(4.15)

where
T [Φ] = ⟨Φ|T̂ |Φ⟩ = 2
N

N/2
∑

⟨ϕi |T̂ |ϕi ⟩ ,

(4.16)

i

and the minimisation occurs over the fictitious N-electron wave-function which itself
consists of the sum of single electron wave functions.
This approach pioneered by Kohn and Sham shows there is an exact relationship
between the density and ground state energy of a system of non-interacting electrons
(represented by the N-electron wave function) and the real many-body problem. However, this relationship between energy and density only holds if the exact functional
(i.e. the XC term Eec ) is known. Hence, the success of DFT often relies on the model
used for exchange and correlation.
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4.2.1

Exchange and Correlation Functionals

Searching for approximations for XC functionals is still a rapidly expanding area of
research [87]. However, returning to the trial system of a homogeneous electron gas
by Thomas and Fermi in the 1920s we can use the Thomas-Fermi formalism solely
for the exchange part of the energy functional. This reduces the dependence of the
calculation on the less accurate Thomas-Fermi theory. Hence, we can write the XC
term as,
∫
Exc [ρ] ≈

ρ(r)ϵxc (ρ(r))dr ,

(4.17)

where ϵxc in the local density approximation is a function of only the local electron
density. Separating this term into two ϵxc (ρ) = ϵx (ρ)+ϵc (ρ) the Dirac form of exchange
can be used here (i.e. ϵx (ρ) = Cρ1/3 where C has been used to introduce greater
applicability). For the correlation term ϵc results from Monte-Carlo simulations which
themselves yield numerically exact results are used [34]. These terms are collectively
known as the local density approximation (LDA). The LDA functional has shown
significant success in modelling certain systems. However, the LDA approximation
is known to contain errors and a large part of the success of this method is due to a
fortuitous cancellation of errors [87].
Additional functionals for XC that go beyond LDA have now been developed.
The first can be considered to be a first order correction of the the zeroth order LDA
approximation. This method known as generalised gradient approximation (GGA)
expands the functional that depends on both the density and gradient of the density.
∫
Exc [ρ] ≈

ρ(r)ϵxc (ρ, ∇ρ)dr .

(4.18)

The GGA improves on the LDA method greatly in certain situations such as the
binding energy of molecules, which has lead to it being widely adopted in quantum
chemistry. However, for solids it is often still the case that the LDA method reproduces known physical constants such as the lattice parameter or bulk modulus far
better. Numerous functionals now exist for describing particular physical systems
such as hybrid models that straddle the LDA and GGA functionals and Meta-GGA
functionals that depend on the Laplacian of the density, however these are outside the
scope of this work. A review of the various functionals and their success in both quantum chemistry and condensed matter systems can be found in the work by Kurth,
Perdew and Blaha [113].
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4.3

Orbital-Free Density Functional Theory

Since an accurate calculation of the DSF3 requires ensemble averages over a large
number of particles and long time scales, full Kohn-Sham DFT (KS-DFT) is computationally expensive in the WDM regime and becomes impossible at temperatures
above a few tens of eV. The computational expense is due to the finite temperature
treatment of electronic orbitals; these are filled according to the Fermi-Dirac distribution, which becomes smoother and broader as the temperature increases. Therefore,
to capture the behaviour of all thermally excited electrons requires a considerable
number of partially filled states to be orthogonalised, a task that grows as the cube
of the system size, N . In order to take advantage of the largest possible number of
particles in the simulation volume and maximize the computational speed, here we
have instead adopted an orbital-free DFT (OF-DFT) approach. In this technique the
electron energy functional is described entirely in terms of the electron density, without the need to solve for the wave-functions in the system. Akin to reverting to the
earlier Thomas-Fermi approach. The XC terms are still present in DFT calculations,
and as such the results remain more sophisticated than traditional Thomas-Fermi
calculations. The inclusion of LDA and GGA functionals are analogous to including
the Dirac and Dirac-Weizsacker corrections respectively.

4.3.1

Non-Local and Local Pseudopotentials

Typically, in KS-DFT the wave-functions within a program are stored as plane-waves.
Plane-waves are particularly successful at describing the density between atoms but
the rapidly varying spherical wave-functions surrounding the atoms require increasingly larger number of plane-waves to accurately capture the physics. The pseudopotential concept was introduced in 1970 by V. Heine [89] to remove the core states
from the Hamiltonian and construct a pseudo-Hamiltonian containing only the outer
shell of electrons. These softer potentials reduce the number of electrons in the calculation and produce smoother wave functions vastly reducing computational costs.
Also, since most atomic processes involve only the outer shell of electrons the physics
of most systems can still be easily captured by this process. Pseudopotentials for
most elements are now commonly available and give the potentials for these atoms
in terms of atomic orbitals (s,p,d,f . . ), hence they are given the name ‘non-local’.
3

Calculations of the SSF through full Kohn-Sham DFT is currently possible on a desktop computer as the constraints on simulation length and time-scale required to obtain accurate results is
considerably reduced for static properties.
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Moving from full Kohn-Sham DFT to an orbital free representation is relatively
easy to implement within a modern day DFT code, and this functionality exists
in the ABINIT software which was used for this work [74]. However, as is typical
with all molecular dynamics problems the main diﬃculty is associated with obtaining
a physically accurate potential. As the name suggests the orbital free method is
particularly inadequate at describing atomic orbitals and so it is wise to ‘freeze’ the
inner electrons out of the calculation, as in standard DFT. However, the wide variety
of ‘tested’ pseudopotentials that exist for full DFT are non-local. In order to perform
orbital free DFT a so called local pseudopotential is needed as no orbitals exist onto
which the angular momentum states can be projected. This local potential is still
a pseudopotential (i.e. the inner most electrons are not treated explicitly in the
calculation) but is a function only of position relative to the atom.
The first attempts to develop these potentials involved fitting to analytic forms of
the potential to obtain physical parameters, similar to the method used to calculate
classical potentials in MD. More accurate methods involved calculating an electron
density using full Kohn-Sham DFT and inverting the Hohnberg-Kohn equations (including kinetic energy terms) to obtain a local potential. However, the accuracy of
these methods has been disputed as they rely on the accuracy of the kinetic energy
operator, which, as mentioned earlier, is still one of the biggest discrepancies in the
Hohnberg-Kohn formulism[96].
The most successful methods involve inverting the Kohn-Sham equations as opposed to the Hohnberg-Kohn equations. This allows the calculation to be performed
with the exact non-interacting kinetic energy instead. This eﬀective Kohn-Sham potential must then have the XC and coulomb interaction terms removed to obtain the
actual local ion potential. This can be done for a single atom, or as has been shown
to be more transferable, for an atom embedded within a crystal structure. This type
of potential is known as a bulk local pseudopotential (BLPS). This work utilizes a
BLPS developed in this way.

4.3.2

Inverting The Kohn-Sham Equations

Following the implementation by Zhou et al. [217] we have implemented an iterative
method to create this local pseudopotential. Beginning by defining a new functional
W as follows [214],
∫
W [vef f ] = Ts [vef f (r)] +

(ρ(r) − ρin (r))vef f (r)dr .
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4.3 Orbital-Free Density Functional Theory

where ρ0 is a target electron density calculated with Kohn-Sham DFT, vef f a trial
local potential and Ts and ρ the resulting kinetic energy and electron density obtained
after solving the Kohn-Sham equations for an identical system. Wu et al. have shown
that at the constrained minimum of Ts this functional also must be stationary with
respect to variation in the potential vef f (r). That is,
δW [vef f ]
= 0,
δvef f (r)

(4.20)

ρ(r) − ρin (r) = 0 .

(4.21)

and hence,

In addition to this they showed that this stationary point is a maximum. Thus the
value of vef f that maximises this functional will be the potential which reproduces
the target electron density vin . This functional contains only the Kohn-Sham kinetic
energy terms and the external potential and so the potential that is returned will be
the Kohn-Sham potential, vef f . The Hartree and XC terms must be subtracted as
in Eq. (4.12) to obtain the real local potential that can be input into subsequent
orbital-free calculations.
4.3.2.1

Representation of Local Potentials

In this work the local pseudopotential is represented in Fourier space with the coulombic part of the potential subtracted to avoid the potential diverging at the origin, this
non-coulombic part of the potential is then represented on an orthogonal basis set
based on the zeroth order Fourier-Bessel series. It is defined such that,

Vnc (q) =

L
∑

Ai J0 (qαi ) ,

(4.22)

i=1

where L is the number of functions in the series, Ai Bessel function coeﬃcients, J0 the
zeroth order Bessel function of the first kind and αi the positive roots of the zeroth
order Bessel function. If the potential is known then the coeﬃcients can be reverse
calculated from,
2
Ai =
[J1 (αi )]2

∫

1

qVnc (q)J0 (qαi )dq .

(4.23)

0

This series based on the zeroth order Bessel functions of the first kind was chosen
as the shape is similar to the non-coulombic part of the local potential and hence with
only a few coeﬃcients the entire potential can be accurately represented, see Fig. 4.1.
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It is important to note that this Bessel series is only defined over the range 0 → 1 and
so in practice the variable q must be supplemented by a dummy variable q ′ = q/qmax ,
in which qmax is chosen a-priori and the potential is smoothed to zero beyond this
point. Carter et al. note that a cut-oﬀ function with the form f (q) = exp(−[q/qmax ]6 )
greatly increases the computational eﬃciency of the work without eﬀecting the quality
of the potential.
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Figure 4.1: Representation of the local pseudopotential of Al using varying number
of Bessel functions. A potential from Carter et al. [96] is shown for comparison.
With this framework in place a wrapper program was written in python to minimise the negative of the Wu functional given in Eq (4.19) with respect to the Bessel
function coeﬃcients. This steps of this program are outlined below,
1. Run a complete Kohn-Sham DFT calculation on a trial system to obtain the
‘correct’ electron density.
2. Create a trial local pseudopotential either from random coeﬃcients Ai or an
initial guess.
3. Run a DFT calculation without self consistent field calculations and calculate
the Wu functional.
4. Update the pseudopotential coeﬃcients using a minimisation routine to minimise the negative Wu functional.
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5. Repeat steps 3 and 4 until convergence in the minimisation routine.
The benefit of this wrapper formalism over integrated methods that other groups
have implemented is two-fold. Firstly, it can be used with diﬀerent DFT codes with
minimal eﬀort, or with updated versions of the same code. Secondly, the minimisation routine used can be easily varied. Initially two routines were chosen - the
downhill simplex method and the conjugate gradient method. These two standard
minimisation routines can be found in the numpy numerical library and are covered
in great detail in Ref. [158]. Both these routines are essentially serial in that that
try a single potential at any one time and then update the results, and although the
ABINIT software package is parallelised the time to convergence is often slow taking
many days on a typical desktop. Furthermore, this method is particularly sensitive
to initial conditions and cannot always find the global minimum, instead producing
potentials with non-physical oscillations.
The latest iteration of the software utilises a genetic algorithm (GA) approach
implemented within the open source ‘pyevolve’ framework. A genetic algorithm is a
stochastic machine learning code that takes a diﬀerent approach to function minimisation. Crucially, it is trivially parallelised and exceptionally good at locating global
minima. Appendix C contains details of the minimisation code.
Using this method we have created potentials for a variety of atomic elements
including aluminium, silicon, magnesium and carbon. Work is on going with these
potentials, however we have performed an in-depth study on aluminium as this is the
typical test case for HEDP problems. Furthermore, we have compared the results calculated through OF-DFT with KS-DFT and with classical MD. Crucially, the results
presented here are compared with experimental X-ray scattering data in chapter 5.

4.4

Simulation Details

The KS-DFT simulations were performed using the projected augmented wave (PAW)
framework [24]. To evolve the ion trajectories, we performed molecular dynamics
simulations using a 108 ion cubic supercell in the isokinetic ensemble, with periodic
boundary conditions applied. The kinetic energy was maintained constant through
the use of a Gaussian thermostat. The cell was evolved to a simulation length up
to 1 ps and in time-steps of 2 fs. In each time-step the DFT equations for the
electrons are solved in the Born-Oppenheimer approximation; ion positions are then
updated classically according to the electrostatic forces computed from the known
ion positions and the ‘frozen’ electron charge density. The system is modelled in
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full thermodynamic equilibrium, with equal electron and ion temperatures. Brillouin
zone sampling was performed at the mean value point [17]. XC was treated within
the GGA framework of Perdew, Burke and Ernzerhof [151]; electron interactions
were described using a three valence electron PAW pseudopotential. The plane wave
and augmentation cut-oﬀ energies were 952 eV and 2720 eV, respectively, ensuring
convergence in the electronic DOS.
In OF-DFT the absence of electron wave-functions requires that the kinetic energy
must be a functional of electron density only. Our simulations were carried out using
the Thomas-Fermi module of ABINIT with the XC terms treated within the LDA.
The LDA and GGA approximations have shown remarkable agreement in describing
the properties of bulk aluminium [185] and are not expected to make significant
diﬀerences to the dynamic or thermodynamic properties of the system. Replacing
the kinetic energy functional introduces an error at lower temperatures where the
system is dominated by bound electrons; we expect the error introduced to diminish
with increasing temperature [75]. The OF-DFT simulations contained 500 atoms
and utilized a bulk-derived local pseudopotential. This pseudopotential was checked
for accuracy by reproducing the electron density within a bulk material as discussed
earlier.
Trajectories were evolved over a simulation length of 5 ps, using a time-step of
0.25 fs. The time-step was chosen to ensure energy conservation within the ion subsystem while the simulation length was chosen to give high resolution DSF data. The
DSF was then calculated using the final 1.5 ps of the simulation. Performing these calculations to the necessary accuracy requires considerable computational eﬀort. Both
the KS-DFT and OF-DFT simulations were performed using the massively-parallel
AWE supercomputer, Blackthorn.

4.5

Calculation of Pressure

Fig. 4.2 compares the pressures calculated with both KS-DFT and OF-DFT over a
range of temperatures, and demonstrates that OF-DFT reproduces well the KS-DFT
thermodynamic pressure above ≈ 2 eV. Also shown are OF-DFT results that have not
been corrected for XC. The relatively poor agreement of this data compared with the
KS-DFT calculations indicates the importance of including the XC term as shown
previously by Danel et al. [41]. Fig. 4.3 also shows agreement between OF-DFT
and KS-DFT in the SSF. Validation of the orbital-free approach through comparison
with the static and thermodynamic properties has shown similar agreement in dense
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Figure 4.2: Pressure of warm dense aluminium at solid density extracted from KSDFT (dotted) and OF-DFT (solid). The two methods converge for T & 2 eV. The
convergence is highlighted by the inset, which shows the ratio between the OF-DFT
and KS-DFT pressures. The dashed line represents OF-DFT calculations performed
without treating XC, indicating the importance of these terms in this temperature
regime.
hydrogen plasmas [161] and liquid aluminium [12], but here is shown explicitly for
the WDM region of phase space.

4.6

Calculation of the Static Structure Factor

In addition to the DFT simulations, we have also considered a hybrid approach where
the structure factor is extracted from a classical MD simulation with an eﬀective ionion potential given by [197],
[ 2 2
]
Z e
(Zc2 − Z 2 )e2 −br −κr
eﬀ
+
e
e ,
(4.24)
Vii (r) =
r
r
where Zc = 13 is the atomic number for aluminium, Z = 3 is the charge state, and κ is
the Thomas-Fermi screening length. The parameter b represents the eﬀect of increased
nuclear repulsion when there is interpenetration of the bound electron charge clouds
around each nucleus. It determines the onset of the short range repulsion (SRR).
Setting b → ∞ gives the usual Yukawa potential. The classical MD simulations were
again run with 864 atoms in 0.2 fs time steps for a simulation time of 1.5 ps. We used
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the LAMMPS package [156] with a micro-canonical ensemble and a velocity rescaling
thermostat.
As discussed in the work by Vorberger et al. [171, 197], the parameter b can be
determined by the requirement that the SSF obtained via classical MD simulations
reproduce the KS-DFT SSF. This is shown in Fig. 4.3. Classical MD simulations
with the simpler Yukawa potential underestimate the correlation in the system when
compared with the other methods. In Ref. [197] it was argued that it is indeed
necessary to include the SRR term in the ion-ion potential in order for classical MD
to match DFT simulations. In our situation, this is achieved by taking the parameter
−1
b to be 0.7 a−1
B and 1.12 aB for T = 0.5 and T = 5 eV, respectively. On the other
hand, OF-DFT SSF compare very well with KS-DFT results, without the need to
introduce any adjustable parameters.
Vorberger et al. also suggested that the agreement between classical MD with a
Yukawa+SRR potential and KS-DFT in the SSF implies that MD simulations can
then be used to calculate the DSF. However, while this approach does represent a
significant step forward, compared with various semi-analytical methods, it may not
capture the response for the case of a time-dependent ion-ion interaction screened by
a dynamical electron background. This is relevant to situations where the electron
oscillations couple with ion acoustic modes, as described through the plasmon-pole
approximation [13, 19].
Our OF-DFT approach is instead able to include such eﬀects in a consistent way,
as the electron response is continuously updated in time throughout the simulation.
Recent work by Rüter and Redmer showed that KS-DFT is able to reproduce experimentally measured SSFs in aluminium samples at densities of 8.1 g/cm3 and at
temperatures of 10 eV [169], well within the WDM regime.

4.7

Calculation of the Dynamic Structure Factor

We have calculated the DSF S(k, ω) at three diﬀerent values of k, to span the hydro−1
dynamic (k = 0.24 a−1
B ), generalized hydrodynamics (k = 0.51 aB ) and single particle
(k = 2.0 a−1
B ) regimes [136]. The results of our calculations performed using OF-DFT
and classical MD simulations with both Yukawa and Yukawa+SRR are presented in
Fig. 4.4. In the large k regime, all models converge to the ideal gas result. However,
at smaller values of k, the diﬀerences between the calculations are substantial. While
classical MD simulations with a Yukawa+SRR potential agree better with OF-DFT,
there is still an important diﬀerence in the position of the ion acoustic resonance. It is
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informative to plot the position of the peak of the resonance against the wave-number,
to yield the dispersion relation for these diﬀerent models, as shown in Fig. 4.5. Diﬀerences in the dispersion relation result in diﬀerent estimates to the sound speed, given
by dω/dk|k→0 . The dispersion relation is assumed to be linear below k = 0.2a−1
B .
It is clear that for small k the MD Yukawa+SRR matches well the OF-DFT
results. This regime corresponds to modes that have spatial correlations larger than
the scale associated to SRR, here we expect the fluctuation modes to be insensitive
to the degree of SRR. However, as k increases and the correlation scale is reduced
below that of the repulsion, and the dispersion curves diverge suggesting that the
SRR correction is no longer adequate to describe the particle dynamics. At higher k
still the methods converge towards the single-particle regime, which is less sensitive
to the specific form of the potential.

4.8

Conclusions and KS-DFT calculations of the
DSF

Although there is reasonable agreement between classical MD simulation with a
Yukawa+SRR potential and the OF-DFT for warm dense aluminium, the applicability of the classical method is limited by the fact that the ion-ion potential must
be known a priori. The proposed Yukawa form is not always reasonable, such as for
metallized hydrogen [204] or molecular plasmas. Our OF-DFT quantum simulations
of the ion-ion structure factor provides a unique platform where dense plasma theory
can be tested with high accuracy.
As computational power increases, particularly with massively parallel computing,
the ability to calculate structure factors using the more expensive Kohn-Sham method
has become a possibility. One of the most important steps towards validating this
method is comparison between OF-DFT and KS-DFT. Recently performed KS-DFT
simulations performed by S. Hamel at the Livermore National Laboratory were run
for 10ps (2 fs steps), 1000 atoms, for solid density aluminium at a temperature of 0.5
eV [85], i.e. the conditions of the colder systems studied in this work. The results
of these have been added to Fig. 4.4 and labelled as KSDFT-MD. There are some
diﬀerences between the OF-DFT and KS-DFT as can been seen in the top three
panels of the figure. Whether this is to do with finite size eﬀects (our simulations
used 500 atoms) or a fundamental diﬀerence between the OF-DFT and KS-DFT
methodologies is to be investigated further. It should be noted, however, that at
these low temperatures it is not unlikely the diﬀerences are inherent to the method
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(i.e. KS-DFT will form bound states). We expect the orbital free theory to struggle
as orbitals become increasingly important. Encouragingly, the OF-DFT results are
closer to the KS-DFT results than the SRR method.
Recently the DSF of aluminium at a higher temperature (3.5 eV) and density
(5.2 g/cm3 ) have been completed by Rüter and Redmer (2014) [169]. A similar
increase in the sound velocity with temperature was seen, in agreement with this
work. The paper by Rüter and Redmer represents the latest in KS-DFT calculations
that can be performed and contained 256 atoms and were run for 3.08 ps. In contrast
the simulations performed in this work contained 500 atoms and were run for 5 ps.
As computational power increases and becomes more accessible the regimes that can
only currently be covered by classical MD will begin to be accessed using the OF-DFT
method and likewise the regime accessible to the OF-DFT method with be available to
the KS-DFT methods. However, currently the calculation of ion waves in warm dense
matter that have the possibility to be accessed through X-ray scattering techniques,
discussed in the following chapter, can only be completed using OF-DFT methods
without requiring an expensive super-computer. A further advantage that should
be mentioned is the possibility with OF-DFT to run multiple simulations across a
range of temperatures and densities and use the predictive power of an ab-initio tool
to measure experimentally the temperature and density through fitting the results.
This technique would be computationally prohibitive in the Kohn-Sham method, even
with the large super-computers available to national laboratories.
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ωp S(k, ω)

Figure 4.4: The DSF for warm dense aluminium calculated from MD with Yukawa
potential (dotted), Yukawa+SRR (dashed), and OF-DFT (solid). Shown here for
T = 0.5 eV (top panels) and T = 5 eV (bottom panels). The 0.5 eV case has results
from a full Kohn-Sham calculation overlay in green [85].
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Chapter

5

Experimental Measurement of
Acoustic Ion Waves in a Dense
Plasma
5.1

Ion Acoustic Waves

As detailed in section 2.2.3 the complete DSF contains terms from both the high frequency electronic response and the low frequency ion motion. Up to now experiments
have been performed which measure the electronic components of the DSF (See (k, ω)),
that is the plasmonic and bound-free contributions, which typically gives rise to energy
transfers of the order of tens of eV in the scattered radiation [58, 72]. These scattering
experiments performed in the WDM regime have allowed the electronic properties,
including collision damping and relaxation processes, to be compared with theoretical models. Measurements of the low frequency ion component of the DSF Sii (k, ω)
have so far remained elusive due to the strict requirements on photon number and
bandwidth, the peaks in Sii (k, ω) are separated by just a few hundred meV. Numerous theoretical approaches have been proposed to describe these ion acoustic waves,
including the formalism developed in chapter 4, however experimental validation is
now crucial.
Measurement of the ion component of the DSF will finally allow the entire spectrum to be measured experimentally and provide an enormous wealth of information
on the so far poorly understood transport properties including energy equilibration.
With the advent of 4th generation light sources, based on FEL technology, experiments that require extremely high photon flux in a narrow bandwidth have become
possible. The upgrade of the LCLS FEL at Stanford, California to operate in a
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self-seeded mode with an unprecedented narrow bandwidth have allowed a proof-ofprinciple experiment to measure the ion waves in a dense optically opaque plasma to
be performed.

5.2

Linac Coherent Light Source

Figure 5.1: An aerial view of the Linear Coherent Light Source with major sections of
the accelerator highlighted. The experiment was performed at the matter in extreme
conditions (MEC) end-station located within the experimental halls at the bottom of
the photo.
The LCLS is a FEL at the SLAC National Accelerator Laboratory located in
Menlo Park, California. It was built from 2006-2009 and utilises the last 1/3 of
the original linear accelerator. LCLS uses the high energy electron bunch from the
accelerator and passes these electrons through an undulator, a periodic alternating
arrangement of magnetic fields. As electrons wiggle in the undulator they emit incoherent but monochromatic synchrotron radiation. However, the emitted radiation
interacts with the electrons as they travel along the length of the undulator causing
the electrons to move into micro-bunches. These micro-bunches are separated by a
distance equal to one wavelength of light and leads to coherent radiation being emitted. This mode of operation is known as self-amplified stimulated emission (SASE).
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The constructive and destructive interference of the emitted light leads to high coherence, high intensities and low divergent beams of X-rays, hence the name X-ray
laser. FEL technology represents the highest brilliance on the planet with ∼ 1025
ph/s/mrad2 /mm2 /0.1% BW average and ∼ 1034 ph/s/mrad2 /mm2 /0.1% BW peak
brilliance [211].
One of the crucial advancements in the performance of LCLS, that has in fact
allowed the following experiment to be performed, is the introduction of a self-seeding
mode. One of the problems with SASE is that the initial seeding takes a finite time
to occur and hence temporal coherence can be lost. Hence, a noisy spectrum is quite
typical of a SASE beam from a FEL. This can be overcome by instead seeding the
FEL with a laser tuned to the resonance of the undulator. However, true X-ray lasers
are not currently at the stage where they can be used for such a purpose meaning
that a seeded X-ray FELs was not possible. This changed in 2012 when LCLS began
operating a self-seeded mode, utilising two undulators in sequence. The radiation from
the first undulator was used to seed the X-ray beam in a second undulator. A diamond
monochromator placed between the two undulators filters the spectrum of the seeding
radiation. Since the radiation travels marginally faster than the accelerated electrons
the radiation is delayed before entering the second undulator in a Bragg chicane. The
beam spectral quality was improved considerably and at 8 keV the bandwidth was
reduced from around 20 eV to just 1 eV [10].

5.3

Experimental Set-up

The experimental set-up is relatively simple. A 50 µm thick aluminium target is
coated with 2 µm of plastic to act as a tamper [189]. Two optical lasers each with
approximately 5 J of energy in 3 ns are focused to a spot of 50 µm on the target
to create a two converging shocks. A continuous phase plate is used to impose a
spatially flat-top profile onto the optical lasers. The experimentally measured pulse
shapes both temporally and spatially are given in Figs. 5.3 and 5.4 respectively.
A 1-D hydrodynamic calculation of the laser interaction with the aluminium sample was performed to help define the time required between the optical lasers incident
on the target and the X-ray beam. This was achieved using the commercial 1-D
hydrodynamic code Helios [124]. Although 1-D hydrodynamic codes are known to
overestimate the shock velocity, the shock coalesce time should be found to within
a few nanoseconds. Fig. 5.5 shows a mass-density 2-D plot output from the hydrodynamic code Helios. The predicted convergence time of the two shock-waves in a
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Figure 5.2: Schematic of the experimental set-up. Two long-pulse optical lasers
working at 532 nm with 5 J of energy in 3 ns are focused through a phase plate to
produce a spot size of 50 µm diameter on a 50 µm thick aluminium target coated
with a 5 µm CH tamper. The seeded LCLS beam is delayed with respect to the
optical beam and passed through a Si (444) crystal monochromator to reduce the
bandwidth of the incoming X-rays further. The scattered X-rays are collected and
spectrally resolved by a high resolution crystal spectrometer covering a large solid
angle at approximately 30◦ . The experiment was performed at the matter in extreme
conditions (MEC) end station at the LCLS.
50 µm aluminium sample, with a 5 µm CH tamper layer on each side, is approximately 1.5 ns after laser irradiation. This time-scale was used as an estimate to allow
the actual shock coalescence time to be found during the experiment.
The X-ray beam was delayed with respect to the heating beam by 2 ns, and is
focussed through a beryllium compound refractive lens to a spot a few microns in
diameter. The spot was positioned spatially at the centre of the heated region. Since
one-dimensional hydrodynamic codes are known to over-predict the shock velocity,
and hence the convergence time, a time somewhat longer than that predicted was
used to ensure a warm dense state was probed. In the self-seeded mode the 8 keV
the X-ray beam contains approximately 1012 photons and has a spectral resolution of
∆E/E = 10−4 and a temporal resolution of approximately 50 fs [10]. However, even
with these parameters the ion waves could not be resolved in the scattered spectrum
as they have an energy of just a few hundred meV. Therefore a high resolution crystal
monochromator is used to further reduce the bandwidth of the beam.
The high-resolution channel-cut Si (444) monochromator shown in Fig. 5.6 was
used at a Bragg angle near 90◦ . Due to the narrow rocking curve of this crystal
the bandwidth of the X-ray beam is significantly reduced to approximately 50 meV.
However, the downside of this reduced bandwidth is that the number of photons
incident on the target is also reduced by an order of magnitude.
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As mentioned in section 2.2 the scattering cross section is extremely low for Thomson scattering and so a large area detector is used to increase the signal. The larger
the solid angle that a detector covers the more photons that are collected, however
the downside of this is the k-vector blurring due to collecting scattered X-rays simultaneously from a large spread of angles. For this experiment a spherical diced
Si (444) crystal, shown in Fig. 5.7, was used in Johann geometry, i.e. the sample
and detector are both on the Rowland circle [97]. The crystal was placed 1 m away
from the target giving a maximum bandwidth that could be measured experimentally
of just 300 meV. Therefore, in order to obtain both the up-shifted and down-shifted
spectra it was necessary to rotate the crystal analyser by 0.02◦ through the X-ray axis.
The two spectra could then be ‘stitched’ together during post-processing. The diced
crystal is made up of many 0.7 mm square single crystals to give a total diameter of
10 cm. These single crystals overcome the spectral loss in resolution associated with
traditional bent crystals. In this set-up each of the crystallites produces an identical
spectrum that overlap on the detector, thus increasing the eﬃciency beyond that of
a single perfect crystal.
An initial measurement of the instrument function was achieved using the seeded
LCLS beam with the monochromator and high resolution crystal analyser. A cold
CH target was used in the sample location. Since the structure factor for a cold
poly-crystal outside of the Bragg peak is many orders of magnitude less than that for
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Figure 5.5: Mass density plot performed with the 1-d hydrodynamic code Helios
showing the convergence of two shock-waves in a 50 µm aluminium sample with a
5 µm CH tamper on each side. The dashed line indicates the arrival of the X-ray
probe beam.
a liquid or dense plasma state the signal was obtained by integrating over 5000 shots.
With this set-up the total instrumentation function was measured to be approximately
100 meV, see Fig. 5.8. With this resolution we expect to be able to observe any
additional peaks that appear in the scattered spectrum due to the ion-acoustic waves.

5.3.1

Photometrics

One of the most significant challenges associated with this experiment is the low number of photons collected by the detector, a product of the small Thomson scattering
cross-section, sample volume and interaction time. An estimate of the number of
photons expected can be calculated using the photometric equation,
θcrystal Rcrystal ηdetector
(5.1)
4π
where Nph ≈ 1011 is the number of photons in the seeded beam, ηmono ≈ 0.05 is
the eﬃciency of the monochromator (a combination of bandwidth and reflectivity),
|f (k) + q(k)|2 = 146 the atomic form factors from bound and free electrons, Sii = 0.3
is the SSF estimated from DFT, ni = 1.85 × 1023 cm−3 the ion density, σT the scatNd = Nph ηmono |f (k) + q(k)|2 Sii (k)ni σT L

tering cross-section, L = 5µm the interaction length estimated from hydrodynamics,
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Figure 5.6: Photograph of the high resolution monochromator used to reduce the
bandwidth of the LCLS seeded beam. Two high-resolution channel-cut Si (444) crystals used at a Bragg angle near 90◦ is used to reduce the bandwidth by over an order
of magnitude.
θcrystal = 0.08 rad the acceptance angle of the crystal analyser, Rcrystal = 2−5 rad
the integrated reflectivity of the crystal, and ηdetector = 70% the detector quantum
eﬃciency [147]. The result of this calculation is that we obtain ∼50 photons per shot
on the detector. Each pixel on the detector covers a range of 23 meV, of the total 300
meV covered, and as such, approximately 5 photons per pixel per shot are expected.
In order to obtain high quality data a large number of shots will need to be integrated
over to achieve a reasonable level of signal-to-noise.
To maximise the chances of success it is important to choose a low noise detector
that is capable of single photon counting. For the experiment covered here we utilised
a Cornell-SLAC pixel array detector (CSpad). Each pad contains 2.3 M pixels in a
20.3×44.0 mm area, can read out at a rate of 120 Hz, and each pixel is 110 µm wide.
In high gain mode the system has a S/N ratio of 6, vital for low flux experiments
such as this [88]. In this mode the CSpad is able to detect single photons and can be
used to obtain absolute photon numbers.

5.4

Experimental Results

Fig. 5.9 shows the collected scattered spectrum. The spectrum has been averaged
across the spatial direction and is plotted against energy where 0 meV represents the
energy of the incident beam. Although the CSpad detectors allow for an absolutely
calibrated signal to be extracted, i.e. a precise photon number, this work is currently
on-going. As such, the intensity on the left hand scale is arbitrary. The spectrum
taken at these thermodynamic conditions are a summation of sixteen spectra (eight
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Figure 5.7: A schematic diagram of the spherical diced Si (444) analyser crystal used
to obtain high resolution spectrally resolved scattering data. The crystal is made
from 12000 of perfect crystals each 0.7 mm square and 3 mm deep, each operating in
Johann geometry when the analyser is located 1 m from the target. The spectra from
each individual crystal lie on top of one another on the detector increasing eﬃciency.
Traditional bent crystals introduce strain in the analyser and reduce the resolution
that can be achieved below that required in this work.
up-shifted and eight down-shifted) taken over an eight hour shift. The spectra were
then stitched together to give the result shown.
Two peaks either side of the instrumentation function can be seen at ± 150 meV,
these peaks correspond to the ion-acoustic waves. This data represents the first
experimental measurement of ion acoustic waves in the WDM regime.

5.5

Comparison With Orbital-Free DFT

The next step is to compare the scattered spectrum with that predicted using the
OF-DFT technique as developed in chapter 4. For the conditions measured here the
temperature and density was not measured separately on the shot. Hence, the temperature and density from the hydrodynamic model must be utilised as inputs into
the OF-DFT code. In this case they are taken to be 5 eV and 7 g/cm3 respectively.
However, there are questions regarding the accuracy of this method, particularly with
the use of a one dimensional code. To further support this claim results taken from
a similar experiment carried out at the matter in extreme conditions end station of
LCLS two months prior will be compared. In this experiment identical laser parameters were used to drive a shock in identical targets, however, scattering was performed
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Figure 5.8: Instrumentation function measured using the seeded LCLS beam with
monochromator and high resolution crystal analyser. The spectrum was obtained by
scattering from a cold CH target and integrating over 5000 shots.
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Figure 5.9: Energy resolved scattered X-rays for warm dense aluminium measured
using the diced crystal analyser corresponding to the laser pulse shape shown in
Fig 5.3 and 5.4. The dotted line shows the instrument function of the set-up giving
a resolution of ≈ 100 meV
without the self-seeding and monochromator used in this work. The much higher Xray flux (at a cost of bandwidth) allowed a direct image of the SSF to be obtained.
Values for a temperature of 3 eV and a density of 6.3 g/cm3 were obtained [2]. These
results, although diﬀerent, are close to those used in this work. In particular the
density, which primarily defines the position of the ion-acoustic peaks, is similar.
Therefore for the remaining work the values of 5 eV and 7 g/cm3 will be used.
By running the OF-DFT code described in chapter 4 the DSF shown in Fig. 5.10
is obtained. Since we currently do not have access to absolute scattering intensities
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Figure 5.10: A comparison between the inelastic scattering data obtain the LCLS
scattering experiment and the DSF for aluminium at a temperature of 5 eV and a
density of 7 g/cm3 taken at the corresponding k point. The simulated DSF has been
scaled to match the experimental data.
the simulated spectrum has been scaled to fit the experimental spectrum. Although
the error on these points is large, primarily due to low photon flux, it is clear through
comparison of the experimental data with the simulation that the position of the
two peaks is captured well by the orbital-free method. Certainly within the error
associated with the temperature and density conditions used. Capturing the position
of the peaks accurately suggests that the sound speed obtained from OF-DFT is
relatively accurate, however additional experiments at multiple scattering angles, and
therefore k points would allow the full dispersion curve to be mapped out.
There is, however, a large discrepancy between the experimental data and simulation, that is the presence of the central quasi-elastic peak. It should be noted
here that the central peak is not simply the scattered X-rays from cold un-shocked
material1 . Indeed, a quasi-elastic peak or entropy peak as shown here is often present
in scattering from liquid metals [181]. It can be related to temperature (entropy)
fluctuations within the sample and as will be shown in section 5.6 is related to the
viscosity of the plasma.
Currently there are a few diﬀerent ideas as to why the central peak is missing in
the simulated data. Firstly, and quite simply, the middle peak may be impossible
1

This can be demonstrated by considering scattering from unheated material, the signal from
cold material is approximately three orders of magnitude smaller than from shocked material. This
is due to the value of the SSF for a polycrystal, outside of a Debye-Scherrer ring the value of the
SSF is exceptionally low. This was demonstrated experimentally by the need to integrate the signal
from 5000 shots in order to determine the bandwidth of the system. For the data shown in Fig. 5.9
only 16 shots were used.
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to capture in a MD simulation. The DSF is obtained through the Fourier transform
of the particle positions in time and space, therefore just like the SSF cannot be
calculated for k = 0 due to the need for an infinitely sized simulation, it seems obvious
that to calculate the ω = 0, i.e. low frequency component of the DSF, necessitates
an infinitely long simulation. Appendix B details the process of obtaining the DSF
from a MD simulation. In this process the long time behaviour of the intermediate
scattering function is filtered to remove noise towards the end. The long time and
hence low frequency behaviour could be lost within the noise in these relatively short
simulations. Future work will investigate the eﬀects of simulation length on the
calculated DSF.
Secondly, the absence of the entropy peak in the QMD simulations may simply be
related to the simulations being performed in the wrong ensemble, or utilising a nonphysical thermostat. The simulations were performed in the iso-kinetic ensemble and
utilised a Nose-Hoover thermostat. The Nose-Hoover thermostat is a deterministic
way in which the kinetic energy of the system can be maintained at a constant level.
In this way, the atomic motion of the system is limited to a particular surface in
phase space that may not be representative of the true characteristics of the system.
To explore this idea a second simulation was run with identical characteristics, with
the exception of the thermostat was altered from Nose-Hoover to Langevin (also
known as Gaussian) thermostat. The Langevin thermostat is a stochastic model that
applies a ‘kick’ to each of the atoms giving a random component to their motion.
Once these random fluctuations have been Fourier transformed they appear as a
central peak in the DSF. The strength of these random fluctuations is determined
by the friction parameter in ABINIT and by altering this number the height of the
middle peak can be changed. By setting it to a value of 0.003 atomic friction units
(Ha/~ ≈ 4.13 × 1016 s−1 ) a central peak that fits the experimental results is found,
see Fig. 5.11. Through Stoke’s law2 this can be shown to be approximately equal to
a dynamic viscosity of 2.36 mPa s. However, despite this success, it remains unclear
whether the forced inclusion of random oscillations is physical.
Finally, it cannot be ruled out that the central peak is an experimental artefact
not related to the ion dynamics. Although scattering from cold matter has been
dismissed, the intensity of the X-ray beam at LCLS is so high that scattering from
elsewhere in the vacuum chamber could be possible. The analysis of the data and
2

Stoke’s law can be shown to be equal to γ = 6πηa/m, where m=27 a.m.u. is the mass of an
aluminium ion, a=0.125 nm is an approximate radius of an aluminium ion, γ = 1.24 × 1014 s−1 is
the friction coeﬃcient and η the dynamic viscosity which is equal to 2.36 mPa s.
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Figure 5.11: A comparison between the inelastic scattering data obtain the LCLS
scattering experiment and the DSF for aluminium at a temperature of 5 eV and a
density of 7 g/cm3 taken at the corresponding k point. The simulated DSF has been
scaled to match the experimental data. In this case the simulation was run using a
stochastic Langevin thermostat to force the appearance of the central peak.
comparison with MD is on-going and it is not yet clear whether the central peak
should be expected in the MD work or not. This result is a clear example of why
experimental results are vital to help benchmark and validate theoretical models.

5.6

Analysis with Generalised Hydrodynamics

In addition to the atomistic based MD work a form of the DSF based on a continuous
treatment is possible. Interpreting the experimental spectra within a hydrodynamic
model can provide a valuable insight into the origin of the central peak, as well as
a method to ascertain thermodynamic and transport coeﬃcients. A hydrodynamic
description has been shown to reproduce certain features of the DSF for strongly
coupled liquids across a range of conditions. Mithen et al. (2011) [136] showed
that a pure hydrodynamic description is valid for scattering wave-vectors less than
k < 0.43 ∗ κ where κ is the inverse screening length. For the conditions relevant
here, i.e. an aluminium plasma at 7 g/cc3 and 5 eV with an ionisation level of
Z=1.5, calculated from Thomas-Fermi theory, κ = 2.14 Å−1 . The scattering wavevector for 8 keV X-rays at 30◦ is 2.1 Å−1 thus k/κ is approximately unity. Hence, a
pure hydrodynamic description would fail. However, Mithen et al. noted a dramatic
improvement in the range over which the hydrodynamic description could be used
through the use of generalised hydrodynamics.
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A generalised hydrodynamic model based on the Yukawa description of the potential includes the eﬀects of the electrons on the ions through the screening parameter,
i.e. the electrons are not explicitly treated. As such corrections must be made to
some terms in the hydrodynamic model to account for the presence of a neutralising
electronic background. A clear example of this is the correction to the isothermal
compressibility, set out in appendix I, which without the added eﬀect of the electrons becomes negative. The inclusion of a ‘mean field’ or background term is usually
neglected because the length scales over which the dynamics are being probed are
longer than the range of the potential. The addition of this term does not eﬀect the
dynamics of the ion-waves (height or width) but only changes the position [136, 172].
The benefit of the hydrodynamic description is that it is based on a much simpler physical picture than QMD and the origin the shape of the DSF can be more
easily related to thermodynamic and transport properties. Schmidt et al. (2012)
[179] develop from the classical hydrodynamic equations a quantum hydrodynamic
description of a plasma and derive the following expression for the DSF,
S(k, ω)
γ−1
c2s k 2
2ϵQ ak 2
=
+
S(k)/2π
γ c2s k 2 + ωp2scr ω 2 + (ϵQ ak 2 )2
]
[
γ −1 c2s k 2 + ωp2scr
Γk 2
Γk 2
+
c2s k 2 + ωp2scr
(ω + cq )2 + (Γk 2 )2 (ω − cq )2 + (Γk 2 )2

(5.2)

where the contribution explicitly from the quantum terms (∝ ~2 /m2 ) have been
neglected for the ion-ion description. Within this description the square of the peak
position in the DSF is given by,
ωp2 k 2
,
(5.3)
κ2
where the final term accounts for the neutralising background eﬀect of the electrons
c2q = ωp2scr + c2s k 2 −

not included in the description. The plasma frequency is replaced by the screened
plasma frequency, again a consequence of the electron screening,
k2
.
(5.4)
k 2 + κ2
The final two terms which control the width of the central and side peaks, i.e.
ωpscr = ωp ×

determine the transport coeﬃcients, and are given by,
ϵQ = (ωp2scr + γ −1 c2s k 2 )/c2q
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Γ = [(1 − ϵQ )a + b]/2

(5.6)

where we have defined a = DT γ and3 b = ( 43 η + ζ)/ρ. Each of the terms in this
equation is defined in table 5.6. For the case of a one-component liquid (i.e. Z=0)
the plasma frequency becomes zero and Eq. 5.2 reduces to the standard classical
description [179], with the peak position simply being a linear function of sound speed,
cq = cs k. Furthermore, for an isothermal system (γ = 1), which is often observed in
Yukawa simulations with similar screening lengths and coupling parameters used here,
the widths of the three peaks take on the same form as in the classical description.
Variable
Bulk density
Plasma frequency
Screened plasma frequency
Inverse screening length
Sound speed
Ratio of heat capacities
Sound attenuation coeﬃcient
Thermal diﬀusivity
Shear viscosity
Bulk viscosity

Symbol
ρ =7 g/cm3
ωp =0.15 fs−1
ωp−scr =0.10 fs−1
κ =2.14 Å−1
cs
γ
Γ
DT
η
ζ

Table 5.1: Names of the thermodynamic and transport coeﬃcients used in the hydrodynamic model of the DSF.
The hydrodynamic DSF is then fit to the experimentally obtained spectrum utilising a non-linear least mean squares fitting algorithm in Matlab to obtain the thermodynamic and transport properties, see Fig. 5.12. The results of the fitting procedure
are given in Table 5.2 along with estimates for the 95% confidence interval for each
property. Given the large spread of data points due to low photon flux each variable
has considerable uncertainty. It is highly interesting to note that the value obtained
for the shear viscosity earlier through use of the friction parameter in the Langevin
thermostat (2.36 mPa s) falls within the 95% confidence interval of the value obtained
through fitting the hydrodynamic model to the experimental data.
Throughout this thesis the phrase thermodynamic and transport properties has
often been used. However, at this stage it is interesting to diﬀerentiate between the
two. Quantities such as the sound speed and heat capacity ratio are thermodynamic
3

It was shown by Salin (2003) [173] that for all coupling parameters and screening lengths the
bulk viscosity ζ in a Yukawa description is negligible when compared with the shear viscosity η.
Therefore in this work the bulk viscosity is neglected allowing η to be calculated from b.
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Figure 5.12: Fitting of generalised hydrodynamic structure factor to scattering spectrum performed using a non-linear least squares fit in Matlab. The upper and lower
dashed lines mark the 95% confidence bounds on the fitted function.
k
γ
DT
cs
η

Units
Å−1

Fitted Result
2.1
1.79
2
m /s
0.021
km/s 11.21
mPa s 1.71

95% Confidence

Classical MD Results

1.18 − 2.39
0.003 − 0.040
10.26 − 12.3
0.61 − 2.65

1.08∗ , ∼1†
1.01×10−6 [50], 0.7×10−6 [146]
6.54∗ , 9.67†
2.97 [170], 1.16 [175]

Table 5.2: Thermodynamic and transport properties of an aluminium plasma calculated by fitting the low frequency component of the scattered spectrum to a generalised hydrodynamic model of the DSF. Data shows the 95% confidence levels for
each extracted property. The final column gives similar parameters extracted from
parametrised EOS models based on MD simulations. Results marked (∗) use the
Hamaguchi EOS for the internal energy and the derivation for thermodynamic properties given in Ref. [133] and appendix I. Results marked (†) are taken from direct
numerical simulation by Mithen (2012) [133]. The transport coeﬃcients are taken
from the references given.
coeﬃcients, that is they depend on equilibrium quantities such as the isothermal compressibility and heat capacity (see appendix I). The other two coeﬃcients discussed
in this work are the bulk viscosity η and the the thermal diﬀusivity DT . These quantities are known as transport coeﬃcients and are determined by the rate at which a
non-equilibrium macroscopic quantity equilibrates throughout the system. They can
be determined through investigation of current correlation functions, i.e. correlation
functions that depend on particle velocity as opposed to density.
A huge number of MD calculations based on the classical Yukawa potential have
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been performed in the past [50, 83, 84, 133, 146, 170, 173, 175] and both thermodynamic coeﬃcients and transport coeﬃcients extracted. The coeﬃcients extracted from
the numerical simulations are parametrised through the ion-ion coupling parameter
and the screening length. Therefore, without explicitly running an MD simulation
the values for the coeﬃcients can be determined from these parameterisations, details
are given in appendix I. The thermodynamic coeﬃcients are parametrised through
the internal energy while the transport coeﬃcients have been parametrised directly.
Since these simulations use a Yukawa potential, as opposed to a potential containing short-range repulsion, we can immediately hypothesis that not all the terms will
be correct. However, the existence of this body of work coupled with the hydrodynamic model gives a complete analytical form of the DSF, a fact that could have huge
implications for the planning and analysis of scattering experiments.
The rightmost column in Table 5.2 contains the parametrised values obtained from
MD simulations. Beginning with the thermodynamic coeﬃcients we see that both cs
and γ, marked with ∗, diﬀer considerably from the fitted results. These coeﬃcients
depend strongly on the parameterisation of excess internal energy developed by Ohta
and Hamaguchi (2000) [146]. It has, however, been noted previously that this EOS
model does not reproduce the sound speed found in classical MD data above κ = 1.
Therefore, also included are the results extracted directly from numerical evaluation,
marked with †. This numerically based result is significantly closer to the value
obtained by fitting the experimental data, thus suggesting an error in the parametrisation of internal energy by Hamaguchi. The diﬀerence between the numerical and
fitted results is now similar to the diﬀerence observed in chapter 4 through the neglection of the SRR. One could therefore expect that a parametrisation of the sound
speed based on results from a classical Yukawa with SRR could accurately predict
the measured sound speed. The ratio of heat capacities from the Hamaguchi model
agrees well with the numerical MD simulations, in so far that no middle peak is visible
in the data. Both disagree strongly with the fitted experimental value. However, a
lower value for γ than seen experimentally is yet again a statement that when comparing MD simulations with scattering signals the central peak is missing. As before,
whether this is related to ensemble choice, thermostat choice, the long time-scale
behaviour of the intermediate scattering function or simply an experimental feature
remains to be seen.
The final two terms are the shear viscosity η and the thermal diﬀusivity DT . The
shear viscosity term is calculated from parametrisations given by Saigo and Hamaguchi (2002) [170] and Sanbonmatsu and Murillo (2007) [175]. The the thermal
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diﬀusivity term is calculated from Ohta and Hamaguchi (2000) [146] and Donkó and
Hartmann (2004) [50] where in the latter case, DT is converted from values for the
thermal conductivity λ through DT = λ/cp , in which cp the volumetric heat capacity
at constant pressure. The value obtained for DT is around four orders of magnitude
larger than the value obtained from the MD fit. Comparing the value obtained from
the fit with typical metals it is clear that this number is grossly overestimated in the
fitting procedure. Investigating the hydrodynamic description, Eq 5.2, the thermal
diﬀusivity is related the the width of the central peak. Fig. 5.9 demonstrates clearly
that the width of this peak is very close to that of the instrumentation function.
Therefore, given the current experimental limits it is probably not possible to extract
this number from the current data, on the other hand, the shear viscosity is determined primarily by the width of the ion-acoustic peaks. In this case the width of these
peaks is wider than the instrumentation function and correspondingly a value can be
obtained from the fit. It is of the same order of magnitude as the that from MD, thus
suggesting the shear viscosity is captured accurately in the numerical simulations.
For the shear viscosity term the agreement between the extraction and MD parameterisation is important as a minimum bound on the shear viscosity is predicted
from these simulations. This minimum bound occurs at η̂∼ 0.09 for κ∗ ∼ 0, Γii ∼ 5
and falls to η̂∼ 0.02 for κ∗ ∼ 2, Γii ∼ 80. Here, η̂ is the reduced viscosity given by
η =η̂mni ωp a2 which is given by η =η̂×14 mPa s [175]. This puts the limits on the
shear viscosity mentioned before at 1.26 mPa s and 0.28 mPa s, respectively. Unfortunately this experiment is far from the regime of the minimum bound on shear viscosity
having a reduced screening parameter of κ∗ = 2 and an ion-ion coupling parameter
of Γii = 5.6. However, now that a measure of the shear viscosity in a dense plasma
has been demonstrated, this lower bound suggests a particularly interesting region of
temperature−density phase space that could be accessed in future experiments.

5.7

Conclusions

In this chapter the results of an inelastic X-ray scattering experiment performed at
the matter in extreme conditions (MEC) end-station at the LCLS FEL have been
presented. Utilising the self-seeded mode of the laser a set-up containing a Si (444)
crystal monochromator and a diced crystal analyser placed at a 30◦ scattering angle
measured the spectrum to an unprecedented resolution of 100 meV. With this ultrahigh resolution the inelastic components of the scattered light from the low frequency
ion modes in an opaque sample were resolved for the first time. A direct comparison
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between the experimentally measured spectrum and the ion component of the DSF
calculated in chapter 4 was performed. The data collected during this experiment
will act as a useful guide for the OF-DFT work, giving confidence in the calculation
of the sound speed (through correct estimation of the peak position) but highlighting
a discrepancy in the prediction of the middle peak. Work is currently on-going to
determine why this feature is not seen in the models and focussing on the behaviour
of the ensemble, thermostat settings, as well as the long time behaviour of the intermediate scattering function. However, at this stage it cannot be ruled out as an
experimental feature.
An analytic approach to interpreting the data was performed through the generalised hydrodynamic model. The fitting of the data demonstrates the power of this
technique and the possibility to provide an analytic model for the DSF, at least one
that requires some parameterisation from numerical MD simulations. This technique
was used to provide the first measure of shear viscosity in a dense plasma and paves
the way for future experiments. Comparison between the fitted data and the numerical data suggested that the parameterisation of sound speed and shear viscosity from
the simulations would be successful, but again a discrepancy in the heat capacity
ratio was found. This finding adds weight to the suggestion that if a central peak
should be present in the spectrum it is missing not just from the OF-DFT work but
also the classical simulations utilising a Yukawa potential.
The low number of photons collected during this experiment, a consequence of
the small Thomson cross-section and low value of SSF, led to a large number of shots
being required to obtain the total scattered spectrum. This factor, coupled with the
low repetition rate of the optical laser (∼10 minutes) and the relatively time consuming process of correctly seeding the FEL meant that only two scattering spectra
were obtained in a full 5 day campaign. Now that the concept of measuring inelastic
scattering from low frequency ion modes in WDM has now been demonstrated experimentally, future work will concentrate on measuring the full dispersion curve at high
accuracy necessary for a direct comparison with theoretical models. Future proposals
hope to take advantage of multiple crystal analysers to measure the scattering spectrum at multiple k points simultaneously. In addition, simultaneous measurement
of the SSF with measurements of the DSF would allow the temperature and density
of the samples to be obtained via a separate technique, and hence input into the
OF-DFT code. They would no longer need to be inferred from hydrodynamic models
which may be incorrect due to dimensional eﬀects or poor laser-absorption models.
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Chapter

6

Conclusions and Future Work
This thesis has detailed the investigation of the low frequency ion dynamics in the
warm dense matter regime, a regime defined by temperatures of a few electron volts
and densities comparable with solids. A complete description of the WDM regime
is important for describing many physical phenomena ranging from phase transitions
within the interior of large astrophysical objects [40] to temperature relaxation rates
during the internal processes of ICF [127]. Eﬀorts to describe the structural dynamics
of the cores of these so called exoplanets, as well as those within our solar system are
an area of intense scientific interest.
Chapter 3 details three diﬀerent experiments, each employing time-resolved X-ray
scattering techniques, to directly measure temperature relaxation in a bulk sample
after heating with an intense proton beam, electron beam or direct laser illumination.
These experiments are vital as they not only aid our understanding of experiments
designed to create the WDM states but also provide an insight into fundamental
internal processes such as electron-ion coupling. The first two experiments on graphite
samples occur at large excitation densities, i.e. they are strongly heated, and an
inhibited electron-ion coupling was found. For the proton heated samples an electronion equilibration constant of g = 0.45 – 0.8 × 1016 W K−1 m−3 was found, while in
the samples heated with a high intensity electron beam a constant of g = 0.2 × 1016
W K−1 m−3 was found. Both these results are lower than those expected from simple
metal or ideal plasma models, and although close to values found in room temperature
graphite and graphene systems they are still somewhat lower. The typical explanation
as to why graphite exhibits long temperature relaxation times revolves around the low
carrier number in semi-metals, an explanation that does not hold at the high electron
temperatures present in these experiments. Instead, it was proposed that the eﬀective
electron-ion interaction is suppressed by virtue of a dynamical coupling of electron
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and ion modes, an idea first detailed by Dharma-Wardana and Perrot in 1998 [47].
However, it should be noted that the coupling constant is in fact not constant and
is predicted to vary with both electron and ion temperature, more experiments are
needed to probe how this constant varies and further guide the choice of equilibration
model.
The final section of chapter 3 continues to investigate temperature relaxation,
but in a lower energy density regime. A 200 nm single crystal gold sample was
heated through direct laser illumination. The resultant electron-ion equilibration was
found to occur on a picosecond time-scale and was diagnosed through comparison
of the time-resolved diﬀraction signal with large scale molecular dynamics simulation. The determined value for τ leads to an electron-phonon equilibration constant
of g = 2 ± 1.2 × 1016 W m −3 K−1 , a value which is in close agreement with previous studies. The accuracy of this method, through comparison with previous results
for gold, demonstrates the capability of large-scale molecular dynamics simulations
to accurately capture the dynamics in a non-equilibrium system. Although in this
case it was utilised for samples near to equilibrium, future work will involve highly
non-equilibrium samples excited to large energy densities. This is crucially important when looked at in light of the preceding experiments when the low frequency ion
motion and long-range structure strongly eﬀect equilibration rates. The ability to perform simulations that can capture this long wavelength ion motion in a dynamically
evolving sample is essential to evaluate equilibration rates within the coupled mode
formalism. This work highlights the possibility to study energy relaxation processes
in bulk samples through large-scale MD simulations and could be particularly successful at describing the complex ion-ion correlations [110, 123] which make experiments
with higher excitation densities diﬃcult to describe [77, 200].
In chapter 4 a method of calculating the ion dynamics in a dense plasma through
a reduced DFT description was described. By utilising this orbital-free technique
the computational time associated with the more accurate Kohn-Sham molecular dynamics is significantly reduced. This reduction allows calculations involving large
systems with many thousands of atoms to be simulated for long time-scales of many
picoseconds. Both static and dynamic properties for a trial system of a solid density
aluminium plasma at 0.5 eV and 5 eV were calculated. The orbital free approach
reproduces well the KS-DFT thermodynamic pressure above ≈ 2 eV and also reproduces the static structure factor of the 5 eV test case, i.e. it works well in systems
where atomic orbitals becomes less important. This work is the first confirmation
that the orbital-free technique can be used to extract dynamic plasma properties
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in the WDM region of phase space. The density-density autocorrelation function,
also known as the ion-ion dynamic structure factor, was then computed for classical,
orbital-free and, in the 0.5 eV case, Kohn-Sham techniques. The DSF is an important quantity with direct relevance to interpreting X-ray scattering experiments. The
classical simulations based on pure classical Yukawa potential are unable to describe
the dynamics of the aluminium systems, while there is good qualitative agreement
between the Yukawa+SRR potential and the OF-DFT. However, the applicability of
the classical method is limited by the fact that the ion-ion potential must be known
a-priori. Finally, a full KS-DFT calculation was compared with the OF-DFT results for the 0.5 eV test case and shown to qualitatively agree, however, at these
low temperatures the diﬀerences can be attributed to the lack of atomic orbitals in
this method. In the future, as computational power increases and KS-DFT can access higher temperature and density states, OF-DFT will always be able to access
larger regions of phase space, or run many more simulations, than the more complete
KS-DFT theory.
The DSF is an important quantity as it feeds into many theoretical models for
thermodynamic and transport properties of dense plasmas, crucially the coupled
mode formalism for temperature relaxation depends on the ion dynamics through
this function. While a number of diﬀerent theoretical approaches have been proposed
to describe the DSF, none to date have used self-consistent quantum simulations.
Additionally, the methods used here can describe large systems both spatially and
temporally, i.e. it can capture accurately the low frequency ion response. This is
important when attempting to describe or even predict the low wave-number small
angle X-ray scattering from a target. The results obtained in this thesis agree well
with the more accurate Kohn-Sham method in regimes where both can be calculated,
i.e. at lower temperatures or in the static response, however experimental verification
was necessary.
The proof-of-principle experiment outlined in chapter 5 represents the first ever
experimental measurement of ion waves in the WDM regime. Although the data is
relatively noisy due to low photon flux, the qualitative agreement between the OFDFT peak position and the experimentally measured spectrum is promising. This
suggests that the orbital-free method accurately describes the low frequency ion waves
and accurately captures the sound speed within the sample. However, the absence
of a middle peak in the simulations raises concerns over the applicability of MD
and future work should concentrate on investigating the eﬀect of changing ensemble,
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thermostat settings as well as the long time behaviour of the intermediate scattering
function. However, at this stage it cannot be ruled out as an experimental feature.
A continuous, as opposed to an atomistic model, of the DSF was obtained from
generalised hydrodynamics and used to fit the scattered spectrum. The thermodynamic properties, sound speed and heat capacity ratio, were determined to a high
level of accuracy, as they are given by the relative height and position of the peaks.
The transport coeﬃcients which are given through the width of the peaks were also
determined and a value for the shear viscosity was found, however the thermal diffusivity was unable to be extracted due to poor experimental resolution. Combining
the generalised hydrodynamic structure factor with parametrised values of the thermodynamic and transport functions from classical MD provides an analytic form of
DSF which would be a powerful tool in interpreting experimental data. For the conditions considered here the MD results were shown to agree well with the sound speed
and shear viscosity. The thermal diﬀusivity was again unable to be reliably compared. However, the heat capacity ratio disagreed considerably. This again points to
a fundamental flaw in the MD simulations or misinterpretation of the experimental
results.
The success of this experiment paves the way for future low frequency scattering
experiments to be performed at the LCLS. This work should concentrate on measuring multiple scattering angles to obtain the dispersion relation to high accuracy, thus
helping to discriminate between theoretical models. Additionally, achieving a higher
resolution on the experiment would reveal the width of the middle peak and allow
the thermal diﬀusivity to be determined. In addition to this, improved laser stability,
faster self-seeding, increased bandwidth and on-shot temperature and density diagnostics would considerably improve the experiment. Finally, an area of temperaturedensity space exhibiting a lower bound on shear viscosity was identified as a possible
area to probe in future experiments.
A central theme running throughout this work has been the interplay between
experimental work and computer simulation. Both where simulations have helped to
inform and interpret experimental results (chapter 3) and where experimental results
were needed to help validate a new theoretical model (chapters 4 and chapter 5).
This interplay is nothing new in physics, and can perhaps be thought of as a core
component of modern day scientific method, but with rapid growth in computational
power and advancement of fourth generation light sources we have reached a crucial
point where comparable temporal and spatial length scales relevant to HEDP can
be accessed both experimentally and in computational simulations. By implementing
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these techniques it should be possible to improve the quality of both the experimental
data to help distinguish between diﬀering theoretical models, an important stepping
stone towards the goal of a complete description of WDM.
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Appendix

A

Scattering of X-rays from a Bound
Electron
This appendix will derive the form of the Thomson scattering cross section as detailed
in [30]. To begin with we define the electric field of an electromagnetic wave as,
E(r, t) = ei Eei(k·r−ωt) ,

(A.1)

where ei is the polarization vector1 . The electromagnetic wave excites an electron of
mass me , the equation of motion of this electron is that of a forced dipole oscillator,
me ẍ + me ωr2 x − me γ ẋ = eE(t) ,

(A.2)

where γ is a damping constant and ω the eigenfrequency of the electron. The solution
to this equation describes forced damped oscillations,
s(t) =

e
1
· E(t) .
2
me ωr − ω 2 − iγω

(A.3)

The electron oscillation has an electric dipole moment given by,
p(t) = es(t) = α(ω)E(t) ,

(A.4)

where α(ω) is the polarisability,
α(ω) =

e2
1
.
2
me ωr − ω 2 − iγω

(A.5)

The oscillating electron emits its own electromagnetic field which at large distances
from the emitter is given by[102],
1

For a transverse wave ei · k = 0 is true.
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11
(p̈(t) − (p · er )er ) .
(A.6)
c2 r
The ratio of outgoing electric field to incoming electric field can be expressed as,
Ed (r, t) = −

Ed
1 ω4
1
= 2 4 |α(ω)|2 |ei − (ei cot er )er |2 = 2 |f (Ω)|2 .
Ei
r c
r

(A.7)

Simplifying |ei −(ei cot er )er |2 to (1+cos2 θ) which holds for unpolarized radiation
allows the average of all polarization directions to be calculated. This gives the total
scattering cross section,
dσ
1
ω4
= |f (θω)|2 = (1 + cos2 θ) 4 |α(ω)|2 .
(A.8)
dΩ
2
c
Depending on the frequency of the incoming electromagnetic radiation compared
to the eigenfrequency of the electron, three distinct regimes of interaction can be
identified.
• Rayleigh scattering,
ω << ωr :

e4
m2e ωr4

(A.9)

e4
m2e γ 2 ωr2

(A.10)

e4
m2e ω 4

(A.11)

|α(ω)| ≈

• Resonance scattering,
|α(ω)| ≈

ω <∼ ωr :
• Thomson scattering,
ω >> ωr :

|α(ω)| ≈

For X-rays above a few keV (known as hard X-rays) the frequency of the incoming
radiation is much higher than any resonance frequency of the electron and hence the
cross section tends towards the frequency independent value of,
(

where re =

1
e2 /mc2
4πϵ0

dσ
dΩ

)
Th

1
== re2 (1 + cos2 θ)
2

= 2.8 × 10−15 m.

125

(A.12)

Appendix

B

Structure Factor Calculation
Software
As discussed in detail in chapter 2.2 the relationship between scattered radiation
and the microstate of the system is given by the DSF. The DSF is the spatial and
temporal Fourier transform of the dynamic electron density-density auto-correlation
function. It is essentially the Fourier transform of the atom positions in both time and
space. Therefore, predicting the direction of scattered radiation (diﬀraction pattern)
and the scattering spectrum from a MD simulation requires performing large three
dimensional Fourier transforms. Mathematically this relates to transforming a large
(number of time steps in the simulation) number of 3 × N arrays.
In one dimension the Fourier transform can be written as,
∫

∞

f (µ) =

f (t) e−2πiµt dt,

(B.1)

−∞

where t represents the real space variable and µ the reciprocal variable. Obviously
the data obtained from MD is discrete in nature, and we must perform a discrete
Fourier transform as given by,

Fn =

N
−1
∑

fk e−2πink/N .

(B.2)

n=0

Just like the continuous version of the Fourier transform the discrete Fourier
transform reveals the strength of the frequency components associated with the input
data. However, some care must be taken when analysing discrete Fourier transforms.
Firstly, if the input list is a set of real numbers the output will be a set of complex
numbers of the same length. Additionally, the list will contain both positive and
negative frequency components.
126

To enable fast and simple calculation of the static and dynamic structure factors a
graphical software program (skcalc.py) was written in the python scripting language.
This software allows output files from various MD programs to be loaded and the
Fourier transform of the data to be calculated and output as standard text files. At
the time of writing the software is able to accept inputs in the standard xyz file format
and the output directly from the LAMMPS software program. In addition to this
the atom locations can be read directly from the hard drive during the processing or
loaded first into random access memory (RAM). While loading the data into RAM
expedites the analysis, for large simulations the size of the dump file can make this
prohibitively expensive.
Once the atom positions have been parsed into an array of size 3 × T where T
is the number of time-steps in the simulation the next step necessary to perform the
Fourier transform is to calculate the allowed k-vectors that are commensurate with
the simulation size. That is the k-vectors which obey the relation,
2π
(nx , ny , nz ) , |k| ≤ kmax ,
(B.3)
L
are natural integers and kmax some predefined maximum for the calculak=

where nx,y,z
tion1 .
The second step in the software is to calculate the Fourier transform of the atom
positions at each time step according to Eq. (B.4),

ρ̂(k, t) =

N
∑

e−ik.r̂i (t) .

(B.4)

i=1

The results are stored in a T × Nk array where T is the total number of time-steps
and Nk the number of k-vectors to be analysed. A typical simulation will contain
of the order of 103 time-steps and a similar number of atoms. This typically leads
to a box size of the order of 10 Å, and for a kmax of 10 Å−1 this leads to around
104 k-vectors. Therefore, this calculation can take many hours to run on a typical
desktop pc. To prevent this calculation needing to be run on each simulation every
time a new DSF is required this array is saved to the hard drive at this stage in
the calculation, the size of this file is typically of the order of 100 Mb. Metadata
concerning the details of the calculation are saved alongside this file such that the
1

The skcalc.py software allows the user to choose the dimension of the calculation. For example it
can be run with the k-vectors spanning either 1, 2 or 3 dimensions. This can be used to significantly
speed up the software with a corresponding reduction in the k-space fidelity of the results. In addition
this feature allows the structure factors to be calculated along a single direction for non-isotropic
materials and non-cubic simulations.
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software can open this data without requiring the original dump file from the MD
software.

Figure B.1: Screenshot of software for calculating the static or dynamic structure
factor from a molecular dynamics simulation.
The final stage in the calculation is to choose which function to calculate, either
the static or dynamic structure factor. However, all calculations start by calculating
the intermediate scattering function (ISF) given by,
∫

∞

F (k, t) =

G(r, t)e−ik.r dr =

−∞

1
⟨ρ̂(k, 0)ρ̂(−k, t)⟩T .
N

(B.5)

At this stage of the calculation an isotropic simulation is assumed and results
from k-vectors with equal magnitude are loaded from the hard drive and averaged to
enable the calculation of the ISF. The eﬀect of averaging the k-vectors at this stage
greatly reduces the statistical noise present in the data as up to 16 k-vectors can be
used for a single calculation.
Typically there exists numerical noise towards the end of the ISF and it is common
practice to filter this noise before further analysis. It has been shown previously by
Mithen et al. [133] that this filtering does not eﬀect the final result but acts as a high
frequency filter on the data. Once the ISF has been obtained a fast Fourier transform
algorithm is used to obtain the DSF and from this the SSF can be obtained through
integration. The benefit of this software is that once the initial, and time consuming,
Fourier transform has taken place any of the other calculations can be performed
instantly allowing for greater flexibility when analysing the data.
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Appendix

C

Orbital-Free Pseudopotential
Development Wrapper
This appendix provides details of calculating a local pseudopotential from a non-local
pseudopotential using the method outlined in section 4.3.2.1. This method minimises
the negative of the Wu functional in a bulk sample to obtain the local-potential.
By performing these calculations in a bulk sample the returned pseudopotential has
been shown to give greater transferability, principally due to getting the exchange
and correlation correct. The Wu functional as described in the main text is given by,
∫
(ρ(r) − ρin (r))vef f (r)dr .

W [vef f ] = Ts [vef f (r)] +

(C.1)

where ρ0 is a target electron density calculated with Kohn-Sham DFT, vef f a trial
local potential and Ts and ρ the resulting kinetic energy and electron density obtained
after solving the Kohn-Sham equations for an identical system. The core of the
program is a GA which can minimise the negative of the Wu functional with respect
to the trial potential described by a sum of zeroth order Bessel functions of the first
kind,

Vnc (q) =

L
∑

Ai J0 (qαi ) .

(C.2)

i=1

In this formalism L is the number of functions in the series, Ai are the Bessel
function coeﬃcients to be minimised, J0 the zeroth order Bessel function of the first
kind and αi the positive roots of the zeroth order Bessel function.
The base element in a GA is the chromosome. In biology a chromosome defines the
characteristics of an organism, in this case it defines the characteristics of a particular
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solution to the problem. Hence, the chromosome here is the list of Bessel function coeﬃcients, Ai , that together describe the potential. A group of chromosomes is known
as a population. The function to be minimised, known as the evaluator function, is
then calculated for each chromosome in the population and a fitness function converts
this into a number between 0 and 1 representing the ’fitness’ of each individual. The
evaluator function in this case is the negative of the Wu functional.

1.5 2.3 3.4 2.3 1.2 1.3 0.4 3.2 0.1 3.2

4.3 3.2 1.3 0.3 3.2 1.3 4.3 2.3 2.1 0.4

0.3 1.2
3.2 1.3
1.3 0.4
4.3 3.2 0.1 3.2
1.5 2.3 3.4 2.3

2.3 3.2
1.2 1.3
1.3 4.3
0.4 2.3 2.1 0.4
4.3 3.2 1.3 0.3

Figure C.1: Schematic of crossover breeding in a genetic algorithm. Shown are two
parent chromosomes which are subjected to a two point crossover.
At this stage the next generation of individuals can be created from the preceding
generation using selection rules, the two most common are rank selection, in which
the chromosomes with the highest fitness function are selected, and roulette wheel in
which individuals are chosen randomly with a probability proportional to the value
of the fitness function. These chosen chromosomes, called the parent chromosomes,
are then bred to produce the next generation of solutions by choosing components
from each of the parents in a process known as crossover. This takes two or more
chromosomes and swaps together sections of them as shown in Fig. C.1. Finally, the
new generation is subjected to an amount of random mutation, it is this ability which
allows the GA to search new areas of phase space for further solutions and prevents
the algorithm getting stuck in a local minima.
The actual program is written in fully object orientated python and acts as a
wrapper to the open source DFT software ABINIT. Below is an example input deck
from the program which allows the user to change to parameters associated with the
DFT and the GA.
################# GA deck . py ###############################
#A b i n i t

Options
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a c e l l = 5.0675
ecut = 25.0
k p t s = 20
k s p o t f i l e = ’ 13 a l . p s p n c ’
XCtype = ’GGA ’
c r y s t a l t y p e= ’ s c ’
f u l l r u n = True

#C r e a t e P o t e n t i a l O p t i o n s
from p o t e n t i a l import b e s s p o t
implemented
Z val = 3.0
Z f u l l = 13.0
qc = 5 . 6 0
rc = 6.5
penlambda=0
i n t f a c t = 160
n c o e f = 14
a u t o q c = True
#GA o p t i o n s
p o p u l a t i o n s i z e = 16
crossoverrate = 0.8
mutationrate = 0.2
numgenerations = 3
gauss fwhm = 0 . 0 5

#Or 7 . 5 2 7 5 f o r f c c l a t t i c e
#G i v e s < 0 . 1 meV c o n v e r g e n c e f o r t h i s p o t e n t i a l
#E q u i v a l e n t t o C a r t e r
#Non−L o c a l p s e u d o −p o t e n t i a l t o u s e
#Type o f e x c h a n g e and c o r r e l a t i o n
#’ sc ’ ; ’ f c c ’ ; ’ bcc ’ are c u r r e n t l y implemented
#Turn ’On’= True o r ’ O f f ’= F a l s e m i n i m i s a t i o n

as functype

# sets

basis :

only ” bess pot ”

is

currently

#Number o f e l e c t r o n s i n n o n l o c a l −p s e u d o p o t e n t i a l
#Atomic number
#A p p l y f u n c t i o n t h a t s m o o t h s t o 0 i n r e c i p r o c a l s p a c e
#A p p l y f u n c t i o n t h a t s m o o t h s t o 0 i n r e a l s p a c e a t t h i s c u t o f f
#S m o o t h i n g f u n c t i o n t o h e l p m i n i m i s a t i o n ( u n u s e d )
#Number o f p o i n t s f o r q u a d r a t u r e i n t e g r a t i o n
#Number o f c o e f f i c i e n t s f o r p o t e n t i a l
#Turn ’On’= True o r ’ O f f ’= F a l s e m i n i m i s a t i o n v s c o e f s and q c

#P o p u l a t i o n s i z e . Make a m u l t i p l e o f number o f
#C r o s s o v e r r a t e f o r g e n e t i c a l g o r i t h m
#M u t a t i o n r a t e f o r g e n e t i c a l g o r i t h m
#Max number o f g e n e r a t i o n s
#Max amount o f b r o a d e n i n g o f m u t a t i o n s

cores

from numpy import a r r a y
w e i g h t i n g = a r r a y ( ( 1 5 , 1 5 , 1 5 , 1 0 , 1 0 , 1 0 , 5 , 5 , 5 , 2 , 2 , 2 , 2 , 2 , 1 0 ) , d t y p e= ’ f l o a t 6 4 ’ )
e x e d i r = ’ / path / t o / e x e c u t a b l e s ’

The first step in the program is to create the ABINIT input deck using the variables from the GA input deck and run a single time-step of a full Kohn-Sham calculation. This is done for a trial solid system, however the specific crystal structure
used has no eﬀect on the resulting potential [96]. The electronic density output from
the simulation is saved to a file. The next step is to create the first generation of
chromosomes, this is done by randomly choosing the Bessel function coeﬃcients but
scaling them to approximately the correct shape using the weighting coeﬃcients at
the bottom of the input deck. While this step is not necessary there is a resulting
speed up finding the correct solution. This generation of local pseudo-potentials are
then each used to perform an ABINIT run that diﬀers from the first in two ways.
Firstly, the self-consistent field calculation is not needed since the correct electronic
density is known a-priori and can be read from the full calculation. Secondly, the
calculation of kinetic energy is performed using the Thomas-Fermi functional as in
the orbital free calculations described in the main text. Each of these calculations
are performed on a separate core of the machine and hence the calculation is trivially
parallelisable. The number of chromosomes in each population should be a multiple
of the number of processors for the most eﬃcient parallelisation.
For each of the calculations the Wu functional is calculated. An exponential evaluator function and rank selector algorithm creates the next generation of potentials
and the process is repeated. Potentials that match those found in the literature are
generally found within a few hours, see Fig. 4.1 in chapter 4.
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Appendix

D

Derivation of the Debye-Waller
Theory
From chapter 2 we can define the microscopic density operator as,
ρ̂(r, t) =

N
∑

δ(r − r̂i (t)) .

(D.1)

i=1

The van Hove function or dynamic density-density auto-correlation function can
be defined as,
∫
1
⟨ρ̂(r′ + r, t)ρ̂(r′ , 0)⟩T dr′ ,
(D.2)
G(r, t) =
N
which becomes,
N
N
1 ∑∑
G(r, t) = ⟨
δ(r − r̂i (t) + r̂j (0))⟩T ,
(D.3)
N i=1 j=1
for a translationally invariant system. From chapter 2 the intermediate scattering
function, dynamic and static structure factors are then defined as follows,
∫ ∞
F (k, t) =
G(r, t)e−ik.r dr ,
(D.4)
1
S(k, ω) =
2π

∫

−∞

∫

∞

−∞
∫ ∞

S(k) =

∞

G(r, t)e−iωt e−ik.r dtdr ,

(D.5)

−∞

S(k, ω) dω = F (k, 0) .

(D.6)

−∞

Splitting the atomic motion into three components, the equilibrium lattice position
Ri , the oscillatory motion ûoi (t) and the translational motion ûti (t) the SSF can be
rewritten as,
r̂i (t) = Ri + ûoi (t) + ûti (t) ,
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(D.7)

N
N
1 ∑ ∑ −ik.[Ri +ûoi +ûti −Rj −ûoj −ûtj ]
S(k) =
⟨e
⟩T ,
N i=1 j=1

(D.8)

where we have written ûoj (0) as ûoj . Exploiting the linear property of the canonical
average to split up the terms assuming the oscillatory motion and translational motion
are decoupled and statistically independent. i.e. there is no covariance between them
[79]. This is equivalent to,
⟨e−ik.[ûoi −ûoj ] e−ik.[ûtk −ûtj ] ⟩T =
δik ⟨e−ik.[ûoi −ûoj ] ⟩T ⟨e−ik.[ûtk −ûtj ] ⟩T

,

(D.9)

which allows the SSF to be simplified as,
(

1
N2
(

S(k) =

×

N ∑
N
∑

)
e−ik.[Ri −Rj ] ⟨e−ik.[ûoi −ûoj ] ⟩T

i=1 j=1
N
N ∑
∑

)

,

⟨e−ik.[ûtk −ûtl ] ⟩T

k=1 l=1

St (k)
S(k) =
N

(D.10)

( N N
∑∑

)
e−ik.[Ri −Rj ] e

−k2
.⟨[ûoi −ûoj ]2 ⟩T
2

,

(D.11)

i=1 j=1

N
N
1 ∑ ∑ −ik.[ûti −ûtj ]
St (k) =
⟨e
⟩T ,
N i=1 j=1

(D.12)

where (D.12) is defined as as translational structure factor. Using approximation
(D.13) which applies provided x has a Gaussian distribution or is small [202] to
simplify the expression further.
−⟨x2 ⟩
1
1
⟨eix ⟩ = 1 + i⟨x⟩ − ⟨x2 ⟩ − i⟨x3 ⟩ + ... = e 2 ,
2
6
( N N
)
St (k) ∑ ∑ −ik.[Ri −Rj ] −k2 .⟨[ûoi (0)−ûoj (0)]2 ⟩T
S(k) =
,
e
e 2
N
i=1 j=1

St (k)
S(k) =
N
St (k)e−2W
S(k) =
N

(

N ∑
N
∑
i

(

(D.14)

)
e−ik.[Ri −Rj ] e

−k2
.[⟨û2oi ⟩T −2⟨ûoi ûoj ⟩T +⟨û2oj ⟩T ]
2

,

(D.15)

j

N ∑
N
∑
i

(D.13)

−ik.[Ri −Rj ]

e

+

j

N ∑
N
∑
i

)
e

−ik.[Ri −Rj ]

[e

k2 .⟨ûoi ûoj ⟩T

− 1] ,

j

(D.16)
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where we have let ek ⟨ûoi ûoj ⟩T = 1 + [ek ⟨ûoi ûoj ⟩T − 1] and k2 ⟨û2oi ⟩ = k2 ⟨û2oj ⟩ = 2W
The first term in the brackets represents a complete sum over all the equilibrium
lattice positions of the atoms. It is this term which gives rise to delta functions in
2

2

reciprocal space, i.e. Bragg scattering. This is modulated by the e−2W term which
reduces the intensity of the scattered radiation as the atomic vibrations increase.
The second term in the brackets behaves very diﬀerently and has an intensity that
increases with atomic vibration, the structure factor here is given by the correlations
between atom displacements given by the term ⟨ûoi ûoj ⟩T . This term gives rise to
thermal diﬀuse scattering (TDS). Finally, making the approximation that we have no
correlations between atoms,
⟨ûoi ûoj ⟩T = 0
i ̸= j ,
( N N
)
St (k)e−2W ∑ ∑ −ik.[Ri −Rj ]
2W
S(k) =
e
+ N [e − 1] ,
N
i
j
(
)
S(k) = St (k)e−2W b(k) + [e2W − 1] ,
where letting b(k) =

1
N

N
N ∑
∑

(D.17)
(D.18)
(D.19)

e−ik.[Ri −Rj ] , gives,

i=1 j=1

(
)
S(k) = St (k) 1 − e−2W + e−2W b(k) .
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(D.20)

Appendix

E

Graphite EOS
It is necessary to calculate the EOS for graphite to solve the coupled equations of
the TTM, that is the specific heat for both the electron and ion subsystems. In the
case of the ionic subsystem two diﬀerent models were used: PROPACEOS 4.2 [124]
and ab-initio DFT for the electrons coupled to classical molecular dynamics for the
ions (DFT-MD) [208]. DFT calculations for the electrons were carried out using the
ABINIT software package [74]. In the simulations the structure of solid graphite was
taken to be hexagonal with Pearson symbol hP4, space group P63/mmc, using 194
lattice points with lattice constants a = 2.456 Å and c = 6.696 Å. An electron-ion
pseudopotential that explicitly treated 4 valence electrons using the Perdew-BurkeErnzerhof GGA functional was used. The number of k-points treated per dimension
was 35 and the plane wave cut-oﬀ was 1088 eV ensuring convergence in the electronic
DOS. Temperature results from these diﬀerent calculations are reported in Fig. E.1.
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Electrons

Ions

Figure E.1: Black dashed line: electron temperature plotted against internal energy;
Red dotted line: ion temperature plotted against internal energy extracted from
PROPACEOS 4.2; Blue solid line: ion temperature plotted against internal energy
extracted from DFTMD. The plateau in the temperature, seen when the deposited
energy ranges from from 7 to 22 J/mm3 , is associated to latent heat (not included in
PROPACEOS).
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Appendix

F

Energy Transfer to Electrons and
Ions by a Fast Particle
This appendix outlines a simple derivation found in many classical electromagnetism
textbooks [102]. Consider a proton of mass Mp and energy Ep = Mp γc2 incident
1

upon a stationary target of mass MT . Here, γ = 1/(1 − vp2 /c2 ) 2 , c is the speed of
light in a vacuum and vp the velocity of the incoming proton. The approximation of a
stationary target and an un-deflected proton (impulse approximation) is valid when
the velocity of the incoming beam is very much greater than the thermal velocity of
the target particle.

Figure F.1: Diagram showing typical Coulomb scattering event
The magnitude of the perpendicular and parallel components of the electric field
incident on the target particle are given by,
E⊥ (b) =

γeb
3

(b2 + γ 2 vp2 t2 ) 2
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(F.1)

E∥ (b) = −

γevp t
(b2

3

+ γ 2 vp2 t2 ) 2

(F.2)

where b is the impact parameter and represents the point of closest approach to the
target. In this formulation t = 0 is the time when the proton is positioned at b. The
integral over all time of the parallel electric field (F.2) is zero. The integral of the
perpendicular magnetic field (F.1) is non-zero and related to the momentum transfer
through,
∫ ∞
∫ ∞
Zeγeb
∆p =
dt(ZeE⊥ ) =
dt
3
(b2 + γ 2 v 2 t2 ) 2
−∞
−∞
∫
∫
(F.3)
Ze2 b ∞
dx
du
Ze2 ∞
2Ze2
=
=
3 =
2
2
v
bv −∞ (1 + u2 ) 23
bv
−∞ (b + x ) 2
where Ze is the charge of the target particle. Making one final approximation that
the energy transfer ∆p << mc, i.e. non-relativistic, we can approximate the energy
transfer to the target as,
∆E =

∆p2
2Z 2 e4
Z2
=
∝
2MT
M T b2 v 2
MT

(F.4)

Table F.1: Energy transfer to electrons and ions in a plasma by a hot ion
Eﬀect
Ion
Electron
2
Charge
z
1
Mass
1/1836z
1
Density
1
z
Total
z/1836
z

Looking now at an ion traversing through a macroscopic sample we can compare
energy lost to the electrons and ions. Table F shows the relative energy deposited
in each of the ion species taking into account density, charge and mass. This shows
that the energy transferred to the ions by the fast protons is 1836 times less than the
energy transferred to the electrons.
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Appendix

Additional Details on Fast
Electron Transport
Titanium Graphite
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Figure G.1: Simulation results showing the fast electrons, produced from the laser
interaction of the target, heating the graphite sample. These results are produced
from the fast electron transport code ZEPHYROS. The fast electron density (units
1/m3 ) is shown at time=0.8 ps. The insert shows the Ti-Kα emission from the simulation and the experimental measurement using an absolutely calibrated imaging
spectrometer.
This appendix will discuss in greater detail the eﬀects of magnetic focusing, instability formation and the time-scale of the heating mechanism. This is achieved by
inspecting the results for fast electron density, fast electron current, induced electric
and magnetic fields, heating and resistivity plots from the transport code ZEPHYROS. Each of the plots presented here represents an xy slice through the target. The
x-direction corresponds to the depth within the sample (fast electron propagation di139
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rection), while the y-direction (along page) and z-direction (out of page) correspond
to the distance along the sample surface.
Fig. G.1 is reproduced from section 3.4.2 for clarity and shows the fast electron
density at t=0.8 s produced from the fast electron transport code ZEPHYROS. The
inset shows the resultant line emission at the characteristic energy of 4.51 keV from the
Ti substrate. As discussed earlier this resulting line emission was used to calibrate the
fast electron beam properties including energy, spectral temperature and divergence
angle.

G.1

Magnetic Focusing

By fitting the simulated line emission to the one measured experimentally the divergence angle was found to be ∼80◦ in each of the shots analysed. However, analysis
of the fast electron density divergence from Fig. G.1 shows that the divergence after
propagating through the sample a distance of 50 µm has been reduced to ∼70◦ . This
is the eﬀect of magnetic focusing in the target.
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Figure G.2: Simulation results from ZEPHYROS electron transport code showing the
resistive return current corresponding to the fast electron density in Fig. G.1 at 0.8
ps after the laser is incident on the sample.
The high currents within the sample induce strong electric and magnetic fields
shown in Figs. G.6 and G.7 respectively. These fields can cause the initially divergent
fast electron beam to focus. Evidence of this can be seen in the final panel of Fig. G.6
where strong magnetic fields confine the fast electrons.
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Figure G.3: Simulation results from ZEPHYROS electron transport code showing the
resistivity corresponding to the fast electron density in Fig. G.1 at 0.8 ps after the
laser is incident on the sample.

G.2

Instability Formation

The fast electron current creates a strong electric field in the sample which produces
a cold return current in the opposite direction, see Fig. G.2. This cold return current
experiences greater resistivity and hence through Joule heating deposits energy into
the electron subsystem. Fig. G.3 shows the resistivity at 0.8 ps calculated using the
reduced Lee-Moore model, while Fig. G.4 shows the resultant electron temperature
from this heating. On this time-scale any energy loss to the ions can be considered
negligible.
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Figure G.4: Simulation results from ZEPHYROS electron transport code showing the
electron temperature corresponding to the fast electron density in Fig. G.1 at 0.8 ps
after the laser is incident on the sample.
The variation of the resistivity with temperature leads to the possibility that struc141
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tures or instabilities can form within the sample. The properties of these structures
vary depending on how the resistivity varies with temperature. A detailed description
can be found in [153, 154]. In the Lee-More model resistivity increases with temperature up to around 2 eV and decreases above this value. No evidence of filamentation
instabilities are seen in the simulations. The formation of so called striations, larger
scale structures may be visible towards the end of the Ti substrate. However, once the
electron beam passes into the graphite is appears that no remnants of this structure
remain. The experimental data corroborates this as there is no large scale structure
in either the ion temperature measurements or the spatially resolved X-ray emission
(inset of Fig. G.1).
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Figure G.5: Simulation results from ZEPHYROS electron transport code showing the
current corresponding to the fast electron density 2.0 ps after the laser is incident on
the sample.
Finally, when heating by a short-pulse beam propagating near the axis it is possible
for currents to remain in the system long after the laser beam has been switched oﬀ.
A current loop can be formed with in the sample with a typical decay time of the
order of the resistive skin time, µ0 a2 /η. A calculation of the skin time, with a scale
length of a =50 µm (graphite depth) and a resistivity of the order of η =1e-3 Ohm-m
for cold graphite (perpendicular to the basal plane), leads to a skin-time of the order
of 1 ps. As we expect currents formed in the sample to decay on this time scale
and the time scale of the experiment is of the order of 100 ps we can consider the
heating mechanism to be instantaneous in the graphite. Additionally, by looking at
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the evolution of the currents in the ZEPHYROS simulation we find that within 2 ps
of the laser pulse the electrons have a negligible eﬀect on the heating, see Fig G.5.
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Figure G.6: Simulation results from ZEPHYROS electron transport code showing the magnetic field strength corresponding to
the fast electron density in Fig. G.1 at 0.8 ps after the laser is incident on the sample.
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Figure G.7: Simulation results from ZEPHYROS electron transport code showing the electric field strength corresponding to
the fast electron density in Fig. G.1 at 0.8 ps after the laser is incident on the sample.
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Appendix

H

Simple Proof of Hohenberg and
Kohn Theorems
The first Hohenberg and Kohn theorem states that the external potential of a system,
v(r) is determined entirely by the electron density ρ(r). The proof of this theorem
is exquisitely simple. First we note that simple integration of the electron density
provides N , the number of electrons in the system. Then we consider two systems
with diﬀering potentials, v1 and v2 which have the same ground state density, ρ. We
would then have two Hamiltonians H1 and H2 with two diﬀering ground state wave
functions ϕ1 and ϕ2 .
Since E0 = min E[ϕ] it follows that E[ϕ] ≥ E0 . Inserting the wave functions ϕ2
ϕ

into the Hamiltonian for system 1 the inequality can be written as,

E01 < ⟨ϕ2 |Ĥ1 |ϕ2 ⟩ = ⟨ϕ2 |Ĥ2 |ϕ2 ⟩ + ⟨ϕ2 |Ĥ1 − Ĥ2 |ϕ2 ⟩ ,
∫
= E02 + ρ(r)[v1 (r) − v2 (r)]dr .

(H.1)
(H.2)

Similarly inserting the wave functions ϕ1 into the Hamiltonian for system 2 the
inequality can be written as,

E02 < ⟨ϕ1 |Ĥ2 |ϕ1 ⟩ = ⟨ϕ1 |Ĥ1 |ϕ1 ⟩ + ⟨ϕ1 |Ĥ2 − Ĥ1 |ϕ1 ⟩ ,
∫
= E01 − ρ(r)[v1 (r) − v2 (r)]dr .

(H.3)
(H.4)

Adding equations H.2 and H.4 gives E01 + E02 < E02 + E01 which is a contradiction. Thus, there cannot be two diﬀerent potentials that give the same ground state
electronic density [148].
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I

Extracting Transport Coeﬃcients
from Molecular Dynamics
In section 5.6 a generalised hydrodynamic model of the DSF is used to fit the X-ray
scattering spectrum taken from a dense aluminium plasma. Thermodynamic and
transport coeﬃcients are then extracted through fitting the scattering spectrum.
In section 2.1.3 on correlation functions it is demonstrated that the internal energy
of a system and its pressure can both be obtained from the RDF of a MD simulation. In fact, many more thermodynamic and transport coeﬃcients can be extracted
from MD in a similar way. It is therefore of interest to compare the results from the
two methods as a study of the applicability of MD to describe these dense plasmas.
Specifically, for a Yukawa plasma, these coeﬃcients have been parametrised in various
studies negating the need to actually run the numerical simulations. These parametrisations allow thermodynamic and transport coeﬃcients to be calculated analytically,
albeit from the fit to numerical data.
For the aluminium plasma studied in chapter 5.6 (T=5 eV, ρ=7 g/cm3 ) we obtain
an ion-ion coupling parameter of Γii ∼ 5.6 and a screening length of κ = 1.75 −
2.14 Å−1 . This gives a value for the dimensionless screening length of κ∗ = κa ∼
2 − 2.3 depending on the choice of model, either the two temperature mixing [67]
or the Thomas-Fermi [174]. Other parameters necessary to calculate the following
transport and thermodynamic coeﬃcients are the ion density, ni = 1.5 × 1029 /m3 ,
the plasma frequency, ωp =0.15 fs−1 , and, the WignerSeitz radius a = 1.15 Å. An
ionisation of Z=1.5 was used throughout the calculation.
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I.1

Sound Speed and Heat Capacity Ratio

Hamaguchi et al. (1996, 1997) [83, 84] demonstrated that for a Yukawa plasma the
excess internal energy extracted from a MD simulation can be fitted to,
u(κ, Γ) = a(κ)Γ + b(κ)Γs + c(κ) + d(κ)Γ−s ,

(I.1)

where for a screening length of κ∗ = 2.0 the parameters are,
a = −1.270571
b = 0.442193

(I.2)

c = −0.382900
d = 0.100506
The excess energy per particle for this system is u/Γii = −1.188.
The total internal energy of the system is given by,
U = U0 + N kB T u(κ∗ , Γii ) ,

(I.3)

where U0 = 3/2N kB T is the internal energy of the ideal gas. From this expression it
is clear that u(κ, Γ) is a dimensionless variable.
The following derivations are based on the work in appendix D of Ref. [133]. An
expression for the pressure can be related to the internal energy through [21],
P
1 U − U0
=1+
,
(I.4)
P0
2 U0
where P0 = nkB T is the pressure of the idea gas. Then taking the standard thermodynamic expressions for the heat capacity at constant volume,
(
Cv =

∂U
∂T

)
,

(I.5)

,

(I.6)

V

the heat capacity at constant pressure,
(
CP =

∂U
∂T

)
P

and the isothermal compressibility,
1
χT = −
V

(

∂V
∂P

)
,
T

can now all be derived in terms of the excess internal energy, u.
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By taking the partial derivative of Eq. I.3 with respect to the temperature T an
expression for the heat capacity at constant volume is found to be,
(
)
CV
3
∂
∗
[T u(Γii , κ )]
= +
N kB
2
∂T
( V
)
3
∂
∗
∗
= + u(Γii , κ ) + T
u(Γii , κ )
2
∂T

(I.8)

To calculate this function Mithen (2013) [133] notes that κ∗ is just a number
that governs the interaction potential and does not depend on temperature in the
model Yukawa system. The partial derivative with respect to temperature can then
be altered through the use of the chain rule to,
∂
∂Γii ∂
1 Γii ∂
=
==
.
∂V
∂V ∂Γii
3 V ∂V

(I.9)

which gives,
CV
3
∂
= + u(Γii , κ∗ ) − Γ
u(Γii , κ∗ ) .
(I.10)
N kB
2
∂Γii
Given the parameterisation for u by the Hamaguchi EOS the heat capacity at
constant volume can be numerically calculated from the above expression. Likewise
appendix D of Ref. [133] derives similar expressions for the isothermal compressibility,
χ0T
1
1
∂
= 1 + u(Γii , κ∗ ) + Γii
u(Γii , κ∗ ) ,
χT
3
9 ∂Γii

(I.11)

and the heat capacity at constant pressure,
CP
CV
1
=
+
N kB
N kB 9

(

CV
N kB

)2

χT
.
χ0T

(I.12)

Finally an expression for the heat capacity ratio is obtained by,
γ=

CP
,
CV

(I.13)

and the sound speed through,
√
cs =

γkB T χ0T
.
m χT

(I.14)

It must be noted that these derived equations are known to give a negative compressibility for the Yukawa system. As discussed in the main text this is due to the
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Yukawa potential including the screening eﬀects of the electrons but the simulation
containing only ions. Hence, to obtain a physically accurate result the eﬀect of the
neutralising electron background must be included. Salin [172] (2007) notes that the
eﬀect of the background can be included by adding a term to the compressibility,
χ0T
4πβ
χ0T
=
+ ∗2 ρ ,
WB
χT
κ
χT

(I.15)

which in the reduced units preferred by Mithen gives,
χ0T
χ0T
3Γii
+ ∗2 .
=
WB
χT
κ
χT

(I.16)

For the system studied here the heat capacity ratio is determined to be γ=1.08
and the sound speed to be cs =6.54 km/s. Finally, it should be noted that the recovered sound speed disagrees with the sound speed obtained directly from the MD
simulations performed by Mithen and given in Ref. [133]. For the case of Γii = 5 and
κ∗ = 2 the sound speed obtained directly from MD is given as cs =9.67 km/s. Since
the cause of this discrepancy is currently unknown, both the fit to EOS models and
the direct calculation are given in the main text. Preliminary work suggests that the
paramaterisation of internal energy by Hamaguchi is the cause of the discrepency.
The calculation of the heat capacity ratio shows no apparent discrepancy between
the EOS fit and the MD [134].

I.2

Shear Viscosity

The transport coeﬃcients have been directly parameterised and do not depend on
the internal energy. The parameterisation of the terms are often given in terms of the
dimensionless variable T∗ which is the ratio of temperature T to the melt temperature
Tm , or equivalently Γ∗ii = Γii m /Γii . For a dimensionless screening parameter κ∗ = 2
we have that T∗ = 78.6 [170].
The shear viscosity term is calculated from parametrisations given by Saigo and
√
Hamaguchi (2002) [170]. They define the reduced shear viscosity η̂=η/( 3mni ωE a2 )
where the Einstein frequency, a characteristic frequency of the system, is given by
√
0.5315= 3ωE /ωp for κ∗ = 2. The parametrisation of the shear viscosity is then given
by,
η̂ = aT ∗ + b/T ∗ + c
where for κ∗ = 2,
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a = 0.005091
b = 0.393

(I.18)

c = 0.000596
giving η̂=0.4 and η =2.97 mPa s.
Sanbonmatsu and Murillo (2007) [175] who discuss in detail the minimum bound
on the shear viscosity give the value at Γii = 5 and κ∗ ∼ 2 as η ∗ =0.0829, where the
reduced shear viscosity is now η ∗ = η/(mni ωp a2 ), giving η =1.16 mPa s.

I.3

Thermal Diﬀusivity

The thermal diﬀusivity term can be directly calculated from the parametrisation of
MD data provided by Ohta and Hamaguchi (2000) [146]. They propose the following
equation,
DT∗ = α(T ∗ − 1)β + γ ,

(I.19)

which for a dimensionless screening parameter κ∗ = 2 the coeﬃcients are given by,
α = 0.0131
β = 1.04

(I.20)

γ = 0.00385
which gives a dimensionless thermal diﬀusivity of DT∗ = 1.21 equating to DT =
ωE a2 D∗ = 0.7 × 10−6 m2 /s.
A second parameterisation of the thermal diﬀusivity is given by Donkó and Hartmann (2004) [50] where DT is converted from values for the thermal conductivity λ
through DT = λ/cp , in which cp is the volumetric heat capacity at constant pressure
calculated above in section I.1. They parametrise the thermal diﬀusivity by,
λ∗ = 0.018T ∗ + 1.05/T ∗ + 0.115 ,

(I.21)

which for this system gives a dimensionless thermal conductivity of λ∗ =1.79. Again,
√
this can be related to the thermal conductivity through λ = λ∗ nkB 3ωE a2 giving a
value of λ =4.07 W/(K m). Converting this into a thermal diﬀusivity gives DT =
1.01 × 10−6 m2 /s.
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U. Zastrau, and S. H. Glenzer, Observations of strong ion-ion correlations in dense
plasmas, Physics of Plasmas, 21 (5), 056302 (2014)
• L. B. Fletcher, H. J. Lee, B. Barbrel, M. Gauthier, E. Galtier, B. Nagler, T. Döppner,
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Electron and lattice dynamics following optical excitation of metals. Chemical Physics
251:237–258 (2000).
[95] N. C. Holmes, J. A. Moriarty, G. R. Gathers, and W. J. Nellis. The equation of state
of platinum to 660 gpa (6.6 mbar). Journal of Applied Physics 66 (1989).
[96] C. Huang and E. A. Carter. Transferable local pseudopotentials for magnesium,
aluminum and silicon. Physical Chemistry Chemical Physics 10:7109–7120 (2008).
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