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Computational chemists have successfully simulated many systems by applying the
principles of quantum mechanics, while approximate molecular mechanical models have
seen great utility in problems of biochemical interest. In recent years, a number of
methods have been developed to combine the advantages of both techniques. In this
study the so-called QM/MM method is developed and applied to the determination of
the free energy of a simple Menshutkin SN 2 chemical reaction. This is an extremely
demanding process, well beyond the computational capacity of an average workstation,
and thus a Beowulf-class Linux cluster is constructed to perform the calculations, and
tested for a variety of computational chemistry applications.
A number of methods for improving the QM/MM approach are considered in this
work. The Fluctuating Charge, or FlucQ, polarizable molecular mechanics force field
is implemented in a flexible manner within the CHARMM package and tested for a
variety of systems, including the SN 2 test case. Several drawbacks of the original
method are addressed and overcome.
Both molecular dynamics and Monte Carlo techniques are used within the QM/MM
framework to investigate the SN 2 reaction, and the two methods are compared.
Techniques are developed and tested to increase the efficiency of QM/MC calculations
to the point where they become competitive with QM/MD.
Extremely expensive QM treatments are shown to be required to obtain accurate
energies for the Menshutkin reaction. A method is developed and tested, and compared
with the traditional ONIOM technique, for dramatically reducing the computational
time required to use these treatments for QM/MC simulations, paving the way for fully
ab initio high basis set QM/MM simulation.
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Introduction
In 1965, only a few short years after the first planar integrated circuit had been
designed, Gordon Moore made the observation that “the complexity for minimum
component costs has increased at a rate of roughly a factor of two per year” [4] and
predicted that this trend could continue for perhaps another decade. Nearly forty years
on, this statement is known in very simplified form as “computers double in speed every
12 months” and is dubbed ‘Moore’s Law’. Remarkably, this ‘law’ still holds, and the
exponential increase in calculation power has revolutionised a large number of fields.
Science has of course been strongly affected, and the young field of computational
chemistry is driven in large part by this continual increase in computational power.
The principles of quantum mechanics [5] have been known since the early years
of the twentieth century, predating the onset of electronic computers, and provide an
exact treatment of chemical systems at the level of nuclei and electrons. However, the
equations are not soluble for systems of more than two particles, which restricted their
application before computing machines provided the means to numerically evaluate
the large number of integrals required to obtain approximate solutions of the equations
for larger systems, by use of the Hartree-Fock method [6, 7]. The increase in computer
power has enabled the use of increasingly better approximations to ab initio properties,
such as configuration interaction [5], perturbation [8] and Density Functional [9]
techniques. At the same time, it has allowed the study of bigger systems and for
longer timescales. Still larger systems, such as entire proteins, have been successfully
simulated by neglecting the electronic degrees of freedom and approximating the energy
1

of the system by means of a ‘molecular mechanics’ (MM) force field parameterized from
experimental or ab initio data [10, 11].
Computer power can be further increased by linking a collection of computers
together to work on a problem, or collection of problems, in concert; the most powerful
supercomputers currently available are built in this way. However, many methods do
not easily lend themselves to being split over several computers. The more advanced
techniques tend to scale poorly with the number of atoms being simulated, and
many problems of biochemical interest involve very large numbers of atoms (such
as lipid bilayer and ion channel simulations, protein-protein interactions, protein
folding studies, and the behaviour of protein assemblies) while very large numbers
of configurations need to be considered for free energy determination, vital in the
simulation of chemical reactions and determination of equilibrium constants. Thus,
the more advanced methods cannot currently be applied to the largest systems, and
there is still a large demand for approximate methods and so-called ‘linear scaling’
techniques [12, 13].
Several methods exist for the approximate evaluation of the free energy [14, 15].
For the determination of the system energy itself, a group of approaches that combine
molecular mechanical techniques with ab initio treatments, known as Hybrid QM/MM
methods [16, 17], have shown great utility. These approaches apply QM techniques
to a small part of a system, for example the active site of a protein, and use the
more approximate MM techniques to model the surrounding environment. QM/MM
methods have been greatly developed in the last decade, for example for the calculation
of chemical shifts [18], and have been applied to a wide variety of systems [19–21].
However, the techniques are not easy to use, requiring careful setup and calibration
for each system, while they are not nearly as well supported as MM or QM techniques
by the common computational chemistry simulation programs. This currently restricts
the applicability of such methods to rather specialist applications.
2

One major drawback of QM/MM methods is the difficulty of interfacing between the
MM and QM regions; the former’s lack of an explicit treatment of the electron density
requires that the interface is chosen in a region where the density is not expected to
fluctuate. Many solutions have been attempted [22,23], but the choice of where to place
the interface is still not a trivial one, and there are no solid rules to guide the researcher.
A related problem is that QM/MM simulations are not fully polarizable; although
the QM region is able to polarize in response to changes in the MM environment,
the reverse is not possible. This lack of polarizability in MM descriptions has been
suggested as the cause of observed discrepancies between QM/MM predictions and
experiment [24]; furthermore, even when carrying out conventional MM simulations,
polarization can make non-negligible contributions to the energy, particularly for
highly polar solvents such as water. Thus, there has been significant interest in the
development of polarizable molecular mechanics force fields [25–30]; however, most of
these treatments are computationally expensive. In this work, a novel method based on
the concept of electronegativity equalisation [31, 32], the so-called Fluctuating Charge
or FlucQ method [30, 33–35], is evaluated for use both in conventional MM simulation
and for the QM/MM determination of free energy.
While FlucQ aims to improve the accuracy of the MM part of a QM/MM system,
the QM region can be similarly improved by simply using a higher level of QM theory.
However, this can increase the amount of computer time required to perform the
calculations by orders of magnitude. Thus, there is significant interest in methods
for ‘correcting’ energies obtained at a low level to a higher level in some approximate
way [36]. In this work, a new method is developed and tested, which aims to achieve
such a correction.
In Chapter 1 of this study, the various theories and methods used in modern
computational chemistry are outlined. As mentioned above, the application of many
of these procedures requires computing power beyond that available on the desktop;
3

thus in Chapter 2 the various solutions for High Performance and High Throughput
Computing are explained, and the computational infrastructure put in place and used
for this research is described and profiled. Conventional supercomputer solutions are
compared with the more recent innovation of using clusters of inexpensive, commodity
machines.
Chapter 3 gives an overview of the FlucQ method, and describes the developments
made to it during this study. The implementation of the method in a flexible manner
within CHARMM [10], a package for MM and QM/MM simulation, is also detailed.
The model is then applied to a variety of MM and QM/MM systems in Chapter 4 to
evaluate its performance. In Chapter 5 it is further applied to the determination of
the free energy profile of the Menshutkin reaction, a simple SN 2 process, and compared
with other non-polarizable QM/MM methods used for the same purpose. Finally, the
technique of using Monte Carlo simulation methods in conjunction with a QM/MM
energy treatment is investigated in Chapter 6. A number of methods for optimizing
the efficiency of these techniques are developed and tested.

4

Chapter 1
Theoretical background
1.1

Overview

Computational chemistry is applied to a wide range of systems; a correspondingly large
number of theories and methodologies have been devised to obtain various properties
from these systems at differing levels of accuracy. In this chapter, the basic tenets of
quantum mechanics, the underpinning of modern physics and chemistry, are outlined
and the approaches used to obtain solutions for chemical problems are elucidated.
More approximate techniques are also summarised, and some subtleties that arise
when simulating macromolecular systems, such as the treatment of surface effects, are
tackled. Finally, the determination of energy minima and free energies, vital for the
detailed study of chemical systems and for comparison with experimental properties,
is also explained.

1.2

Quantum mechanical treatments

Quantum mechanics generally involves solutions to the time-independent and nonrelativistic Schrödinger equation [5], which links the energy of the system, E, to its

5

wavefunction, Ψ, via the Hamiltonian operator Ĥ:

ĤΨ = EΨ

(1.1)

This is an ab initio approach (literally ‘from first principles’) and requires no
parameterization, requiring only fundamental physical constants such as the mass and
charge of the electron. The wavefunction Ψ describes the system completely, and
in theory can be used to give exact values for any measurable property or observable
(such as, in this case, the energy). However, the Schrödinger equation cannot be solved
exactly for systems involving more than two particles; such systems are non-integrable.
A number of approximations must therefore be made in order to be able to use it
to derive energies for almost all systems of interest. The first of these is the BornOppenheimer Approximation [37]. Nuclei are very much heavier than electrons, and so
can be assumed to be stationary on the timescale of motion of the electrons. Thus, it
is only necessary to solve the electronic Schrödinger equation,

Ĥelec Ψelec = Eelec Ψelec

(1.2)

where, for a system of N electrons and M nuclei, in atomic units,

Ĥelec = −

N
X
1
i=1

2

∇2i

−

N X
M
X
ZA
i=1

riA
A=1

N X
N
X
1
+
r
i=1 j>i ij

(1.3)

The first term in this expression accounts for the kinetic energy of the electrons
(∇2 being shorthand for ∂ 2 /∂x2 + ∂ 2 /∂y 2 + ∂ 2 /∂z 2 ). The second covers the attractive
interaction between each electron i and the nuclear charges ZA , separated by a distance
riA , and the third accounts for the repulsion between two electrons i and j.
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After solving the electronic Schrödinger equation, a contribution is made to the
total energy from the repulsions between the fixed nuclei, Enuc :

E = Eelec + Enuc = Eelec +

M X
M
X
ZA ZB
RAB
A=1 B>A

(1.4)

This approximation is so general that from here on, energies and operators without
a subscript should be assumed to be referring to the electronic system.
Hartree-Fock approximation
The electronic wavefunction of an N -electron system, Ψ, can be written as a Slater
determinant [38, 39] of N spin orbitals, χ:
Ψ(x1 , x2 , . . . , xn ) = |χi χj · · · χk i
¯
¯
¯
¯ χi (x1 ) χj (x1 )
¯
¯
¯
¯ χi (x2 ) χj (x2 )
¯
= (N !)−1/2 ¯
¯ .
..
¯ ..
.
¯
¯
¯
¯
¯χi (xN ) χj (xN )

...
...
...
...

¯
¯
¯
χk (x1 ) ¯
¯
¯
¯
χk (x2 ) ¯¯
¯
.. ¯¯
. ¯
¯
¯
¯
χk (xN )¯

(1.5)

The spin orbital χi (x1 ) is a wavefunction for a single particle, and is the product of
a spatial orbital ψi (r 1 ) and a spin function (α or β) such that every spatial orbital can
contain two, spin-paired, electrons. The Slater determinant form of the wavefunction
ensures that the wavefunction is antisymmetric with respect to exchange of identical
electrons, in line with Pauli’s principle [40]. The spatial orbitals used are generally
orthonormal, i.e.
Z

drψi∗ (r)ψj (r) = δij
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or

hi|ji = δij

(1.6)

where δij is the Kronecker delta,

δij =




0 :


1 :

i 6= j

(1.7)

i=j

The variational principle states that the energy of any trial wavefunction will always
be greater than that of the ‘true’ wavefunction. Thus, the best guess at the true
wavefunction will be that which corresponds to the minimum energy. By varying the
functional forms of the spin orbitals — subject to the constraint that they remain
orthonormal — such that the energy is minimized, the Hartree-Fock [6, 7] equation is
derived, which is an eigenvalue equation of the form

f χi = ǫi χ i

(1.8)

where the Fock operator, f (1), is an effective one-electron operator, acting in this case
on electron 1:
N
X
f (1) = h(1) +
[Jj (1) − Kj (1)]

(1.9)

j=1

Here h(1) accounts for the kinetic and nuclear potential energy of electron 1:
M
1 2 X ZA
h(1) = − ∇1 −
2
r1A
A=1

(1.10)

Jj (1) is the Coulomb operator, which quantifies the average electrostatic interaction
between the electron and all other electrons:

Jj (1)χi (1) =

·Z

χ∗j (2)
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¸
1
χ (2)dr2 χi (1)
r12 j

(1.11)

Kj (1) is the Exchange operator, which quantifies the purely quantum mechanical
exchange interaction between particles of like spin:

Kj (1)χi (1) =

·Z

χ∗j (2)

¸
1
χ (2)dr2 χj (1)
r12 i

(1.12)

Basis sets
The exact form of the set of spatial orbitals {ψi } is not known. Thus, each orbital
is defined as a linear combination of known functions, {φµ }, termed a basis set. The
calculation of energy and other properties then becomes a matter of determining the
optimum values of the coefficients Cµi :

ψi =

K
X

Cµi φµ

(1.13)

µ=1

It is preferable to represent the individual orbitals that go to make up the
wavefunction by Slater-type functions, of the form A|r − RA |n e−ζ|r−RA | , where A is a
normalization constant, RA the centre of the orbital, and n and ζ function parameters;
the exact solution of the Schrödinger equation for the hydrogen atom, for example, fits
this form, and it has been shown [5] that molecular orbitals are of the form ψi ∼ e−ai r
for large r.
Unfortunately, multicentre integrals of Slater-type functions are very hard or very
slow to calculate. If, however, the functions are replaced by Gaussian-type functions,
2

of the form Ae−α|r−RA | , then these integrals become straightforward; the product of
two Gaussians is simply a third Gaussian, centred on the line between the original
two centres, and this reduces a complex four-centre integral to a much simpler twocentre problem. However, Gaussian functions do not fit the behaviour of molecular
orbitals in the same way that Slater functions do; they do not have a cusp at r = 0
(the gradient of a Gaussian here is in fact zero) and they decay to zero too quickly
with increasing r. These problems can be countered somewhat by approximating a
9

given Slater-type function, centred at RA , as a linear combination of one or more
Gaussian-type functions, gp [41]. The Gaussian functions are centred at RP ; this is
almost always, however, set to be equal to RA . Thus, a given Gaussian function in
the sum is characterised by its exponent αpµ and its contraction coefficient dpµ , and is
also known as a ‘primitive’. The resulting linear combination is known as a contracted
Gaussian function:

φCGF
(r − RA ) =
µ

L
X
p=1

dpµ gp (αpµ , r − RP )

(1.14)

In principle, this equation is the same as that in equation 1.13, and the coefficients
dpµ could be determined during an energy calculation in the same way that Cµi are.
However, in practice it is more efficient to fix the values of dpµ beforehand and not
allow them to vary. Optimum contraction coefficients are chosen by a least squares fit
between the desired Slater function and the combination of Gaussians.
The simplest application of this method is used in a minimal basis.

The

wavefunction is built up from a combination of orbitals that cover the conventional
atomic orbitals up to the valence shell; for example, Be is modelled with a single
1s orbital and four 2sp orbitals. Each of these orbitals is approximated by a linear
combination of Gaussians; for example, the STO-3G basis set [42] uses 3 Gaussian
functions for each Slater-type orbital. Such basis sets require the minimum of integral
evaluations, and are useful for quick results. They do not generally give accurate
molecular properties, however [5].
To describe the system more exactly, the size of the atomic orbitals should be
optimized. This could be achieved by adjusting the orbital exponents during the energy
calculation, to give optimum properties. However, this is rather time-consuming; the
usual approach is to replace the one function per orbital approach used for a minimal
basis with two functions. The coefficients of these functions in equation 1.13 are then
optimized during the energy calculation. Generally, one of these functions is slightly
10

more dense than the minimal basis solution, and the other is more diffuse. By varying
the two coefficients, the size of the resulting orbital can be adjusted. A basis set
employing double functions in this way is known as a double zeta basis. (Triple zeta
basis sets improve the fit still further by using three functions, and so on.) This
approach increases the amount of computer time required tremendously, of course,
and usually only the valence orbitals are split in this way, resulting in a so-called
‘split-valence’ basis set [43]. An example is the 6-31G basis, which approximates each
core orbital by a contraction of 6 Gaussian functions, and each valence orbital by two
functions, one of which is a contraction of 3 Gaussians, and the other a contraction of
a single Gaussian.
Although double zeta basis sets can deal with size fluctuations, they are unable to
cope with anisotropy of the system. Such anisotropy can be introduced by polarization
of the electron density; although this density is spherically symmetric in an isolated
atom, an applied electric field will perturb this. Such a field will be created by the
mere presence of the other atoms in a molecular system. This anisotropy is accounted
for by the introduction of polarization functions; these represent orbitals of higher
angular momentum than the valence orbitals [44–46]. For example, 3 p-type primitive
Gaussians are added to hydrogen, and a set of d -type functions are added to heavier
elements (in fact, it is easier to add 6 functions, which are linear combinations of the
5 familiar d orbitals and one s-type orbital). A basis set incorporating polarization
functions can be written with their types explicitly stated — e.g. 6-31G(d,p) [44] uses
d functions on heavy atoms, and p functions on hydrogen and helium — or with a
convenient asterisk shorthand, in which a single asterisk is taken to mean ‘polarization
functions only on heavy atoms’ and two as ‘polarization functions on all atoms’. The
previous basis can thus be written as 6-31G**.
Finally, all the orbitals considered so far have been centred on nuclei. This causes
problems when dealing with electron density far from the nuclei — e.g. for lone pairs or
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anions — as the functions are rather close to zero in that region. To try to counter this,
additional diffuse Gaussian functions of s and p type can be added to the basis [47,48].
The presence of diffuse functions is denoted in a similar way to polarization functions,
except that a plus sign is used; for example, the 6-31+G** basis is a 6-31G basis
modified by adding polarization functions on all atoms, but diffuse functions only on
the heavy atoms.
The Roothaan-Hall equations
The Roothaan-Hall equations, developed independently by Roothaan [49] and Hall [50],
recast the Hartree-Fock system of integro-differential linear equations into matrix form,
and solve them for a finite basis set and a closed-shell system. This enables solutions
for ab initio systems to be determined by computer programs. The Roothaan-Hall
equations can be written in matrix form as

FC = SCE

(1.15)

where F is a K-by-K matrix (where K is the number of basis functions). The individual
elements of the Fock matrix are given as

core
Fµν = Hµν
+

K
K X
X
λ=1 σ=1

¤
£
Pλσ (µν|λσ) − 12 (µλ|νσ)

(1.16)

core
Hµν
is simply the result of applying the h(1) operator defined in equation 1.10 to

the basis:
core
Hµν

=

Z

φ∗µ h(1)φν dr1

(1.17)

C is a square matrix of the coefficients Cµi , and E is a diagonal matrix of the orbital
energies. For convenience, the C matrix is rarely used directly; instead, the density
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matrix, P, is employed, with elements

Pµν = 2

N/2
X

∗
Cµi
Cνi

(1.18)

i=1

The exchange and Coulomb integrals of the Hartree-Fock equations are replaced by
the following 2-electron integrals over the basis set:

(µν|λσ) =

Z

φ∗µ (1)φν (1)

1 ∗
φ (2)φσ (2)dr1 dr2
r12 λ

(1.19)

S is the overlap matrix; note that the basis functions, unlike the orbitals, are usually
normalised but are not necessarily orthogonal. S has elements

Sµν =

Z

φ∗µ (1)φν (1)dr1

(1.20)

The Fock operator itself is dependent on the spin orbitals χi , and thus the
Fock matrix is dependent on the coefficient matrix C .

Thus, the Roothaan-Hall

equations cannot be solved exactly; an iterative procedure must be employed instead.
The procedure employed is known as Self Consistent Field or SCF. Physically, this
corresponds to obtaining a field which produces a particular charge density, which
is equal to the field calculated using that same charge density, i.e. the field is selfconsistent.
In order to solve the Roothaan-Hall matrix equation, it must first be transformed
into a conventional eigenvalue equation, by eliminating the overlap matrix S. This is
done by determining a transformation matrix X such that

X † SX = I

13

(1.21)

X is often set to the inverse square root1 of S. By defining a new coefficient matrix C ′
as

C ′ = X −1 C

(1.22)

C = XC′

(1.23)

FX C ′ = SX C ′ E

(1.24)

equation 1.15 can be rewritten as

By premultiplying by X † , and defining a new transformed Fock matrix

F ′ = X † FX

(1.25)

the transformed Roothaan equations are produced:

F ′C ′ = C ′E

(1.26)

The Self Consistent Field procedure is then carried out as follows:
1. Read in the atoms to be modelled by QM. Decide upon a suitable basis set, {φµ }.
2. Calculate the overlap integrals, Sµν , the transformation matrix X , the core terms,
core
Hµν
, and the two electron integrals, (µν|λσ). These do not change during the

SCF procedure.
3. Obtain a first guess for the density matrix P, usually from a calculation at a
lower level of theory.
1

This is known as symmetric orthogonalisation. In practice, canonical orthogonalisation deals
rather better with basis sets which are close to linear dependence.
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4. Calculate the Fock matrix F using this density matrix and the precalculated
integrals, using equation 1.16. Transform it to F ′ using equation 1.25.
5. Diagonalise F ′ to obtain C ′ and E with equation 1.26.
6. Calculate the new density matrix P.
7. Check to see if the calculation has converged. If not, use the new density matrix
and return to step 4.
The convergence of an SCF calculation is usually determined by comparing the old
and new properties. Convergence is achieved if the difference between the old and new
energy, or between the old and new density, is below a certain threshold. Under some
circumstances, the energy can fluctuate between SCF cycles, rather than smoothly
approaching a minimum. This problem can often be countered by using a different
initial guess at the density, or by altering the determined coefficients before feeding
them back in to the next SCF iteration; one such method is known as Direct Inversion
of Iterative Subspace, or DIIS [51].
At completion of the SCF, a set of K spatial orbitals are determined, with associated
energies. The N/2 orbitals with the lowest energy are assumed to each be filled by two
electrons with paired spins.
It should be pointed out that a typical QM calculation requires an enormous number
of two-electron integrals (µν|λσ) to be calculated. Their values do not change during a
calculation; however, the amount of storage required for them all may be prohibitive,
such that they must be stored on a computer’s hard disk rather than directly in memory.
Hard disks are comparatively slow, and thus it may actually be faster to recalculate
some or all of these integrals if they cannot be held in memory. Such an approach is
known as direct SCF. An in-core SCF calculation avoids the disk overhead by storing
all integrals directly in memory, and thus is only suitable for small systems.
15

Electron correlation
A consequence of the Hartree-Fock approximation, that each electron moves in the
average field of the other electrons, is that the motions of electrons are not as correlated
as they should be. The difference between the Hartree-Fock energy and the true value is
thus termed ‘correlation energy’ [52]. A complete treatment of correlation is important
for accurate energetics, particularly in systems with many electrons.

Within the

framework of conventional Hartree-Fock theory, two main methods are used to account
for correlation energy. The first of these is configuration interaction [5] (CI) in which
the wavefunction is actually written as a linear combination of the standard HartreeFock solution for the ground state, plus additional excited state configurations. An
alternative method is Møller-Plesset theory [8], in which the wavefunction is improved
by the addition of higher-order perturbations. Both methods are orders of magnitude
more expensive in terms of computer time, however, and so are generally only ever used
to give more accurate energies for geometries optimized at a lower level of theory.

1.2.1

Semi-empirical methods

The majority of the time in a typical QM calculation is spent calculating the 2-electron
integrals depicted in equation 1.19. Thus, significant time savings could be achieved
by ignoring or approximating some of these integrals; this is exactly what is done by
the ‘semi-empirical’ methods, so called because the approximations to certain integrals
are parameterized from experiment. Such methods are thus a combination of the
conventional SCF procedure used in ab initio methods and empirical data.

The

approximations result in large time savings, and the parameterization from experiment
means that better results can often be obtained from semi-empirical methods than
from ab initio calculations with small basis sets, partly because electron correlation is
implicitly included in the parameterization.

16

The number of one- and two-electron integrals can be further reduced by considering
only the valence electrons in a calculation. The remaining ‘core’ electrons are subsumed
into the nucleus, and their charges added to the effective nuclear charge. This is in
general a reasonable approximation, as the valence electrons play the largest part in
bonding. The valence electrons are then treated with a basis set of Slater-type atomic
orbitals — for example, Li to Ne require four such orbitals: 2s, 2px , 2py and 2pz .
This can be done (rather than using Gaussian contractions) since the approximations
employed greatly simplify the functional form of the various integrals.
Neglect of Diatomic Differential Overlap
The ‘neglect of diatomic differential overlap’ (NDDO) model [53] ignores only the
overlap between orbitals on different atoms. (Some other semi-empirical methods of
the same era, such as the similar ‘complete neglect’ (CNDO) method [54], ignore other
overlap terms as well, in more severe approximations.) This results in the following
Fock matrix elements, modified from the ab initio matrix presented in equation 1.16,
where the assumption is made that the atomic orbitals φµ and φν are located on atom
A, while φλ and φσ are located on atom B:
core
Fµµ = Hµµ
+

A
X
ν

Fµν =

core
Hµν

+

core
Fµλ = Hµλ
−

B
¤ XX
£
Pλσ (µµ|λσ)
Pνν (µµ|νν) − 12 (µν|µν) +

1
P
2 µν

1
2

B6=A λ,σ

[3(µν|µν) − (µµ|νν)] +

A X
B
X
ν

(1.27)

Pνσ (µν|λσ)

σ
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B
XX

Pλσ (µν|λσ)

(1.28)

B6=A λ,σ

(1.29)

The core Hamiltonian matrix is also altered from the ab initio expression
(equation 1.17) as below:

core
Hµµ
= Uµµ +

X

Vµµ,B

(1.30)

B6=A
core
Hµν
=

X

Vµν,B

(1.31)

B6=A
core
Hµλ
= βµλ

(1.32)

Uµµ is the kinetic energy of an electron in orbital φµ , plus its interaction with the
core of atom A. Note that ZA is the core charge of atom A, comprising the nucleus
plus core electrons, and not the nuclear charge as in the similar ab initio expression
(equation 1.17). Uµµ can be calculated explicitly, but is more usually parameterized to
match experimental data such as ionisation energies.

Uµµ = hµ| − 21 ∇21 −

ZA
|µi
r1A

(1.33)

Vµν,B is the interaction between an electron in the distribution φµ φν (where µ and
ν may be the same) and the core of atom B:

Vµν,B = hµ| −

ZB
|νi
r1B

(1.34)

Finally, βµλ is the resonance integral, which is the main contribution to bonding,
and is assumed to be proportional to the overlap between the orbitals, Sµλ , and to
0
a parameter dependent purely on the types of atoms A and B, βAB
. Sµλ itself is

calculated explicitly from the overlap of the necessary Slater orbitals, and thus the
orbital exponents ζ are introduced as parameters into the method.

0
βµλ = βAB
Sµλ
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(1.35)

Modified Neglect of Differential Overlap
The ‘modified neglect of differential overlap’ (MNDO) model [55] improves NDDO,
largely by refining the H core term, to overcome observed problems caused by the neglect
of penetration. Firstly, the electron-core interaction is written as an interaction between
the electron density φµ φν and a representative s orbital on atom B:

Vµν,B = −ZB (µA νA |sB sB )

(1.36)

The core-core repulsion terms are also altered from the ab initio functional form
given in equation 1.4, such that they agree rather better with the electron-core terms
above. This introduces the extra parameter αA into the model. Note that a different
functional form is used for N–H and O–H bonds, to improve the fit to experimental
data:

EAB = ZA ZB (sA sA |sB sB ){1 + e−αA RAB + e−αB RAB }

(1.37)

EXH = ZX ZH (sX sX |sH sH ){1 + RXH e−αX RXH + e−αH RXH }

(1.38)

Finally, a slightly different form is used in MNDO for the resonance integral, adding
parameters βµA that are dependent both on the type of orbital and the atom:
βµλ = 21 (βµA + βλB )Sµλ

(1.39)

More recent methods
The AM1 (Austin Model 1) model [56] further improves upon MNDO, which has
difficulty in reproducing the energies of many systems such as those containing
hydrogen bonds, crowded molecules, or those including four-membered rings. Most
of MNDO’s problems are believed to stem from its tendency to overestimate repulsions
between atoms when separated by roughly their van der Waals distance, and thus AM1
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aims to improve on this by adding both attractive and repulsive Gaussian terms to the
core-core term. The AM1 core-core term, EAB,AM 1 , is thus related to the corresponding
MNDO term by the following:

EAB,AM 1

ZA ZB
= EAB,M N DO +
RAB

(
+

X

KAi e−LAi (RAB −MAi )

2

i

X

KBj e

−LBj (RAB −MBj

)2

j

)

(1.40)

Thus, AM1 adds a number of extra K, L and M parameters to each atom type, on
top of those already used by MNDO.
The PM3 model [57, 58] uses the same terms as AM1, and differs only in the
parameters used. AM1 parameters were manually chosen based on chemical knowledge,
while PM3 parameters were automatically fitted to experimental properties (and, where
experimental data were unavailable, ab initio results).
AM1, PM3 and MNDO are perhaps the most frequently used semi-empirical
methods in modern computational chemistry. (Simpler methods are generally only
used to obtain a starting guess for the density for use in ab initio methods.) They are
unable to cover many important elements, however, such as most transition metals, due
to the lack of consideration of d orbitals in their parameterization. This problem has
been remedied somewhat in recent years, however, with the development of methods
that do include d orbitals, such as AM1/d [59] and MNDO/d [60–62].

1.2.2

Density Functional Theory

As has been previously mentioned, ab initio methods do not account for electron
correlation explicitly. Although there are ways of adding electron correlation, they are
extremely expensive. An alternative approach is that provided by Density Functional
Theory (DFT) which uses the electron density ρ(r) rather than an N -electron wave
function [9]. DFT was initially proposed as a statistical technique [63], and became
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more widely applicable after the work of Hohenberg and Kohn [64], who presented two
fundamental theorems.
The first Hohenberg-Kohn theorem states that the external electrostatic potential is
uniquely determined by the electron density ρ(r), i.e. the density determines a unique
Hamiltonian and wavefunction. The energy can thus be written as a functional of the
density:
E[ρ] = Vne [ρ] + T [ρ] + Vee [ρ]
Z
= ρ(r)ν(r)dr + T [ρ] + Vee [ρ]

(1.41)

where the functionals Vne [ρ], T [ρ] and Vee [ρ] determine the nuclear-electron interaction
energy, the electron kinetic energy, and the electron-electron interaction energy
respectively from the density, and ν(r) is the potential in which the electrons move.
The second theorem allows the use of the variational principle for determining a
DFT wavefunction, i.e. a guess at the density ρ′ with an associated wavefunction Ψ′ is
related to the true density ρ as follows:

hΨ′ |H|Ψ′ i = E[ρ′ ] ≥ E[ρ]

(1.42)

Unfortunately, the form of the T [ρ] and Vee [ρ] functionals is not known. This
problem was addressed by Kohn and Sham [65] who considered a system with the
same electron density but non-interacting electrons. (Such a system can be solved
exactly via a traditional SCF technique.) The energy functional can then be written
as
E[ρ] = Vne [ρ] + Ts [ρ] + Js [ρ] + Exc [ρ]

(1.43)

where the Ts [ρ] and Js [ρ] functionals are of known form and give the kinetic and
Coulombic energy of the non-interacting system, while the Exc [ρ] functional accounts
for the exchange and correlation corrections between the real and non-interacting
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systems. This leads to the Kohn-Sham equations, which allow Kohn-Sham orbitals
ψi to be determined by means of a conventional SCF approach:
¸
·
Z
ρ(r ′)
1 2
′
dr + νxc (r) ψi (r) = Ei ψi (r)
− ∇ + ν(r) +
2
|r − r ′|

(1.44)

Note that the exchange term from Hartree-Fock theory is replaced by the exchangecorrelation potential νxc (r), which is related to the corresponding functional by

νxc (r) =

δExc [ρ]
δρ(r)

(1.45)

There is currently no way in which this term can be exactly calculated for molecular
systems; in fact, an approximate guess cannot even be systematically improved by using
a larger basis set and/or more SCF cycles, as in Hartree-Fock theory. It can, however,
be calculated exactly for certain model systems, and then corrected for use in real
systems. (It is for this reason that DFT is often considered a semi-empirical theory.)
One such model system is the uniform electron gas — a number of electrons in a
fixed volume, throughout which positive charge is homogeneously distributed so as to
maintain overall neutrality. If the electron density in a molecular system is also assumed
to be largely uniform, or at least a slowly varying function of position, then this exact
solution can be applied. This is known as the Local Spin Density Approximation
(LSDA) or Local Density Approximation (LDA). The most common ‘LDA’ functional
is known as S-VWN5, which uses Slater’s [66] expression for the exchange and Vosko,
Wilk and Nusair’s [67] expression for the correlation.
LDA is a rather poor approximation in practice, as electron density tends to actually
be rather inhomogeneous due to the presence of the nuclei. Thus, more recent exchange
and correlation functionals incorporate the gradient of the electron density, a non-local
correction, and are said to employ the ‘generalised gradient approximation’ (GGA) [68].
For example, the BLYP functional incorporates Becke’s B88 [69] gradient-corrected
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exchange functional and Lee, Yang and Parr’s LYP [70] gradient-corrected correlation
term.
Recent work has suggested that actually incorporating exact Hartree-Fock exchange
into the functional gives improved results. This leads to so-called ‘hybrid GGAs’ such
as B3PW91 [71], where the standard LSDA exchange energy ExLSDA is mixed with the
exact HF exchange energy, with Becke’s gradient correction ∆ExB88 , while the standard
LSDA correlation energy EcLSDA is gradient-corrected by the PW91 [72] functional:
B3P W 91
Exc
= (1 − a0 )ExLSDA + a0 ExHF + ax ∆ExB88 + EcLSDA + ac ∆EcP W 91

(1.46)

The B3LYP [73] functional is more widely used, in which the LYP functional is
used instead of PW91 (as LYP is not easily separable into a local and non-local part,
local VWN correlation is included to approximate this):

B3LY P
Exc
= (1 − a0 )ExLSDA + a0 ExHF + ax ExB88 + ac EcLY P + (1 − ac )EcV W N

(1.47)

In both of these equations, a0 , ax and ac are adjustable parameters. Finally, the
‘half-and-half’ (BH&HLYP) functional is occasionally used, in which the exchange
contribution is made up from equal parts of exact Hartree-Fock and DFT gradientcorrected exchange [74].
The most modern functionals such as B98 [75] fall into the ‘meta GGA’ category,
which improve on hybrid GGAs by adding additional terms such as the Laplacian of the
density, and have been shown [68] to give the most reliable DFT molecular properties
to date.
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1.3

Molecular mechanics force fields

A complete quantum mechanical treatment of a typical system of biochemical interest
is extremely computationally expensive. The evaluation and storage of all necessary
integrals, and the solution of the matrix equations, limits most QM simulations to
systems of under 100 atoms in size. In comparison, typical systems (e.g. solvated
proteins or membranes) can contain hundreds of thousands of atoms. Thus, a more
lightweight and approximate technique is required.
This role is fulfilled by ‘classical’ or molecular mechanical (MM) force fields. The
MM model treats the nuclei as point charges in exactly the same way as QM treatments,
but does not explicitly model electron density; instead, the electron density is assumed
to be localized. Most usually this density is centred on the nuclear positions, such that
only one charge site per atom need be considered, with a total charge equal to the sum
of the electronic and nuclear charges. Electronic density can also be placed away from
nuclear sites, to simulate lone pairs. Obviously, if every atom in a system were treated
independently in this way, the charge on each nucleus would be zero; thus in order to
reproduce the electrostatic environment of a molecule, as determined from experiment
or QM calculations, each atom is assigned a fixed partial charge, consisting of the
nuclear charge plus a fraction of the electron density, chosen to represent the average
amount of charge that is lost or gained by the atom in a molecular environment.
Such an approximation can reproduce the molecular electrostatic potential
relatively accurately, with suitable parameterization. However, the static and implicit
electron density is unable to reproduce more subtle features observed in a QM
treatment. Firstly, the electron density is not able to concentrate between atoms
and form bonds. Thus, a purely electrostatic interaction between bonded atoms will
cause the atoms to be violently pushed apart or brought together, dependent on the
sign of the product of the partial charges. Secondly, van der Waals interactions are
not reproduced, as neither dispersive (London) nor exchange (Pauli) repulsion forces
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are predicted by this model. (The fixed nature of the electron density forbids the
fluctuations that give rise to the instantaneous dipole-dipole dispersive interactions,
while exchange forces are caused by the interaction between electrons of the same
spin — spin which is neglected in this treatment.) To overcome these deficiencies, a
‘balls and springs’ model is used. The ‘balls’, generally centred on the nuclei, interact
by means of a parameterized van der Waals and electrostatic pair potential, while bonds
are approximated by parameterized ‘springs’. Electrostatic interactions are then not
calculated for atoms separated by less than a certain number of bonds (three, in the
default CHARMM force field).
The interaction energy of a bond is modelled particularly well by the Morse potential
[76]. However, generally a bond is modelled near equilibrium, where it can be treated
as a simple spring that obeys Hooke’s Law, giving the potential as a simple harmonic
function of the bond length l, parameterized by a reference bond length l0 and a force
constant k:
Vbond =

k
(l − l0 )2
2

(1.48)

Generally speaking, bond terms alone are not sufficient to maintain realistic
molecular geometries; explicit electron density is also responsible for changes in energy
as angles between 3 atoms are changed, for hindered rotation of bonds, and for out-ofplane motions. These must also be modelled in an MM force field with explicit energy
functions.
Bond angle energies are typically treated as harmonic functions of a reference angle,
θ0 , and a force constant, k:
Vangle =

k
(θ − θ0 )2
2

(1.49)

To account for hindered rotation about bonds, an additional energy term is given
as a function of the dihedral angle, χ. (For a set of 4 atoms, [A B C D], χ is the angle
between the two planes defined by atoms [A B C] and [B C D] respectively.) This
function is parameterized by the multiplicity of the bond, n, the phase, δ, and a force
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constant, Kχ :
Vdihed = Kχ [1 + cos(nχ − δ)]

(1.50)

Finally, out-of-plane motions are often modelled as so-called ‘improper’ dihedral
torsions (where the atoms are not linked in the order A-B-C-D, but rather the three
atoms A, C and D are linked to a central atom B) again by a simple harmonic term
parameterized by the dihedral angle χ and force constant Kimpr :
Vimpr = Kimpr (χ − χ0 )2

(1.51)

The van der Waals terms are typically evaluated by means of a Lennard-Jones [77] or
‘6-12’ potential, between pairs of atoms i and j, which combines a steep repulsive r−12
term with a shallower attractive r−6 term, parameterized by the well depth ǫij and the
collision diameter σij . These two parameters are often determined from corresponding
√
atomic properties by the simple combination rules ǫij = ǫi ǫj and σij = 12 (σi + σj ), i.e.
as the geometric and arithmetic mean, respectively.

VvdW (rij ) = 4ǫij

"µ

σij
rij

¶12

−

µ

σij
rij

¶6 #

(1.52)

Electrostatic terms are again evaluated between pairs of atoms using, in the simplest
case, Coulomb’s law, dependent solely on the dielectric constant ǫ0 , the interatomic
distance rij and the atomic partial charges qi and qj :

Velec (rij ) =

1 qi qj
4πǫ0 rij

(1.53)

The total molecular mechanics force field is then simply given as the sum of all the
individual energy terms for the whole system:

Vtotal =

X

bonds

Vbond +

X

angles

Vangle +

X

Vdihed +

X

impr.

dihed.
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Vimpr +

X
(VvdW + Velec ) (1.54)
i6=j

1.4

Hybrid QM/MM

It has been seen that quantum mechanical methods are widely applicable, require
little or no parameterization, and can give very accurate molecular properties, but
at large computational cost (section 1.2). On the other hand, molecular mechanical
methods are extremely fast in comparison, and can be used to study very large
systems (section 1.3). However, systems of chemical interest are often large (making
them difficult for conventional QM treatments) and involve bond breaking or forming
processes, highly polar regions, or atom types for which parameterization is difficult
(e.g. transition metal ions).
Fortunately, in many systems the ‘difficult’ region requiring QM is small, and the
majority of atoms in the system are amenable to treatment with MM methods. For
example, in many proteins the active site involves only a few residues, and the bulk
of the protein, and the surrounding solvent, are not directly involved in chemical
reactions or binding (although they still have steric, electronic, and structural effects
of course, which must be accounted for). Such systems can be looked at with hybrid
QM/MM methods, where the active site is modelled with a QM Hamiltonian, and the
surrounding region with a molecular mechanics potential [16, 17, 78]. The two regions
interact and influence each other by means of a coupled QM/MM Hamiltonian, as
shown in figure 1.1. (The boundary around the MM region must also be treated;
methods for this are discussed in section 1.7.)
In a QM/MM treatment, the total Hamiltonian is given by

Ĥtotal = ĤQM + ĤM M + ĤQM/M M

(1.55)

Here, ĤQM is the Hamiltonian of the QM region, forming part of its Schrödinger
equation. ĤM M is the energy of the MM region, and ĤQM/M M covers the interaction

27

QM region
ĤQM
QM/MM interaction
potential
ĤQM/M M
MM region
ĤM M
Boundary region

Figure 1.1: The hybrid QM/MM treatment. The system is broken up into a large MM
region and a much smaller QM system.
between the two regions, and is defined as:

ĤQM/M M = −

X Qi X Zm Qi
+
+ ĤvdW
r
r
e,i
m,i
e,i
m,i

(1.56)

where i is summed over all MM partial charges, m over all QM nuclei, and e over all QM
electrons. The first term gives the one-electron interaction between the QM electron
density and the MM partial charges, the second is a standard Coulomb interaction
between the QM nuclei and the MM charges, and the final term is a van der Waals
interaction term, generally between the QM and MM nuclei. This final term is required
since although electron density is explicitly treated in the QM region, it is not in the
MM region.
Solution of the coupled Hamiltonian gives the total energy as the sum of the energies
of the QM and MM systems, and the interaction energy between them:

Etotal = EQM + EM M + EQM/M M
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(1.57)

The energy of interaction between the QM system and a single MM partial charge,
Qi , is then given by:
D
E
i
i
Ĥ
Ψ
EQM/M
=
Ψ
QM/M M
M
XX
X Zm Qi
i
i
=
Pµν Iµν
+
+ EvdW
rm,i
µ
ν
m

(1.58)

i
where Pµν is a density matrix element (equation 1.18) and Iµν
a one-electron integral:

i
Iµν
= −Qi hµ|

1
|νi
re,i

(1.59)

The QM/MM Hamiltonian must be modified when a semi-empirical Hamiltonian
is used for the QM region, as methods such as MNDO alter the core-core terms (as
discussed in section 1.2.1); simply using the ab initio expression tends to overestimate
the interaction energies and forces [17]. Instead, the following one-electron integrals
are used:
i
Iµν
= −Qi (µQ ν Q |sM sM )

(1.60)

where sM is a notional s orbital on the MM atom i, and Q identifies the QM atom. In
line with the MNDO modified core-core terms (equation 1.37) the QM core-MM atom
interactions are also modified, leading to the following QM/MM energy:
i
EQM/M
M,M N DO =

Xn
Q

ZQ Qi (sQ sQ |sM sM )

o
+ |ZQ Qi |(sQ sQ |sM sM )[e−αQ RQi + e−αi RQi ]
XX
i
+
Pµν Iµν
µ

(1.61)

ν

For AM1 and PM3 the additional terms that contribute to the core-core interaction
(equation 1.40) are also carried over into the QM/MM term. The QM/MM interaction
is optimized by adjusting the semi-empirical parameters for the MM atoms; generally
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speaking the equivalent parameters for the QM atoms are left unchanged from the
original QM-only parameterization.
From an implementation point of view, QM/MM is relatively straightforward.
The energy is generally evaluated by linking a QM package with an MM program;
a commonly-used combination is GAMESS-US [79] for the QM region and CHARMM
[10] for the MM region. (In the work described in this thesis, use is also made of
GAMESS-UK [80], CADPAC [24, 81], and the version of MOPAC [17, 82] included in
CHARMM.) The first term in equation 1.58 requires the most modification to existing
code; however, it is a simple one-electron interaction term, and QM codes contain very
similar code already (for calculating the interaction between electrons and nuclei). The
second term is a simple Coulombic interaction, and can be trivially calculated by either
the QM or MM code. The final term is generally calculated by the MM package, in an
analogous way to pure MM-MM van der Waals interactions.
The interaction between the QM and MM regions is made more complicated if there
are bonds that cross the QM/MM boundary. The electron density of the bond is not
properly described, as the QM region lacks the electrons and atomic orbitals of one of
the atoms. A number of techniques [22, 23] have been used to treat these bonds. The
simplest are perhaps the ‘link atom’ methods, where the QM region is capped with an
additional atom (usually hydrogen) which lies on the bond that crosses the boundary.
This atom is used to satisfy the valence of the QM region only, and does not usually
interact with the MM region. More complex methods such as Generalized Hybrid
Orbital [83] (GHO) attempt to optimize the electron density of such frontier bonds
for a better join with the MM system. Link atoms and similar methods are vitally
important for the simulation of large systems such as proteins, where it is unfeasible to
treat the whole molecule with QM. However, for the systems considered in this work,
small molecules are used in the QM region, such that no bonds are cut by the QM/MM
boundary, and so the complications of link atoms are avoided.
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1.5

Polarization

Conventional molecular mechanics force fields do not explicitly treat electron density.
However, it is possible to augment such force fields by adding point polarizable dipoles
to the treatment, which approximate the fluctuations in electron density that QM
techniques model. An induction energy term [84] is then added to the standard nonpolarizable force field energy, which for a set of particles, each with polarizability α, is
given by
Upol = −

X
i

E i · µi +

1 X
|µi |2
2α i

(1.62)

where E i is the electric field acting on particle i and µi the particle’s induced dipole
moment. Obviously, the electric field is determined by the charge distribution of
all other molecules, and the induced dipole is influenced by the field (under most
circumstances, µi = αE i ). Thus, the induction energy is not pairwise-additive (the
energy must be evaluated for the whole system, and not as a sum over subsystems), and
it is necessary to solve 3N linear equations to determine the energy of an N -particle
system. This is computationally expensive; approximate methods do exist, however,
as will be discussed in Chapter 3.

1.6

Optimization of pair potentials

The time required to calculate the electrostatic and van der Waals energy of a system
of N particles scales as O(N 2 ) (i.e. the time is proportional to N 2 ), as every particle
interacts with every other. This scaling is prohibitively expensive in systems comprising
large numbers of atoms, and so various approximations are made in order to save
on computer time. The simplest such approximation is to truncate each of the pair
potentials — i.e. if the interatomic distance r is greater than the cutoff distance roff ,
then the interaction energy is simply not calculated, and is assumed to be zero. This
is a reasonable approximation for a Lennard-Jones interaction, as the r−6 term drops
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off quickly with distance, but quite poor for a r−1 Coulomb potential, which drops
off much more slowly. Thus, much better results are achieved if a shifted or switched
potential is used. The former scales the original function such that it drops off to zero
at roff by multiplying by a shifting function, Fshift , of the form:

Fshift =




(1 − (rij /roff )2 )2


0

:

rij < roff

:

rij ≥ roff

(1.63)

A switched potential, on the other hand, exhibits normal behaviour up to an inner
cutoff, ron , and is then scaled by a switching function, Fswitch , which causes it to drop
off to zero at roff :

Fswitch





1




(roff − rij )2 (roff + 2rij − 3ron )
=

(roff − ron )3





0

:

rij ≤ ron

:

ron < rij < roff

:

rij ≥ roff

(1.64)

A variety of other functions can be applied [85] to improve both the overall
behaviour of a pair potential, and the continuity of the function and its derivatives
around the cutoff distances ron and roff .

1.7

Boundary treatments

The properties of a material’s surface can differ greatly from those of its interior.
Although some calculations are interested in surface effects, for many calculations —
such as those presented in this thesis — such effects are undesirable. This is a particular
problem for computational chemistry studies, where the number of atoms studied is
small, such that a significant fraction of the system’s atoms are on or near the surface.
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1.7.1

Periodic boundary conditions

One way of removing surface effects is to use periodic boundary conditions [86] (PBC).
A cubic box containing the system is infinitely replicated throughout 3D space, such
that for a primary particle at r there are an infinite number of images, at

r ′ = r + tn

(1.65)

where tn is a vector between the primary box and an image box n, given for a cubic
box of side length L as:

tn = tx Li + ty Lj + tz Lk

tx , ty , tz ∈ Z

(1.66)

The procedure is also frequently applied to more complex tessellating shapes,
such as cuboids or truncated octahedra. The total electrostatic interaction energy
(equation 1.53) for an N -particle system is then written as
′

Velec

N

N

qi qj
1 XXX 1
=
2 n i j 4πǫ0 |r i − r j + tn |

(1.67)

where the sum over n includes the primary box with n = 0, but excludes the selfinteraction (where i = j) for this box only. (A similar expression is used for the van der
Waals terms.) Obviously, an infinite or near-infinite number of particles cannot really
be considered; other than the computational expense, the sum of nonbond interactions
is conditionally convergent — i.e. the result depends on the order in which the terms
are summed. Most usually, the minimum image convention is used. This enforces
a cutoff distance of half the box length; thus any given particle cannot interact with
more particles than are present in the primary simulation cell. (Additionally, particles
cannot interact with their own images, which prevents undesirable periodic effects
such as phonon waves from occurring.) In simple cases, energies and forces can then
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be calculated in the usual way, after adding multiples of the box length to distance
components to yield the minimum image vector between any two particles. More
generally, the images are created explicitly and moved whenever the primary atoms
are. If, during the course of a simulation, a primary atom leaves the central simulation
cell, it can be swapped with a closer image (for example, when using a cubic boundary,
as a particle leaves through one face of the cube, an image will enter through the
opposite face). Images are only created up to a certain user-specified distance away
from the primary simulation cell, to save on storage and computer time.

1.7.2

Ewald summation

A more rigorous technique than periodic boundary conditions, that gives more accurate
long-range forces, is Ewald summation [87]. As with PBC, the system is treated
as an infinite number of replicated simulation boxes. The infinite and conditionally
convergent sum of electrostatic interactions, equation 1.67, is then solved by splitting
the energy into several components:

E = Edir + Erec − Eself + Esurf

(1.68)

The bulk of the calculation is accounted for by the terms Edir and Erec . A charge
distribution — usually a simple Gaussian — is added to each charge site for the first
term, and removed for the second. The individual terms are then convergent; the
first, Edir , the so-called ‘direct’ or ‘real-space’ term, is evaluated by the CHARMM [10]
Ewald implementation for all interactions up to a distance cutoff:

Edir

√
N
1 X qi qj erfc( αrij )
=
2 i6=j 4πǫ0
rij
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(1.69)

where erfc(x) is the complementary error function,
2
erfc(x) = √
π

Z

∞

2

e−t dt

(1.70)

x

The parameter α determines the width of the added charge distributions, and is
chosen such the Edir term converges at the cutoff distance. The second term, Erec , the
‘reciprocal’ or ‘k -space’ term, is evaluated in reciprocal space:

Erec

kmax
1
2π 1 X
exp(−k 2 /4α)S(k)S(−k)
= 3
2
L 4πǫ0 k6=0 k

(1.71)

where S(k) is a function of a reciprocal lattice vector k:

S(k) =

N
X
j=1

qj exp(ik · r j )

(1.72)

k itself is given as
k = (2π/L)l

lx , ly , lz ∈ Z

(1.73)

The number of k-vectors over which to sum, kmax , is chosen to balance the
computational cost against the convergence of Erec . Erec also incorporates a nonphysical interaction of every charge with itself; this must be corrected for by subtracting
a self-energy term, Eself :
Eself =

r

N

α X qk2
π k=1 4πǫ0

(1.74)

Finally, a surface term, Esurf , is added. This accounts for the medium that surrounds
the collection of periodic boxes. In most cases, this medium is assumed to be a vacuum,
necessitating the following:

Esurf

2π
=
3L3

¯ N
¯2
¯X q
¯
¯
¯
i
ri ¯
¯
¯
4πǫ0 ¯
i=1
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(1.75)

The evaluation of the reciprocal space term in traditional Ewald calculations is the
most time-consuming for large systems, scaling as O(N 2 ) if a fixed cutoff is used [88],
and more modern methods aim to replace this term with one that is more efficient.
The usual way of doing this is to approximate the charge distribution of the system by
a regular lattice or mesh of point charges; the periodic energy of such a mesh can be
evaluated rapidly by means of Fast Fourier Transform (FFT) techniques, and mapped
back onto the ‘real’ system by interpolation. Two such approaches are the Particle
Mesh Ewald (PME) method [89] and Smooth Particle Mesh Ewald [90]. The use of
FFT techniques results in these methods scaling as O(N logN ).

1.7.3

Stochastic boundary techniques

An alternative to periodic boundaries is to treat the long-range interactions in some
approximate fashion. One method suitable for homogeneous systems is the ‘reaction
field’ technique [91–93], whereby the system is assumed to be surrounded by a
continuum of constant dielectric. A more commonly-used methodology, particularly
for protein simulation, is that of ‘stochastic boundaries’ [94,95], in which the system is
divided into reaction, buffer, and reservoir regions. Generally speaking the part of the
protein of particular interest is placed in the reaction region, and solvated by a sphere
of water molecules in both the reaction and surrounding buffer regions. (The system
is held in this spherical configuration by means of an applied boundary force.) Normal
molecular dynamics (see section 1.10.1) are carried out in the reaction region, but to
model the average effect of the solvent in the reservoir region (since it is not explicitly
treated) a technique such as Langevin dynamics (see equation 3.29) is used in the
buffer region. Thus, stochastic boundary simulations solvate a system by means of a
solvent droplet, but aim to reduce the solvent surface effects in an average fashion; such
simulations are often useful for large protein systems, since to fully solvate them with
periodic boundary solvent would require massive numbers of explicit solvent molecules.
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1.8

Charge determination

In order to compare results from QM and MM calculations, and to parameterize MM
force fields from QM data, it is often useful to know the charges on the QM nuclei,
as used in an MM treatment (i.e. with electronic charge included). These charges can
also be used to replace the standard charges of an MM force field, to reproduce more
accurately the local electrostatics of an important part of the system [96, 97]. Atomic
charge cannot be determined exactly in a QM treatment, as it is not an observable;
however, several approximate techniques exist. One approach is to derive charges
directly from the QM electron density, using a variety of methods to assign density to
specific atoms, such as in Mulliken’s [98] original technique.
ESP methods, on the other hand, perform a least-squares fit between the molecular
electrostatic potential (ESP) as derived from the QM wavefunction, and that derived
from an MM force field using point charges on the nuclei; i.e. they minimize the function

y(q1 , q2 , . . . qn ) =

m
X
i=1

[Vi − Ei (q1 , q2 , . . . qn )]2 +

X

λ w gw

(1.76)

w

for a set of charges {qj } on n atoms, considering the potential at m probe points, and
incorporating a set of constraints {gw } with their associated Lagrange multipliers λw .
The QM electrostatic potential is given as

Vi =

X
A

X
ZA
−
Pµν
|r i − RA |
µν

Z

φµ φν
′
′ dr
|r i − r |

(1.77)

(where A identifies a QM nucleus) and the corresponding MM potential, in atomic
units, as
Ei =

n
X
j=1

qj
|r i − r j |
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(1.78)

The solutions are found by solving the set of linear equations
∂y
=0
∂q k
∂y
=0
∂λw

(1.79)
(1.80)

A variety of constraints can be applied, although in general only a single constraint is
used, to maintain the total charge of the system at the value used in the QM simulation,
qtot , i.e.
g = qtot −

n
X

qj = 0

(1.81)

j=1

The resulting linear equations in (n + 1) unknowns can be written in matrix form
as



where

 A11 A12 · · · A1n


 ..
..
..
...
 .
.
.



An1 An2 · · · Ann



1
1 ···
1

Ajk =
Zk =





1   q 1   Z1 
   
   
..   ..   .. 
   
.
 .   . 
  =  
   
   
1
  q n   Zn 
   
   
0
λ
qtot

m
X

i=1
m
X
i=1

 

(1.82)

1
rij rik

(1.83)

Vi
rik

(1.84)

Thus, by obtaining the inverse of matrix A, the charges {qj } can be determined.
The various ESP methods differ mainly in the positioning of the m probe points; the
CHELP [99] method uses points placed on the surface of spherical shells around the
atoms, CHELPG [100] uses a regular grid of points, while MK [101] uses points on and
around the molecular surface as defined by Connolly [102].
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1.9

Determination of minimum energy system
configurations

A variety of methods exist to locate the minimum energy configuration of a system of
particles, and are used in order to investigate the energetics of a system, or to remove
‘bad contacts’ (unphysical configurations that result in high potential energy) prior to
performing more expensive calculations (such as those used to determine free energy).
If the system is described by the N -dimensional vector of coordinates q, then the energy
of a trial configuration q ′ is given relative to this configuration by Taylor expansion, as
1
E(q ′ ) = E(q) + (q ′ − q)Ė (q) + (q ′ − q)2 Ë (q) + . . .
2

(1.85)

Here Ė (∂E/∂q) is a 1-by-N matrix of the first derivatives with respect to the vector
q, while Ë is a N -by-N matrix of the second derivatives. These coordinates are often
the three Cartesian coordinates for each atom, although many QM packages actually
perform minimizations using internal coordinates instead.

1.9.1

Zero-order methods

The simplest strategy for finding the minimum energy is the ‘grid search’ approach.
This is known as a zero-order method, as none of the energy derivatives are used;
instead, the energy is simply evaluated at each of a set of points, which form an
N -dimensional grid that covers the region of interest. The lowest energy then found
is used as the minimum, although it can be refined by a further grid search with a
finer grid. Grid searches require many energy evaluations, and are very inefficient for
systems where N is non-trivially large. They do, however, have the advantage that no
derivatives need be calculated.
A very different type of minimization, which also does not need any energy
derivatives to function, is known as simulated annealing [103–105]. This involves
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simulating the system with the Monte Carlo (section 1.10.4) technique and gradually
lowering the temperature. Such a method aims to overcome a problem inherent to
conventional minimization, that of becoming trapped in a local minimum. In the early
stages of the simulation, the system has enough energy to traverse the energy barriers
that separate local minima. As the temperature of the system is lowered, it becomes
more and more preferable to adopt configurations of low energy, until at 0 K the
true minimum should be achieved. Such simulations require many energy evaluations,
however, and are generally only viable for extremely large systems with many local
minima, where conventional minimizations fail.
Other zero-order minimization methods, not used in this work, include the simplex
[106] and sequential univariate [107] techniques.

1.9.2

First-order methods

The crude grid search method can be improved upon by using the first derivatives of
the energy with respect to the coordinates — i.e. Ė or ∂E/∂q — in so-called ‘firstorder’ methods. The simplest of these methods is known as the ‘steepest descents’
approach, which uses the following methodology:
1. Choose an initial step size, S.
2. Generate a new configuration q n+1 from the existing configuration q n , by applying
the following, where Ėn is ∂E/∂q n :

q n+1 = q n − S Ėn

(1.86)

3. Determine the energy of the new configuration. If it is less than the energy of the
old, increase the step size to speed up the minimization process. If it is higher in
energy, then a minimum has been overshot, so decrease the step size.
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4. Overwrite the old configuration with the new one; if the system is not yet
adequately minimized, return to step 2.
If a system is truly minimized, then all of the energy derivatives with respect to the
coordinates should be zero, and the energy change between successive minimization
steps should also be zero.

Thus, minimization algorithms generally successfully

terminate when some user-defined energy change or gradient tolerance is met.
Although the steepest descents method is very robust, it is not particularly efficient
at reaching the minimum, often oscillating around it. This behaviour can be greatly
reduced by using the previous minimization steps as a guide for the current step, in
the ‘conjugate gradients’ method. This is similar to steepest descents, although a new
configuration q n+1 is now determined from the following formula:

q n+1 = q n + S(−Ėn + βn Ėn−1 )

(1.87)

The factor βn is set to zero for the first step. For all subsequent steps, the original
Fletcher-Reeves [108] algorithm calculates it as

βn =

|Ėn |2
|Ėn−1 |2

(1.88)

Polak and Ribière [109] proposed an alternative algorithm, which can be more
effective for some systems:
βn =

Ėn · [Ėn − Ėn−1 ]
|Ėn−1 |2

(1.89)

Conjugate gradient methods generally converge much more quickly than steepest
descents. However, they can occasionally get ‘stuck’, after which a ‘restart’ is required.
Originally, such a restart was implemented simply by setting βn to zero, as for the first
step. However, an improved restart regimen, as suggested by Powell [110], is now more
usually used.
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Finally, an alternative approach to minimization, which also requires first
derivatives, is known as dissipative or quenched molecular dynamics. This is very
similar to the simulated annealing technique outlined earlier, except that molecular
dynamics (section 1.10.1) is utilised rather than Monte Carlo.

1.9.3

Second-order methods

Second-order methods also use the curvature, i.e. the second derivatives of the energy.
The first derivative of the energy at a given point q ′ can be approximated from that at
point q by differentiation of equation 1.85, neglecting terms of third order and above:

Ė (q ′ ) ≈ Ė (q) + (q ′ − q)Ë (q)

(1.90)

If q ′ corresponds to the minimum, then Ė (q ′ ) is zero, and thus

q′ ≈ q −

Ė (q)
Ë (q)

(1.91)

Newton-Raphson minimization applies this formula directly in order to generate
a new configuration, and as before, the procedure can be repeated multiple times
before minimization is achieved.

Note, however, that the inverse of the N -by-N

second derivative matrix (the Hessian) is required. This matrix inversion is rather
computationally expensive for large systems, scaling as O(N 3 ), and requiring O(N 2 )
storage.

Calculation of the matrix itself is also costly, as the second derivatives

are generally calculated numerically, by calculating the first derivatives for several
configurations. CHARMM partially solves these problems by use of its Adopted Basis
Newton-Raphson technique [10]. This constructs and uses a much smaller Hessian,
which covers only the subset of the system that has moved the most in the previous
minimization steps.
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1.10

Determination of free energy

Although the energy of a system and its minima, even using a semi-empirical or
molecular mechanics treatment, can reveal useful information, for comparison with and
prediction of experimental data the entropy must also be considered. The Helmholtz
free energy of a system at temperature T is given as

A = −kB T ln Q

(1.92)

where kB is the Boltzmann constant and Q is the partition function, given by

Q=

X

exp(−Ei /kB T )

(1.93)

i

which in turn is a function of the energies Ei of each configuration i. Thus, it can be
seen that the evaluation of the free energy is a difficult undertaking, as the number
of configurations that can be adopted by a system is essentially infinite. However,
many of these configurations are of such high energy (e.g. particles overlap, or bonds
are far from their minimum lengths) that their contribution to Q is negligible. Several
techniques are available that can be used to determine free energies by concentrating on
configurations with favourable interactions, the simplest of which is perhaps molecular
dynamics.

1.10.1

Molecular dynamics

In molecular dynamics, the positions of a system’s particles, r, are allowed to evolve
in time by application of standard Newtonian dynamics. Newton’s Second Law relates
the force F on a body of mass m to the resultant acceleration, r̈:

F = mr̈
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(1.94)

The force is simply the negative of the energy gradient,

F =−

∂E
∂r

(1.95)

The position of a particle at short times δt away from a reference time t can be
written as a Taylor expansion:
...
r(t + δt) = r(t) + δtṙ(t) + 12 δt2 r̈(t) + 61 δt3 r (t) + . . .

(1.96)

...
r(t − δt) = r(t) − δtṙ(t) + 12 δt2 r̈(t) − 16 δt3 r (t) + . . .

(1.97)

By adding these two expressions together, and neglecting terms of fourth order and
higher, the Verlet algorithm [111] is arrived at:

r(t + δt) = 2r(t) − r(t − δt) + δt2 r̈(t) + O(δt4 )

(1.98)

The Verlet algorithm is easy to implement as, in addition to the current atomic
coordinates and accelerations, it is only necessary to store the positions at the last
time step; note that the velocities are not required. If these are needed, however (for
example, to calculate kinetic energy) then they can be recovered from the following:

ṙ(t) =

r(t + δt) − r(t − δt)
+ O(δt3 )
2δt

(1.99)

More commonly, the so-called ‘leap-frog’ modification is used:

ṙ(t + 21 δt) = ṙ(t − 12 δt) + δtr̈(t)

(1.100)

r(t + δt) = r(t) + δtṙ(t + 21 δt)

(1.101)

This algorithm has the same basic storage requirements as the standard Verlet (3
vectors per particle) but has the advantage that the velocities (albeit at the mid-step)
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are explicitly included, and can again be recovered at time t with the following:

ṙ(t) =

ṙ(t + 12 δt) + ṙ(t − 21 δt)
2

(1.102)

Computers can only store floating-point numbers to a limited precision, and so this
interpolation method gives more accurate velocities than the standard Verlet, which
calculates them from the difference of two large values (the particle positions).
The choice of integration time step, δt, is a balance between time and accuracy.
Longer time steps obviously mean that fewer energy calculations, usually the most
expensive part of any MM or QM/MM simulation, are required; however, they also
reduce the accuracy and energy conservation of the simulation, as the forces, generally
smoothly varying in time, are only known at the points of energy calculation. (Socalled ‘predictor-corrector’ algorithms [112] can ameliorate this problem to some extent,
however.)
Obviously, the time step must be shorter than the timescale of any motions that
are modelled. For example, in Car-Parrinello [113] dynamics simulations, the ‘motions’
are of the wavefunction coefficients themselves, which are indicative of the electron
density, and so a very short time step must be used. The fastest motions in most MD
simulations are bond stretches and angle bends, and a very short time step must be
used in order to capture these motions adequately. However, in most circumstances
these fluctuations are not of interest, and in these cases a longer time step can be
used if the bonds and angles are fixed during the simulation at their average values.
The most common method for achieving this is known as SHAKE [114], which allows
time steps of up to around 2 fs. SHAKE is an iterative algorithm, ideally suited for a
system containing many constraints, and functions by adjusting the strength of each
constraint until every SHAKE-constrained distance and angle at time (t + δt) is within
a user-defined tolerance of its value at a given time t.
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1.10.2

Temperature control

In a physical system, the velocities of the molecules obey a Maxwell-Boltzmann
distribution [76]. The average temperature T of the system is given from the velocity
distribution, by generalized equipartition [115], as
¿
À
∂H
pk
= kB T
∂pk

(1.103)

where pk is a generalized momentum. For a system of N particles, each with momentum
pi and mass mi , this equates to
*

N
X
|p |2
i

i=1

mi

+

= 2hKi = 3N kB T

(1.104)

In reality, NC constraints are placed on the system, reducing the number of degrees
of freedom correspondingly, and giving the instantaneous temperature as:
N
X
|pi |2
1
T =
(3N − NC )kB i=1 mi

(1.105)

It can be seen that the instantaneous temperature of the system is proportional
to the average squared particle velocity.

Thus, at the start of a simulation, the

system can be set to a desired temperature by assigning the particles velocities in
a suitable distribution (often Gaussian), or if the simulation is started from a 0 Kelvin
(minimized) structure, then the system can be ‘heated’ periodically by simply scaling
the calculated velocities. However, simply adding kinetic energy to the system in
this way will cause some of it to be redistributed as potential energy, and the system
temperature will fluctuate. Thus, a number of time steps must be allowed for the
system to equilibrate and the temperature to stabilise.
Even after equilibration, the temperature of a system may continue to fluctuate,
largely due to errors introduced by the Verlet algorithm.
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The temperature can

be controlled during a ‘production’ dynamics run by simply scaling the calculated
velocities periodically. However, it must be remembered that the aim of an MD
simulation is usually to produce configurations that belong to the canonical ensemble
[88] (a system in which the volume V , the temperature T , and the number of particles N
are constant), and there is no rigorous proof that scaling produces such configurations;
in fact, it gives rise to discontinuous dynamics [116].
An alternative to scaling the velocities is to introduce a velocity-dependent term
to the force on each particle, to represent coupling of this system to an external heat
bath at the desired thermostat temperature. One such approach is Berendsen’s weak
coupling algorithm [117] which has the following equation of motion:
1 ∂U
+γ
r̈ i = −
mi ∂r i

µ

¶
Teq
− 1 ṙ i
T

(1.106)

where Teq is the thermostat temperature, and T the instantaneous temperature of the
system. γ is a coupling constant, which can be varied to alter the fluctuations in T .
Although the statistical mechanical correctness of the method has not been proved, the
coupling constant γ can be varied to evaluate and control the effect of the coupling,
and once a system has reached thermal equilibrium, a very weak coupling can be used
to reduce the perturbation on the system to negligible levels.
A more rigorous treatment is known as Nosé-Hoover thermostatting [118–120].
This involves adding a new degree of freedom to the system to yield extended
equations of motion. Although the resultant motion is non-Newtonian, the total system
Hamiltonian is conserved and the derived averages of static quantities can be proved
to be equal to those of the canonical ensemble.
Nosé’s original technique [118] introduces a velocity scaling factor s, which is treated
as an additional degree of freedom by means of an extended Lagrangian approach
(which is treated in more detail in section 3.3). The variable s is assigned the potential
energy (f + 1)kTeq ln s, where f is the number of degrees of freedom in the original
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system, and kinetic energy 12 Qṡ2 . Q is a fictional inertia parameter for the variable s,
and controls the timescale of the temperature fluctuation. The total Lagrangian of the
system is then defined as

L =

X mi
2

i

s2 ṙ 2i − U +

Q 2
ṡ − (f + 1)kTeq ln s
2

(1.107)

The following equations of motion are then obtained:
2ṡ
1 ∂U
ṙ i
−
mi s2 ∂r i
s
X
(f + 1)kTeq
Qs̈ =
mi sṙ 2i −
s
i

(1.108)

r̈ i = −

(1.109)

Hoover [119, 120] introduced a set of similar equations, which are used by
CHARMM’s [10] Nosé-Hoover thermostatting module, and are utilised for charge
thermostatting in simulations later in this thesis. These use a scaling parameter S,
with associated kinetic energy 12 QṠ 2 and potential f kTeq S, and lead to the following
simpler equations of motion:
1 ∂U
− Ṡ ṙ i
mi ∂r i
X
QS̈ =
mi ṙ 2i − f kTeq
r̈ i = −

(1.110)
(1.111)

i

1.10.3

Ensemble averages

The partition function QN V T for the canonical ensemble [88] is given in terms of the
system Hamiltonian H, particle momenta p and positions r:

QN V T

1 1
=
N ! h3N

Z Z

dpdr exp
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µ

−H(p, r)
kB T

¶

(1.112)

The Hamiltonian is given for particles of mass m as:
X |p |2
i

H(p, r) =

2m

i

+ V (r)

(1.113)

If the potential energy V is taken to be independent of the momenta, as is usually
the case, then the integral in equation 1.112 is separable into position and momentum
parts. Furthermore, the integration over momenta can be performed analytically,
enabling the total integral to be written as:

QN V T

1
=
N!

µ

2πmkB T
h2

¶3N/2

ZN V T

(1.114)

where ZN V T is the configurational integral :

ZN V T =

Z

dr exp

µ

−V (r)
kB T

¶

(1.115)

Thus, the momenta are not required for determination of the partition function. The
ensemble average of the potential energy, hV (r)i, is then given as:
hV (r)i =

Z

drV (r)ρ(r)

(1.116)

where the probability of finding the system in position r, ρ(r), is given as:

ρ(r) =

1.10.4

exp(−V (r)/kB T )
ZN V T

(1.117)

Monte Carlo simulation

It is not often practical, or even possible, to evaluate the integrals for ensemble averages
(equation 1.116) analytically in 3N dimensions. Thus, approximate methods must be
used to determine them. One such method is that of random sampling; configurations
r are chosen at random, and are then weighted by their probability, ρ(r). This is the
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basis of the Monte Carlo method. However, such a method is remarkably inefficient
for molecular systems, where the majority of configurations involve unfavourable
interatomic interactions (such as strongly repulsive van der Waals forces, or elongated
bonds) and thus have a very low probability, contributing little to the ensemble average.
An improved method is that of importance sampling, in which configurations are chosen
on the basis of their probability, and are then weighted equally. This is known as the
Metropolis Monte Carlo [121] method.
Note that the determination of the configurational integral, ZN V T , requires a
knowledge of all degrees of freedom of the system, and so again cannot be analytically
determined; thus, the absolute probability cannot be determined either. However, the
ratio of probabilities of two states can be easily calculated. Metropolis Monte Carlo
thus proceeds by generating a Markov chain of configurations.
Given a starting configuration a, a second configuration b is generated by applying
the underlying matrix of the Markov chain, α, where α(a → b) is the probability of
generating state b from a. The trial configuration b is then accepted into the chain
by consideration of the transition matrix π, where π(a → b) = α(a → b)P (a → b)
and P (a → b) is the probability of accepting the trial move. If the move is accepted,
the process is repeated with the new configuration b. If it is rejected, configuration a
counts twice in the Markov chain.
The matrix π must maintain the equilibrium of a system. Thus, it must obey the
balance condition that the number of accepted moves that take the system away from
state a must be balanced by the moves that bring it back to state a from other states.
In fact, Metropolis Monte Carlo obeys the detailed balance condition [88] that the
number of accepted moves from state a to a specific state b is balanced by moves from
b to a, which implies that:

ρ(r a )π(a → b) = ρ(r b )π(b → a)
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(1.118)

The original Metropolis scheme used a symmetric α matrix, i.e. α(a → b) = α(b → a),
which allows the previous equation to be written as:

ρ(r a )P (a → b) = ρ(r b )P (b → a)

(1.119)

Thus
P (a → b)
ρ(r b )
=
= exp
P (b → a)
ρ(r a )

µ

−∆V (a → b)
kB T

¶

(1.120)

where ∆V (a → b) = V (r b ) − V (r a ). This is achieved in the Metropolis method by
defining the acceptance probability as:

P (a → b) =




1



exp

:
µ

−∆V (a → b)
kB T

¶

:

∆V (a → b) ≤ 0

(1.121)

∆V (a → b) > 0

The latter case is implemented in code by choosing a random number between 0 and
1, and comparing it to the calculated probability. It should be pointed out at this stage
that computer-generated random numbers are usually2 generated by a deterministic
algorithm, and as such are only pseudorandom; a bad random number generator can
thus lead to poor Monte Carlo simulations.
The underlying matrix α is constructed by defining a move set, i.e. a set of moves to
transfer the system from one state a to another state b. One of the set of the moves is
then chosen at random at each Monte Carlo step. Many types of move have been used
in simulations; common moves include translations and rotations of rigid molecules,
and rotations about dihedrals.
Each move in a Monte Carlo simulation changes only a small part of the system,
so generally speaking a much larger number of MC moves are required to achieve the
2

Some computer systems can use ‘true’ randomness in their random number generators, such as
user input, network traffic, or temperature fluctuations of the hardware; however, true randomness is
also undesirable, as it means a given simulation cannot be reproduced exactly.
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same sampling as a molecular dynamics simulation on the same system. For example,
in a system of N particles, a typical MC move moves only a single particle, while at
each MD time step every particle is moved, so it might be imagined that N times as
many MC moves would be required to achieve similar sampling. However, this is offset
by the reduced cost of calculating the energy delta of each move, as if standard force
fields [10, 11] are used, each MC move only requires the evaluation of the energy of
interaction between the moved particle and the N − 1 other particles, i.e. it scales as
O(N ). (Each MD move would require calculation of the interactions between every
pair of particles, i.e. it scales as O(N 2 ).)

1.10.5

Solvent treatments

Although some simulations are carried out in the gas phase, most systems of
experimental interest (such as those studied in this thesis) are solutions — i.e. the
system of interest (such as a protein or reactive species) is merely the solute, surrounded
by solvent molecules. These molecules can be treated explicitly, in the same way as the
solute, using molecular mechanical (section 1.3) or quantum mechanical (section 1.2)
force fields. A popular and simple molecular mechanical model for water is the SPC
or Simple Point Charge model [122], shown in figure 1.2, which uses point charges
on the oxygen and hydrogen atoms, and a van der Waals interaction between oxygen
atoms only. The magnitude of the charges, the van der Waals parameters, and the
geometry of the molecule were chosen to reproduce experimental properties such as
radial distribution functions [123].
The SPC model has the disadvantage that it does not match the experimental
geometry of the water monomer; the H–O–H angle is a little too large, and the
O–H bonds are too long. This renders the model unsuitable for direct comparison
with structures from experiment or high order QM simulation. A similar three-site
model, which does match the experimental geometry, is the three-site transferable
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Figure 1.2: The SPC, TIP3P and TIP4P water models.
intramolecular potential, or TIP3P, model [124]. An improvement on TIP3P is the
four-site TIP4P. TIP4P keeps the van der Waals interaction site on the oxygen, and
the charges on the hydrogens, but moves the oxygen charge to an ‘M site’, situated on
the H–O–H bisector, 0.15 Å towards the hydrogens.
Implicit solvent
For an accurate solvation energy, often a very large number of solvent molecules must
be added. Thus, the calculation of electrostatic and van der Waals interactions between
solvent molecules, and between solvent and solute, can account for a large fraction of
the total computer time. To combat this problem, the solvent can be treated implicitly.
Three common implicit solvent treatments are the Born [125] and Onsager [91] models,
and the PCM or Polarizable Continuum Model [126].
The Born [125] method simply treats the solute as a point charge within a spherical
solvent cavity; the solvent itself is treated as a region of constant dielectric. The
electrostatic contribution to the solvation free energy is then simply given as the work
required to uncharge the ion in vacuum and then charge it again in the solvent:

∆Gelec

1 q2
=−
4πǫ0 2a
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µ
¶
1
1−
ǫ

(1.122)

where ǫ is the dielectric constant of the solvent, q the charge on the solute, and a the
cavity radius.
The Onsager [91] method improves upon the Born by modelling the solute as a
dipole, again in a spherical solvent cavity. This dipole induces a dipole in the solvent,
which in turn generates an electric field (known as a ‘reaction field’) given by:

φRF =

1 2(ǫ − 1)
µ
4πǫ0 (2ǫ + 1)a3

(1.123)

where µ is the dipole moment of the solute. The reaction field interacts with the solute
dipole, such that the electrostatic contribution to the solvation free energy is given as:
1
∆Gelec = − φRF · µ
2

(1.124)

The solute in the Onsager method does not have to be charged, and the method is
thus applicable to many more systems than the Born method.
Molecules are rarely spherical, and so better results can be obtained if the shape
of the cavity is determined by the van der Waals surface of the solute itself. This is
the essence of the PCM method [126]. The cavity surface is divided into a number of
tesserae, each of which is assigned a charge proportional to the electric field gradient
generated by the solute. These point charges interact electrostatically with each other
and also perturb the wavefunction of the solute within the cavity. The charges are
modified by an iterative scheme until self-consistency is achieved; this then enables
∆Gelec to be evaluated numerically.

1.10.6

Reaction free energies via umbrella sampling

It is often desirable to know how the free energy changes during a chemical reaction.
Such information can be obtained by means of techniques such as free energy
perturbation [127] or thermodynamic integration [128], although in this work the
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‘umbrella sampling’ technique first proposed by Torrie and Valleau [129, 130] is used.
Knowledge of the free energy profile allows comparison with experimentally-determined
properties such as equilibrium constants and reaction rates.
To describe the position of the reaction, it is often convenient to use a reaction
coordinate. This should be chosen such that smoothly varying the reaction coordinate
causes the entire reaction profile to be explored. For example, a single bond length or
angle, or a ratio of two bond lengths, can be used for simple reactions, although more
complex reactions may require multiple coordinates.
When the free energy is given as a continuous function of the reaction coordinate,
it is known as a PMF or Potential of Mean Force [131]. The PMF for a reaction
coordinate ζ is given as:
W (ζ) = −kB T ln ρ(ζ)

(1.125)

where the probability of finding the system with coordinate ζ is given by consideration
of equation 1.117 as:
ρ(ζ) =

exp(−V (ζ)/kB T )
ZN V T

(1.126)

In principle, the free energy profile could be fully determined by a molecular
dynamics (section 1.10.1) or Monte Carlo (section 1.10.4) simulation. However, in a
reaction with even a modest variation in free energy, the sampling will be concentrated
in the low energy regions, and a very long simulation is required to accumulate
reasonable Boltzmann statistics for the high energy portions of the reaction profile.
Umbrella sampling tackles this problem by adding a biasing function w(ζ) to the system
energy V (ζ) to yield a biased energy V ∗ (ζ):

V ∗ (ζ) = V (ζ) + w(ζ)

(1.127)

The form of the biasing function is chosen to enhance sampling in the high energy
regions. (The original method [130] used a biasing function to force the distribution to
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cover the configuration spaces of two systems, in order to study phase transitions, hence
the name ‘umbrella sampling’.) A simulation using this biased energy then obviously
results in a biased probability distribution, ρ∗ (ζ). Fortunately, the true unbiased
probability distribution, ρ(ζ), can be recovered by use of the following relationship:

ρ(ζ) = ew(ζ)/kB T he−w(ζ)/kB T iρ∗ (ζ)

(1.128)

Finally, the PMF is given by:
W (ζ) = −kB T ln ρ(ζ)

(1.129)

∗

= −kB T ln ρ (ζ) − w(ζ) − kB T lnhe

−w(ζ)/kB T

i

The choice of the biasing function determines the sampling of ζ values. To achieve
perfect sampling over the entire range, the function would simply be the negative of
the PMF. Obviously, this is impractical as determination of the PMF is the entire aim
of an umbrella sampling simulation! Thus, an approximate function must be used.
To ease the choice of the functional form and parameterization, an umbrella sampling
simulation is usually split into a number of overlapping windows. In each window, the
coordinate ζ is constrained near a reference value ζ0 by using a simple harmonic biasing
function:
1
w(ζ) = kumb (ζ − ζ0 )2
2

(1.130)

where kumb is a constant which determines the width of the resulting distribution.
At the end of the simulation, a probability distribution is obtained for each window,
and thus a PMF. However, the final term in equation 1.129 is not known, and should
thus be treated as an arbitrary constant. Furthermore, this constant is different for
each window. Thus, the overlap between the windows is utilised to smoothly join the
neighbouring free energy curves, to give the PMF for the entire range of ζ. An effective
method for joining windows is the Weighted Histogram Analysis Method [132, 133].
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However, for simple one-dimensional surfaces, a simple averaging technique is sufficient,
and was used in this work, as will be explained in section 5.3.4.
The method of using multiple windows is demonstrated in figures 1.3 and 1.4,
using data from a preliminary simulation of the Menshutkin reaction (considered in
more detail in Chapter 5). Each window results in a biased probability distribution as
a function of the coordinate ζ, shown in figure 1.3. The ζ0 and kumb values were chosen
to ensure sufficient overlap between neighbouring windows. Relative free energy curves
were then determined for each window by use of equation 1.129, neglecting the final
term. These are shown as the coloured lines in figure 1.4, the colours corresponding to
those of the original probability distributions. Note that the free energy curve given by
a window becomes rather unreliable at each end, where the sampling is low. Finally,
each free energy curve was shifted on the y axis until they all joined up smoothly
with their neighbours, and the regions of poor sampling were excluded, giving an
overall PMF, shown by the black line in the figure. The quality of the final PMF
is determined by several factors: the length of simulation used for each window, the
number of windows, and the degree of overlap between them.

1.11

Summary

The techniques explained in this chapter all have their own strengths and weaknesses,
and a combination of several of them is used in this thesis. For example, Monte
Carlo and molecular dynamics can both be used for simulations in the NVT ensemble,
but have different characteristics (e.g. MC does not require forces, but equally cannot
yield time-dependent properties). A number of drawbacks exist, however, either in the
theories or in their application to systems of interest, and possible solutions to some
of these issues are outlined in later chapters.
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Figure 1.3: Resultant biased probability distributions from a series of umbrella
sampling windows along the Menshutkin reaction, each generated using a harmonic
umbrella potential (ζ0 was varied from 0.98 to 1.18 in steps of 0.04). Samples were
collected in bins 0.005 wide. ζ itself was defined as the ratio of two bond lengths.
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Figure 1.4: Determined relative free energies for each window shown in figure 1.3
(coloured lines) and the joined function above (black line). (The energy zero of each
window is different, due to the final unknown term in equation 1.129.)
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Chapter 2
Computational infrastructure
2.1

Overview

Computational chemistry makes severe demands on any computing facility. Some
methods, such as Density Functional Theory or Configuration Interaction, require
the evaluation of a large number of integrals in order to calculate the energy of a
configuration. Other methods, such as molecular dynamics or umbrella sampling, need
to consider a large number of configurations. Thus the main requirement is for raw
processing power, which determines the length and accuracy (e.g. MD time step, level of
QM theory) of any simulation. However, disk space and access time are also important
factors, particularly for simulation of extremely large protein systems or for nondirect
SCF QM [5] calculations. Finally, modern high-performance computing relies on groups
of computers working in concert, and thus both the speed of the network hardware
and the efficiency of the algorithms used are vital factors in determining the overall
performance. In this chapter these factors are explained in more detail. The computer
system built for the calculations carried out in this study is described, and shown to
perform well.
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2.2

Parallelisation of computational problems

The most powerful supercomputers available in the world today are all constructed
as arrays of processing units linked by fast interconnects. The full power of such a
system is only realised when the task to be performed is able to be split into a number
of separate processes, which can each be run on a single processor (also known as a
Central Processing Unit, or CPU). Ideally, each process will also not require data from
any other process, so that the transmission rate or bandwidth of the interconnects does
not become rate-limiting and so that tasks will not be forced to wait for others to
complete. Obviously, certain problems ‘parallelise’ more easily and more completely
than others - for example, so-called ‘embarrassingly parallel’ [134] problems simply split
the problem set into N parts, and then run each part simultaneously on N processors.
Such problems can be efficiently run on thousands or even millions of machines, with
little or no communication required between separate processes; two examples are
the SETI@home project [135] to analyse detected radio signals for signs of extraterrestrial intelligent life, and the Cancer Screensaver [136, 137] to pre-screen possible
anti-cancer, anthrax and smallpox drugs. Both of these use the otherwise wasted spare
processing power of PCs in home and office environments [138]. Methods have also been
developed [139] to run molecular dynamics on such massively parallel systems, and used
by the Folding@Home project to model directly the folding of simple proteins [140].
For many problems in computational chemistry, however, such as direct modelling of
chemical reactions, and for other challenges such as weather prediction, or the accurate
simulation of nuclear weaponry, a great deal of communication is required between
processes. For these applications, the most powerful supercomputers utilise custombuilt processors and networks, for example IBM’s experimental Blue Gene [141] system
for protein folding, and the MD-GRAPE gravity-pipe hardware [142] for simulation of
N-body problems.
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To exploit the power of a parallel computing system fully, software must be specially
written; it is generally not sufficient to take code designed for running on a single
processor (‘serial’ code) and expect it to run more quickly on a parallel system. This
can be seen if the total computational workload, W , is divided into the serial workload
Ws and the parallel workload Wp :

W = Ws + Wp

(2.1)

and the serial fraction, f , is defined as

f=

Ws
Ws
=
W
Ws + Wp

(2.2)

The parallel workload is so named because it can be split into smaller parts
and computed by several processors simultaneously, so reducing the time required
to complete the calculation. The serial workload, on the other hand, cannot be split.
Thus, if each processor can process ν workload units per unit time, then the time
required on N processors is
τN =

Wp
Ws
+
+ τo
ν
νN

Here τo incorporates any overheads of the parallel algorithm.

(2.3)
These include

inefficiencies in the design of the algorithm and time spent waiting for data to be
transmitted across the network or for processors to synchronise.
The speedup of a parallel algorithm is defined as the ratio of the time taken by the
algorithm on a single processor, τ1 , to that taken on N processors, τN :

SN =

τ1
τN

(2.4)

Clearly an efficient parallel algorithm must try to reduce the serial fraction and
τ o as much as possible, so that the speedup approaches N ; it has been shown that
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even a small serial fraction can dramatically harm the scalability of a calculation [143]
although this is strongly dependent on the nature of the problem [144].
An additional complication is that a parallel calculation may be run on a collection
of processors of varying speeds.

A properly-designed algorithm should be load-

balancing, that is to say it should divide the work between the processors in proportion
to their power. Ideally this balancing should also be dynamic, such that the work is
redivided should one part of the parallel calculation prove to be more demanding than
originally estimated.

2.3

Types of parallelism

Parallel processing machines typically consist of processing units, memory, and
permanent storage. Obviously the speed of any parallel machine is dependent on the
speed and number of the processing units; however, calculation speed is also affected
by the speed of communication between separate processing units, between processors
and memory, and between processors and permanent storage. ‘Speed’ is taken to cover
both the latency or access time (the delay between a request being made and the data
starting to flow) and the bandwidth (the rate of transfer of data).

2.3.1

Vector processors

Some parallel machines are so-called ‘vector’ machines. A vector machine consists of
a number of execution units, each with their own memory or set of registers. They
achieve parallelism by running a single instruction simultaneously on each execution
unit, each unit being given different data. For example, a matrix multiplication can
be ‘vectorised’ in this way by having each execution unit handle a single row in
the matrix. Vector machines are very similar to so-called SIMD (Single Instruction
Multiple Data) machines, which also act in this way. Not all SIMD machines are
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vector machines, however; most modern processors, such as the AMD Athlon, achieve
SIMD-like behaviour by a process known as pipelining, whereby instructions are split
up into parts and run through a pipeline, such that a new instruction can enter the
start of the pipeline while an earlier instruction is still being processed at a later part of
the pipeline. (Pipelined processors tend to have separate units for integer and floating
point arithmetic in order to achieve this, and may even have more than one of each
to improve throughput; multiple arithmetic units may also be employed by use of
explicit SIMD instructions. Recent processors also implement hyper-threading, which
improves pipeline utilisation by allowing instructions from several different processes
to be considered in the pipeline scheduling procedure.) To achieve speedup on vector
machines, code generally needs to be written such that data is presented to the
processor in vector or matrix form. The CHARMM [10] nonbond energy routines,
for example, are available in vector versions for machines, such as those manufactured
by Cray, which have vector processors.

2.3.2

Shared memory systems

In a basic SMP (symmetric multiprocessing) system, multiple identical processing units
share the same memory via a single memory ‘bus’. In high-end SMP systems, each
processor may have a dedicated high-speed memory cache (to reduce the number of
accesses required to the lower-speed main memory) and multiple memory units may
be used, connected by multiple memory buses to each processor, known as a ‘crossbar’
architecture.

(A crossbar reduces bus congestion when compared to a single-bus

system, in which only one processor can access memory at a time.) In more common
SMP systems, however, the single bus approach is generally used, which limits the
feasible number of processors in a single machine to four or so. SMP systems are also
known as ‘shared memory’ systems. They are typically easier to program for, as all
processes in a parallel calculation have access to the same memory, and the fast memory
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Figure 2.1: Typical architecture of an SMP system.
bus reduces communication overhead. A typical SMP machine is depicted in simplified
form in figure 2.1. All communication between the processors and the memory and
peripheral devices (such as network or graphics adapters) is shown as passing through
a single bus. In practice, multiple buses are employed. For example, in most modern
PCs the peripherals are connected to a PCI or ISA bus, which in turn is linked to
the memory bus. Note also that the speed of CPU–memory communication is vitally
important. Memory is significantly slower than modern CPUs, hence the need for highspeed cache. With several processors making demands on the same slow memory, this
problem becomes more severe. Multiple-processor systems also introduce the problem
of maintaining cache coherence; extra control logic must be incorporated to ensure
that, if several processors access the same memory region, they do not encounter out
of date information. These considerations tend to make large SMP machines extremely
expensive.

2.3.3

Distributed memory systems

Distributed memory systems are those where each processor has its own memory, while
individual machines are connected by a network such as Ethernet [145]. (Such a
network is generally significantly less expensive than the high-speed memory buses
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Figure 2.2: Typical architecture of a distributed memory system.
or crossbars used in SMP systems.) A typical distributed memory architecture is
shown in figure 2.2. They are harder to write software for, as processes on different
machines have access to different memories. Shared memory on such architectures can,
however, be simulated, usually in software. Examples of so-called ‘distributed shared
memory’ softwares are the GAMESS-US Distributed Data Interface (DDI) and the
Linda [146, 147] shared tuple space1 used by programs such as Gaussian [148]. Since,
in order to access memory physically located on a different machine, a processor must
request the data over the network (which is generally significantly slower than the
memory bus) such systems are also known as Non-Uniform Memory Access (NUMA)
machines.

2.4

Parallel programming

Parallel software on either shared or distributed memory systems performs calculations
by running separate subtasks on each processor.

On shared memory systems,

these subtasks are frequently different threads (sometimes referred to as lightweight
processes) of a single process, which share the same memory space. Packages such as
1

Tuple space can contain zero or more tuples that can be read, modified or added to by every
program that shares that space. Tuples are simply lists of values, such as pairs, triples, etc.
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PC-GAMESS [149] use an explicit threaded architecture to achieve parallelism, while
other packages use language extensions, such as OpenMP [150], to provide implicit
threading.
On distributed memory systems, each subtask is a separate process. The processes
communicate between each other either using simulated shared memory (described
above) or, more usually, using a messaging library, most commonly MPI [151] (Message
Passing Interface). When using MPI, processes explicitly send and receive the data
they require; for example, in a molecular mechanics energy evaluation, the initial
coordinates of every atom may be explicitly broadcast to all of the processes from
one control process, and the calculated energies and forces gathered together by this
process at the end of the calculation. The simplicity of MPI is such that it can also
be used on shared memory systems; OpenMP and other threading approaches, on the
other hand, cannot efficiently be used on distributed memory systems. Thus, MPI is
very commonly used by parallel applications in the field of computational chemistry.
Parallel MPI calculations almost always involve running exactly the same process on
every processor; these are known as SPMD (Single Program Multiple Data) systems.
(Multiple Program solutions — MPMD — are much less common in a message-passing
environment, largely due to the increased difficulty of ensuring synchronisation and
preventing deadlocks2 when different programs are communicating with each other.)

2.5

Design and implementation of a Beowulf-class
Linux cluster

The system that was designed and built by the author during the period of this study,
and used for the majority of the simulations, bears many similarities to the original
2

A deadlock occurs when process A waits for data from process B, while process B is at the same
time waiting for data from A. This circular dependency ensures that neither process can proceed, and
is usually indicative of a programming error.
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‘Beowulf’ cluster [152] operated at NASA from 1994. A number of commodity machines
(typically AMD Athlon or Intel Pentium class PCs) are connected to each other by
means of a Fast Ethernet (100 Mb/sec) switch, and are used solely for computation.
For ease of administration, performance, and security, these machines form a private
IP network which is not connected directly to the public Internet. Instead, a single
machine sits on both the public and private networks, and is used to direct jobs to
compute nodes.
Historically, computational chemistry has been conducted on high-end graphics
workstations and supercomputers such as the SGI Origin 2000. However, the cost
to performance ratio now dramatically favours commodity PCs for many parallel
applications. For example, a 195 MHz SGI Origin 2000 processor has a theoretical
peak performance [153] of 390 Mflops (i.e. it can perform 390 million distinct floatingpoint operations per second) while a modern 933 MHz Pentium III class machine can
achieve 933 Mflops, for a fraction of the cost. (It should be pointed out, however, that
practical performance is rather lower than this; the LINPACK optimized benchmarks
referenced above give 344 and 514 Mflops respectively for these machines.) Software
availability is also a factor, some codes being available only for certain architectures;
however, most of the packages used in this thesis are currently available in source code
form, which makes porting to various Unix-like architectures (including Linux [154])
relatively straightforward.
The cluster, like many now in use, employs a mix of shared and distributed memory
approaches. It has already been mentioned that large SMP machines are expensive due
to the complications of providing a suitable memory bus; however, the additional cost
of the bus for an SMP system with only two processors is compensated for by having
to provide only one set of memory and peripherals. A dual processor ‘box’ is also
significantly smaller than two single-processor machines, and requires less power and
cooling. Thus, calculations run on only two processors see the full benefits of an SMP
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machine, while larger calculations must rely on the slower network for at least part of
their communication.
The major advantages of the cluster built during this study over a more traditional
supercomputer are its low cost and good scalability. The individual machines and
Ethernet networking components are inexpensive, the prices having been driven down
by the business and home consumer markets.

When a single machine develops

problems, it can be removed from the cluster without disrupting operation on the
remaining machines. Individual machines can be upgraded, or new machines can be
added to the cluster, to deal with increased demand. Even workstation computers can
be, and are, integrated into the cluster so that their spare computational power can
be used when needed. The cluster is also heterogeneous, incorporating machines with
both x86 and Alpha processors. Each machine runs its own copy of the RedHat [155]
distribution of Linux, which is freely available under the GPL3 and similar licences.
Linux and other Unix clusters are becoming increasingly common, both for highperformance parallel computing (for example, the LoBoS [156] (‘Lots of Boxes on
Shelves’) series of machines at the NIH, or the Google [157] web search engine) and for
high-availability (multiple redundancy) applications in the business arena. They are
also starting to be linked together into much larger ‘virtual’ computers as part of a drive
to make supercomputer power a resource available on demand to researchers all over
the world. This is known as grid computing [158] and is typified by the TeraGrid [159]
project, which aims to build a 20 Teraflop supercomputer by linking together smaller
supercomputers physically located at four different sites around the USA.
3

The GNU General Public Licence guarantees that the source code of programs licensed under it,
and of derivatives, is always freely available.
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2.5.1

Local versus network storage

Some modern clusters do not use hard disks on the compute nodes at all; instead,
a system such as PXE4 is used to boot each node from a kernel image stored on the
master machine, and then the operating system is read from a network filesystem. This
has the advantage that addition of new execution nodes is trivial, as any setup can be
carried out on the master. Every node will also be nearly identical in configuration. The
approach also has several disadvantages, however. Networking hardware is expensive,
while a hard disk large enough to store an operating system is inexpensive (particularly
when bearing in mind that a large fraction of a modern Linux distribution is concerned
with graphical environments such as the X Window System, which are not needed
on an execution node). Forcing every execution node to request all of its files from
a central fileserver wastes precious bandwidth and puts more of a strain on the main
server. If the server itself fails, the whole cluster becomes useless. Without disks on
the nodes, any calculation output or temporary files must be written to a networked
fileserver.
For these reasons, each machine in the cluster as designed has its own hard disk.
This disk holds the operating system, and is also used for temporary storage during
calculations. This is particularly important for quantum mechanical calculations using
the GAMESS-US [79] or Gaussian 98 [148] packages, which can produce temporary files
(generally containing two-electron integrals or DFT grid data) of gigabytes in size. The
master node is still relied upon for shared user and password information5 , a network
filesystem for storing user-built MPI binaries, access to the external network and job
scheduling. However, a failure of the master node will only prevent new jobs from
being started; existing jobs will continue to run to completion.
4

The Preboot Execution Environment [160] allows a PC to boot from the network, largely for
easier remote management.
5
A consistent set of user accounts is maintained on every cluster node by using Network Information
Services (or NIS+) software.
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2.5.2

Factors affecting network performance

It has already been explained that, by connecting processors with a commodity network
rather than a dedicated memory bus, significant cost savings are achieved but at
the price of reduced performance. However, it was envisaged that the majority of
calculations run on the cluster would use 8 processors or less; in fact, a significant
fraction of calculations run so far are single-processor only. Obviously, for singleprocessor (serial) calculations the speed of the network is almost immaterial, it
determining only the rate at which data can be obtained from the master node at
the start of a calculation and sent back at completion.
The cluster uses standard fast Ethernet, which has a peak transfer rate of
100 Mb/sec, i.e. 100 million binary digits, or 12.5 Megabytes. (In contrast, a typical
shared memory machine can communicate over its memory bus at rates greater by one
to three orders of magnitude.) However, there are several caveats. Firstly, this is the
transfer rate per interface card; each process on a two-processor SMP machine is thus
limited to 50 Mb/sec. Secondly, this bandwidth must be shared between all nodes.
For example, in a calculation involving 6 nodes, each node may want to communicate
with all five of the others. Thus, the 50 Mb/sec is further reduced to 10 Mb/sec,
although this can be alleviated by an appropriate choice of network topology and/or
parallel algorithm. Thirdly, the operating system takes a non-zero amount of time
(the latency) to send a request from the application software to the network hardware
itself. This wasted time reduces the data transfer rate still further. Finally, the MPI
library introduces extra inefficiencies, generally due to unneeded memory-to-memory
copy operations.
The speed of the network can be increased by switching from fast Ethernet to
Gigabit Ethernet, which transfers data at 1000 Mb/sec. However, at present Gigabit
network hardware is far more expensive than fast Ethernet, and the aforementioned
latency problems are far more pronounced. The latency problem can be ameliorated by
70

avoiding the overheads imposed by the operating system; many standard fast Ethernet
cards support the VIA [161] standard for such OS bypass, while for high-throughput
applications, Myrinet [162] offers transfer rates of around 1.28Gb/sec (2Gb/sec for the
newer Myrinet-2000 offerings) with very low latency.
An inexpensive way of increasing network speed is to utilise channel bonding.
Channel bonding simply employs two network cards per machine, and network traffic
is divided between them. Thus, the effective bandwidth is doubled, with the only
additional expense being additional fast Ethernet network cards and a larger Ethernet
switch. (More than two network cards per machine can in fact be used, although again
to see the full performance increase, OS bypass is required.)
Channel bonding can be implemented at a variety of levels in a typical network
stack. It is most commonly done at the data link level; the OS network driver divides
traffic between two or more physical network cards. This has the advantage that
the channel bonding is completely transparent to applications; they simply see a
network device with twice the normal bandwidth. However, the disadvantage with
this approach is that it is ignorant of the network structure; thus, every machine in the
cluster must have multiple network cards, and be channel-bonded. Secondly, multiple
network switches must be used so that data packets from different network cards on
the same machine are not confused. A less expensive approach is to channel bond at
the application level; the two network cards are treated distinctly, with separate IP
addresses, and the MPI library distributes traffic. This allows channel bonding to be
used for part of the cluster, and the same switch can be used for all network cards.
It is, however, generally less efficient than link-level bonding, and only certain MPI
libraries (such as MP Lite [163]) support it.
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2.5.3

Hardware setup

The setup of the cluster is shown in schematic form in figure 2.3. Note that it was
constructed in three parts. In Phase I, an experimental cluster was built by simply
adding a second network card to a lab workstation, designating this machine the control
node; standard PCs, only without monitors, were then set up as ‘headless’ compute
nodes, and the control node was configured to run jobs on both these dedicated compute
nodes and other lab workstations. In Phase II, banks of custom-built dual-processor
machines were added in a rackmount configuration; this is far more compact than a
collection of generic boxes, and allows for easier maintenance. In the third and to date
final phase, additional rackmount machines were added with dual, channel-bonded,
network cards. In the current configuration all compute nodes and the control node
are headless; almost all administration can be performed remotely over the network.
In the case of severe problems (e.g. hardware failure) a monitor and keyboard can be
plugged into a misbehaving node in order to diagnose the fault.

2.5.4

Software setup

In order to efficiently distribute calculations between processors, the OpenPBS
(Portable Batch System) software [164] was deployed. This receives requests from
users at lab workstations for various computational resources (e.g. “10 processors for
50 hours on machines with Gaussian 98 installed”), queues and schedules the submitted
jobs, and finally instructs individual compute nodes, or idle workstations, to run the
calculations. OpenPBS was chosen as it is available free of charge, has freely-available
source code, and is well supported by Grid middleware such as the Globus Toolkit [165].
Source code availability was vital in order to add new features to the code, as described
below. Good support by Grid middleware may become important in the future if this
currently lab-exclusive compute cluster is ever amalgamated with other such clusters
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Figure 2.3: The hardware configuration of the compute cluster.
and compute resources on a departmental, university, national or even international
scale.
A set of helper scripts was developed in order to copy input files from lab
workstations to the control node and then on to the required compute node, and
to copy outputs back at the end of a calculation. The codes run during this study
are generally quite poorly load-balanced (see section 2.2) instead choosing to spread
the work fairly equally between processors (although the first node in any parallel
calculation is generally more loaded, as the serial work is also performed on this
machine). In order to try to accommodate this on the heterogeneous cluster, the
PBS software was modified to include a ‘speed’ attribute for each compute node. Jobs
are then scheduled to run on machines in speed order, fastest first. This minimizes
the probability that a calculation will be spread over a combination of fast and slow
machines, and even in such an occurrence, ensures that the generally more loaded first
node is a faster processor.
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The cluster system is balanced between single-processor calculations and parallel
jobs by ‘packing’ the processors requested by a job. After the nodes have been sorted
by speed, processors are picked on the machines with the smallest number of free
processors. For example, if a 2-processor SMP machine is running one single-processor
job, and a second is scheduled, it is packed onto the same machine in preference to
being assigned to a machine with two processors free. This keeps as many 2-processor
machines free as possible, so that parallel jobs can take advantage of the faster SMP
parallelism.
Parallel codes are linked against the MPICH [166,167], LAM [168], or MP Lite [163]
MPI libraries, or (in the case of GAMESS-US) use their own parallel implementations
on top of the underlying TCP/IP6 network. All of these codes are locally modified to
use the Mpiexec [169] job startup system. This uses a list of compute nodes provided by
PBS, and uses PBS directly to start processes on each compute node. (The conventional
approach on a Beowulf cluster is to start processes via the rsh or ssh mechanism. This
is significantly slower than Mpiexec, and is also open to abuse by malicious users, as
it is difficult to limit rsh/ssh access to only those nodes allocated for a job.)
The modifications made to PBS, MPICH, LAM and Mpiexec during the period of
this study have been given back to the free software community. In fact, recent versions
of MPICH and Mpiexec now directly incorporate some of these fixes and enhancements.
6

Ethernet communications make no guarantees as to whether information reaches its destination
in the correct order, or even whether it arrives at all. TCP, or Transmission Control Protocol, makes
these guarantees. IP, or Internet Protocol, underlies TCP and hides the implementation details of
Ethernet, allowing information to flow across a variety of possibly disparate, interconnected networks,
known as an internet.
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2.6
2.6.1

Tests of the cluster performance
Base network performance

The theoretical peak performance of the cluster when performing parallel computations
was ascertained by use of the NetPIPE program [170]. This simulates an MPI or
TCP application by transmitting data in a variety of packet7 sizes across the network,
and determines the mean transfer rate. Three different MPI implementations were
used: LAM, MPICH, and MP Lite. LAM’s ‘usysv’ transport, and MPICH’s ‘p4-shared’
device, were used, both of which employ standard TCP networking for communication
between machines, and shared memory for communication between different processors
on an SMP node. MP Lite uses TCP for all communication, whether across the network
or between SMP processors, although as previously mentioned, it can channel-bond
between two network cards; results from MP Lite when operating in this mode are
denoted by ‘tcp × 2’.
Results are shown for SMP communication in figure 2.4, and for communication over
the 100 Mbit Ethernet network in figure 2.5. For comparison, the NetPIPE software
was also tested with MPICH on the more recently constructed Oxford University Linux
cluster, ‘Oswald’ [3], which uses Myrinet networking, and the results summarised in
figure 2.6. It can clearly be seen that much higher transfer rates are possible over a
machine’s memory bus than over an Ethernet network, even when channel bonding is
employed. It should also be noted that the transfer rate is strongly dependent on the
message size. Small messages are sent very inefficiently, as the latencies introduced by
the operating system, and the overheads required to wrap, send, receive, and unwrap
each packet, account for a significant fraction of the transfer time. For very large
packets, the time required to copy them in memory can become rate-limiting. Note
7

All data are sent across networks in chunks known as ‘packets’ rather than in a continuous
stream. These packets contain header information to identify, for example, their network source and
destination. Packets may contain or ‘wrap’ other packets; for example, when using MPI across an
Ethernet network, the Ethernet packets contain TCP packets, which in turn contain MPI packets.
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Figure 2.4: 2-processor MPI throughput on an SMP (shared memory) system, for a
variety of MPI packet sizes and MPI libraries.
also that the performance of Myrinet is much better than that of 100 Mbit Ethernet,
although again maximum performance is only achieved for very large packet sizes. The
Ethernet performance of ‘raw’ TCP (i.e. without using any MPI library) is also shown
in figure 2.5, for comparison. Using any of the MPI libraries incurs a small amount
of overhead, due to the time required to pack MPI packets within the underlying
TCP packets. Note also that channel bonding confers no benefit to performance for
packet sizes smaller than about 103 bytes. This is because the maximum size of an
Ethernet packet is 1500 bytes, and there is no point in using multiple Ethernet interfaces
until multiple Ethernet packets become a necessity, as Ethernet packets travel at the
same speed across the network, regardless of their size. (This is thus true for any
type of packet encapsulated within an Ethernet packet, although large packets have
to be fragmented in order to travel across Ethernet. This fragmentation and later
recombination can also slow communications.)
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Figure 2.5: 2-processor MPI throughput across a switched 100BaseT network, for a
variety of MPI packet sizes and MPI libraries.
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Figure 2.6: 2-processor MPI throughput across a Myrinet network, using the MPICH
library, for a variety of MPI packet sizes.
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2.6.2

Real-world application test cases

Actual MPI applications would be expected to employ a variety of message sizes during
their communications, and thus their performance cannot be deduced from the simple
NetPIPE results. Four CHARMM test cases were used to investigate this further.
The first of these was a series of minimizations of a 1281-atom QM/MM system;
9 atoms were treated at the HF/6-31G* level of theory, and the remainder, which
constituted the water solvating the QM region, with the CHARMM force field. This
is particularly representative of the calculations carried out later in this work, as the
system is the Menshutkin reaction in the solution phase, considered in Chapter 5.
The second test case was used to represent more general usage on a large system,
consisting of minimization and molecular dynamics of a 12053-atom enzymatic system,
comprised of porcine pancreatic elastase bound to human β-casomorphin-7 [171], and
solvated with 2800 TIP3P water molecules [172], using a stochastic boundary approach
(see section 1.7.3). The third and fourth test cases focused on smaller systems —
minimization and dynamics of a 16-molecule water cluster, and of a 256-molecule
periodic water box, respectively.
Each test case was run on one or more SMP cluster nodes, each of which consisted
of two Pentium III processors running at 800 MHz. Each test case was repeated for
1, 2, 4, 8 and 16 processors; the timings for the single-processor tests were then used
to give parallel speedups for the multi-processor runs, by application of equation 2.4.
To account for the difference in bandwidth between SMP and TCP communications,
the two-processor test cases were run twice, in the first instance using two processors
on one node, and in the second using one processor on each of two nodes. Test cases
on more than two processors were instructed to always use two processors per node
(so for example, a 16-processor calculation ran on 8 nodes). Other calculations were
prohibited from running on the nodes at the same time as the parallel test cases, and
each test case was run five times, in order to minimize the slowdown to the test cases
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that other processes running on the nodes would cause. The test cases were run for the
same parallel libraries previously used for the NetPIPE tests; however, no results were
obtained for MP Lite with channel bonding for the 16 processor case, as insufficient
channel-bonded nodes were available. (Channel bonding was also not used for the 2
processor SMP test case, as this involved no communication across the network.)
Results for the QM/MM test case are shown in table 2.1, those for the enzymatic
system in table 2.2, for the water cluster in table 2.3, and those for the water box in
table 2.4. It can be seen from a quick inspection that the larger system enzymatic and
QM/MM test cases parallelise fairly well up to 4 or 8 processors, while the smaller
system cluster and periodic box test cases perform extremely poorly. To explain this
behaviour, it is beneficial to understand how CHARMM and GAMESS parallelise.
Put simply, the CHARMM energy routines transmit the coordinates of all atoms in
the system at the start of each energy calculation from the control process to all other
processes. After the energy calculation, the energies and forces from each process
are combined back onto the control node. Thus the communication for an N -atom
system scales as O(N ). However, the time taken for each process to calculate the
system energy may scale as O(N 2 ), depending on the force field used. Additionally,
the smaller the system, the smaller the message size used by the MPI library, which the
earlier NetPIPE results (see figure 2.4 and figure 2.5) have shown leads to much lower
performance. Thus, the network communication overhead becomes less of an issue with
larger CHARMM systems. (GAMESS also requires internode communication to gather
matrix elements, but again the communication time scales more favourably than the
total energy calculation time.)
It should also be noted that some of the two-processor test cases demonstrate a
speedup slightly greater than 2, in disagreement with the simple model of equation 2.3,
which assumes the same code is run in both serial and parallel cases. Such discrepancies
are generally caused by optimization and caching. The parallel code may be better
79

Number of

MPICH

LAM/MPI

MP Lite

MP Lite

processors

(p4 shared)

(usysv)

(tcp)

2.124 ± 0.001

2.115 ± 0.002

2.023 ± 0.002

(tcp × 2)

3.270 ± 0.047

3.274 ± 0.004

3.024 ± 0.215

2 (SMP)
2 (TCP)
4
8
16

2.109 ± 0.001
4.811 ± 0.013
3.866 ± 0.027

2.100 ± 0.001
5.558 ± 0.027
5.907 ± 0.036

-

2.098 ± 10−4

2.051 ± 0.003

3.598 ± 0.277

3.636 ± 0.008

2.804 ± 0.054

3.077 ± 0.019
-

Table 2.1: Speedup of a series of minimizations of a 1281-atom QM/MM system, with
various MPI libraries. (Each run lasted about 30 CPU minutes.)
Number of

MPICH

LAM/MPI

MP Lite

MP Lite

processors

(p4 shared)

(usysv)

(tcp)

1.919 ± 0.018

1.877 ± 0.020

1.920 ± 0.022

(tcp × 2)

2.787 ± 0.041

3.413 ± 0.055

2.785 ± 0.028

2 (SMP)
2 (TCP)
4
8
16

1.950 ± 0.014
5.008 ± 0.038
5.078 ± 0.035

1.864 ± 0.011
5.861 ± 0.045
8.963 ± 0.060

-

1.947 ± 0.018

1.948 ± 0.014

5.690 ± 0.046

5.901 ± 0.066

8.012 ± 0.059

2.773 ± 0.040
-

Table 2.2: Speedup of MM minimization and dynamics of a 12053-atom enzymatic
system, with various MPI libraries. (Each run lasted about 4 CPU hours.)
optimized than the corresponding serial code by design of the algorithm, at compile
time when the Fortran or C code is converted to machine code, or at run time when the
code is pipelined by the CPU. A calculation run on two processors rather than one also
benefits from twice the total amount of on-CPU cache; put another way, the problem
size per processor is smaller, such that the data may fit entirely into the cache, or at
least the number of cache ‘misses’ is reduced.
The performance of MPICH and LAM is similar for the systems tested, although
LAM generally performs better whenever SMP communication is required. This is
consistent with the NetPIPE results shown in figure 2.4. MP Lite, however, tends
to perform rather poorly in comparison, probably because it relies on TCP for all
communication, which is less than ideal for intranode data transfer. Channel bonding
gives little benefit (or is even detrimental to performance) for the cluster and box test
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Number of

MPICH

LAM/MPI

MP Lite

MP Lite

processors

(p4 shared)

(usysv)

(tcp)

1.082 ± 0.005

2.077 ± 0.009

0.560 ± 0.007

(tcp × 2)

0.070 ± 10−4

0.185 ± 10−4

0.017 ± 10−4

0.016 ± 10−4

0.002 ± 10−6

0.040 ± 10−5

0.018 ± 10−5

-

2 (SMP)
2 (TCP)
4

0.298 ± 0.002
0.006 ± 10−5

8
16

0.291 ± 0.004

0.085 ± 10−4

0.132 ± 0.016

0.040 ± 10−4

-

0.116 ± 0.006

0.040 ± 10−4

Table 2.3: Speedup of MM minimization and dynamics of a 16-molecule water cluster,
with various MPI libraries. (Each run lasted about 5 CPU minutes.)
Number of

MPICH

LAM/MPI

MP Lite

MP Lite

processors

(p4 shared)

(usysv)

(tcp)

1.994 ± 0.010

2.021 ± 0.013

1.891 ± 0.008

(tcp × 2)

0.705 ± 0.009

2.192 ± 0.010

0.675 ± 0.010

2 (SMP)
2 (TCP)
4
8
16

1.774 ± 0.013
0.439 ± 0.018
0.124 ± 0.001

1.751 ± 0.012
1.852 ± 0.009
1.253 ± 0.007

-

1.258 ± 0.030

1.295 ± 0.072

1.140 ± 0.009

1.142 ± 0.009

0.648 ± 0.005

0.618 ± 0.073
-

Table 2.4: Speedup of MM minimization and dynamics of a 256 water molecule periodic
box, with various MPI libraries. (Each run lasted about 5 CPU minutes.)
cases, as the network packets used are so small. For the larger systems, however, it
does begin to confer some small benefits.
No parallel library gives a speedup on 16 processors even close to 16, even for
the large enzymatic system. (It is expected, however, that larger MM systems would
parallelise more efficiently.) This is no doubt due in part to overloading of the network,
but the major cause is likely to be inefficiencies in the CHARMM parallel algorithm.

2.7

Summary

In order to tackle modern computational chemistry problems efficiently, advantage
must be taken of parallelism. There are many methods for running parallel calculations,
but inexpensive commodity Linux clusters are becoming an increasingly viable
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alternative to traditional supercomputers. As part of this work, such a cluster was
designed and constructed, and has been shown to perform well for certain classes of
problems on up to 8 processors. It has additionally been successfully used by other
researchers in the group for energy and dynamics simulations of systems with MM,
QM, or hybrid QM/MM force fields [20, 173–175].
Many computational chemistry codes are still not parallelised, and so a large
proportion of calculations would be expected to run on a single processor.

For

example, the MOPAC code interfaced to CHARMM for semi-empirical QM/MM is not
parallelised at all, and so a semi-empirical QM/MM calculation on multiple processors
is rather inefficient, as only the MM part of the calculation experiences a parallel
speedup. Again, Linux clusters excel here, as money is not wasted on a needlessly high
bandwidth interconnect.
For this work, most of the simulations that will be described in later chapters were
run serially, largely due to limitations in the parallel algorithms available. On the other
hand, for QM/MM simulations using ab initio codes such as GAMESS-US, which are
well parallelised, the LAM MPI library was almost exclusively used.
The PBS system used in this configuration allows the integration of otherwise
unused desktop machines into the compute cluster, and readies the computing resources
for possible future integration into a computing grid.
Linux clusters are not a panacea. Commodity PC and networking hardware works
well only for certain classes of problem; some problem types, however, require very fast
communications, and can actually demonstrate speedups of less than unity on a Linux
cluster. For these, traditional shared-memory supercomputers are generally required,
although commodity SMP machines may perform adequately for parallelisation across
a small number of processors. In a future grid, it may well be possible to ‘purchase’
CPU time, memory, and other resources on such a supercomputer in return for similar
resources on a Linux cluster, and research in this area is ongoing [165].
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Chapter 3
Implementation of fluctuating
charge force fields
3.1

Introduction

As previously discussed, microscopic systems are generally modelled by application
of a molecular mechanics force field, or by solution of the quantum mechanical
wavefunction.

Molecular mechanics methods have the advantage that they are

computationally inexpensive, and can therefore be applied to very large systems and
run for long timescales. By suitable parameterization from both experimental data
and QM calculation, they can be and are applied to a wide range of systems of
biochemical interest. QM methods, on the other hand, require far less parameterization
(dependent on the choice of ab initio, DFT or semi-empirical method) but can yield
vital information on electronic properties and bond breaking or forming processes.
Hybrid QM/MM methods seek to combine elements of both QM and MM
approaches in order to balance computational cost against accuracy.

It must be

remembered, however, that the two techniques can differ dramatically in their level of
approximation. A number of approaches seek to smooth the join between the QM and
MM regions, generally by using an intermediate method in the buffer region between
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the two systems. For example, the 3-layer ONIOM [176, 177] method typically uses a
semi-empirical QM potential in the region between the ab initio and MM systems, while
other methods mix DFT and semi-empirical treatments in the QM Hamiltonian [178],
or use a frozen density approximation in the buffer between the DFT region and the
MM system [179].
Another approach is to improve the accuracy of the MM potential. Conventional
MM methods use point charges, usually centred on the nuclei; these point charges
are fixed, their values being determined by a best fit to experimental and/or QM
electrostatic interactions. Such fixed point charge models are unable to polarize in
response to changes in the environment, and as such lack transferability. For example,
the dipole moment of water changes from 1.85 D [180] in the gas phase to 2.6 D in solid
ice [181, 182], while in solution it is believed to be between 2.5 and 2.7 D [183–188];
a fixed-charge model, however, cannot change its dipole moments and is therefore
generally parameterized to reproduce the bulk solvent behaviour only. This can lead
to inaccuracies when the model is used to simulate non-bulk systems, such as the
solvation of highly-charged species.

3.1.1

Dipole polarizable methods

The deficiencies of fixed-charge models can be partially overcome by allowing for
polarization in some approximate way. A variety of methods have been proposed by
researchers; several of the methods can be described as ‘dipole polarizable’, in that they
retain the fixed charges of conventional solvent models, but add point polarizabilities
[25–29]. Some of these models reproduce experimental properties to a high degree of
accuracy in both the gas and solution phase. However, their disadvantage is that while
charge-charge interactions are simply described by Coulomb’s law, addition of multiple
dipoles necessitates the calculation of charge-dipole and dipole-dipole interactions. The
increased number of interactions, which are at any rate of a more complex functional
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form than Coulomb’s law, results in much increased computational expense; one such
method has been reported to increase the cost by a factor of 4 [26].

3.1.2

Electronegativity equalisation approaches

An alternative class of polarizable force fields does not add any extra charge sites
or dipoles. Instead, polarization is modelled by allowing the values of the charges
themselves to alter in response to their environment.

These generally apply the

‘electronegativity equalisation’ approach proposed by Sanderson [31,32], which suggests
that when a molecule is formed from a set of atoms or other functional groups, all of
which have their own electronegativities, electron transfer will occur such that the
electronegativities of all of the groups become equal. Parr et al. [9] have subsequently
shown from Density Functional theory that the Mulliken electronegativity [189,190], χ,
is simply the negative of the chemical potential of an atom’s electron cloud, µ, which
itself is given as the derivative of the energy E with respect to the number of electrons
N , at a constant external potential ν:

µ=

µ

∂E
∂N

¶

ν

= −χ

(3.1)

Thus, the charge transfer involved in electronegativity equalisation can be alternatively
viewed as occurring from regions of low chemical potential to those of high potential,
such that µ is equalised for all atoms, in an analogous way to the equalisation of
chemical potentials of mixtures in macroscopic chemistry.
Many methods for charge determination,

utilising either full or partial

electronegativity equalisation, have been proposed [191–194]. The Fluctuating Charge
(FlucQ) model [30, 33–35] is one such technique, and is considered in further detail in
this work.
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3.2

Determination of polarization energy

The Fluctuating Charge model begins by considering the Taylor expansion of the energy
of an atom A as a function of its partial charge, QA :

EA (QA ) = EA (0) + QA

µ

∂E
∂QA

¶

1
+ Q2A
2
QA =0

µ

∂ 2E
∂Q2A

¶

+ ...

(3.2)

QA =0

For ease of parameterization, terms of higher than second order are ignored. The
response of atomic energy to polarization can thus be determined if the first and second
derivatives of the energy with respect to the partial charge are known. These are treated
as adjustable parameters of the model, and are written as:
1 0 2
EA (QA ) = EA (0) + χ̃0A QA + JAA
QA
2

(3.3)

Using this formula, the ionisation energy (IE) and electron affinity (EA) can be
written in terms of the newly-introduced parameters:
1 0
EA (+1) = EA (0) + χ̃0A + JAA
2
1 0
EA (−1) = EA (0) − χ̃0A + JAA
2
1 0
IE = EA (+1) − EA (0) = χ̃0A + JAA
2
1 0
EA = EA (0) − EA (−1) = χ̃0A − JAA
2

(3.4)
(3.5)
(3.6)
(3.7)

Thus it can be seen that
1
χ̃0A = (IE + EA)
2
0
JAA
= (IE − EA)

86

(3.8)
(3.9)

i.e. that χ̃0A is the Mulliken electronegativity [189, 190] of the uncharged atom, while
0
JAA
is a measure of its hardness [9].

The instantaneous (i.e. charge-dependent)

electronegativity is then defined as:

χ̃A =

∂E
∂QA

(3.10)

Observe that this equation is similar to equation 3.1, where the relation Q = Z − N
has been applied, with N the number of electrons, and Z the atomic number of the
atom. Since the total energy E is a sum of individual energy terms (equation 1.54),
the electronegativity will also be a sum, including contributions from all energy terms
that have a charge dependence, such as the QM/MM energy.
In a system containing multiple partial charges, the minimum energy configuration
corresponds to all atoms having the same instantaneous electronegativity. Additionally,
a constraint must be placed upon the system in order to maintain the total charge. For
example, in an uncharged system, charge transfer could be allowed without restriction
between molecules, such that the following applies to atoms α in molecules i:
NX
atom
molec N
X
i=1

Qiα = 0

(3.11)

α=1

Alternatively, charge transfer could be allowed only within each molecule, such that
the following is true for all molecules i:
NX
atom

Qiα = 0

(3.12)

α=1

It should be noted that the Fluctuating Charge model places no kinetic restrictions
on charge transfer. Thus charge transfer can occur over unrealistically large distances,
and the polarizability of large systems can be overestimated. In this work, therefore,
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intermolecular charge transfer is not permitted and the constraints in equation 3.12
are applied.
The energy of an uncharged atom in equation 3.2, EA (0), is not determined by the
FlucQ method. It is, however, a constant, and can thus be set to an arbitrary value in
any calculation of relative energy. It is convenient to set this such that the polarization
energy of the gas phase monomer is zero; the electrostatic energy of a system containing
Nmolec molecules, each with Natom atoms, is then given as:

Eelec =

NX
atom
molec N
X
i=1

α=1

¢ X
¡ 0
0
Q2iα +
Jαβ (r iα,jβ )Qiα Qjβ − Nmolec Egp (3.13)
χ̃iα Qiα + 12 Jαα
iα<jβ

where Egp is the electrostatic energy of a single isolated gas phase molecule, and
Jαβ (r iα,jβ ) is a term for the electrostatic interaction between two charges.

For

intermolecular charge interactions, this is the standard Coulomb term, 1/r, but
screening must be taken into effect for intramolecular interactions, as will be seen
in section 3.9.
It should also be pointed out that this energy contribution will give rise to an
electronegativity contribution, incorporating self-energy terms and both intramolecular
and intermolecular interactions, given as:
X
∂Eelec
0
= χ̃0iα + Jαα
Qiα +
Jαβ (r iα,jβ )Qjβ
∂Qiα
iα<jβ

3.3

(3.14)

Molecular dynamics via extended Lagrangian
methods

Direct solution of the FlucQ equations leads to a set of coupled linear equations.
Solution of these equations to yield the minimum energy charges for each configuration
is costly, as it requires a matrix inversion operation for all but the simplest systems.
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This dramatically increases the time required to calculate the energy of the system,
however [28]. An alternative approach is to perform a full optimization at the start
of a calculation, and then to treat the charges as dynamical variables in the same
way as the nuclear degrees of freedom, propagating them with Newtonian dynamics
by use of an extended Lagrangian formalism. Such a technique has previously been
used for propagation of the Kohn-Sham density matrix (rather than performing a
full SCF at each step) in Car-Parrinello molecular dynamics [113], and for Nosé’s
thermodynamically rigorous thermostat [118].
In Lagrangian mechanics [195] the Lagrangian, L , of the system is defined as

L =T −U

(3.15)

where T is the kinetic and U the potential energy. The Lagrangian equation of motion
of some property x is defined as
d
dt

µ

∂L
∂ ẋ

¶

=

∂L
∂x

(3.16)

In extended Lagrangian mechanics the usual kinetic and potential energies of the
nuclear (or Cartesian) degrees of freedom are added to by defining kinetic and potential
energies for other dynamical variables [196]. The kinetic energy, Tx , of the property x
is given by
1
Tx = Mx ẋ2
2

(3.17)

Note that a fictional mass associated with the degree of freedom, Mx , has been
introduced. This mass serves to determine the balance between the time fluctuations
of the property x and those of the nuclear degrees of freedom.
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In the case of the FlucQ model, a fictional charge mass term, MQ , is used, giving
the system’s Lagrangian as

L =

NX
atom
molec N
X
i=1

α=1

NX
NX
NX
atom
atom
molec N
molec
X
1
1
2
2
Qiα
m ṙ +
M Q̇ − U −
λi
2 iα iα
2 Q iα
α=1
α=1
i=1
i=1

(3.18)

This includes the nuclear kinetic energy, the charge kinetic energy, the total potential
energy (including the self-energy of the charges) and a number of constraints to
maintain the charge neutrality of the system, as per equation 3.12, each characterised
by a Lagrange multiplier [107], λi .
Thus, by application of equation 3.16 for the Cartesian coordinates, r iα , the
standard Newtonian equation of motion is obtained:

miα r̈ iα = −

∂U
∂r iα

(3.19)

Solution for the charge coordinates, Qiα , yields the following:

MQ Q̈iα = −

∂U
− λi = χ̃iα − λi
∂Qiα

(3.20)

In order to solve the constraint imposed by equation 3.12, it should be noted that,
for all i, the constraint implies:
NX
atom

Q̈iα = 0

(3.21)

α=1

Substitution of equation 3.20 into the above then yields

MQ

NX
atom
α=1

Q̈iα = −

NX
atom
α=1

χ̃iα − Natom λi = 0

(3.22)

and thus
λi = −

1
Natom
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NX
atom
α=1

χ̃iα

(3.23)

Finally, by substitution for λi into equation 3.20, the following equation of charge
motion is obtained:
MQ Q̈iα = −

1
Natom

NX
atom
β=1

(χ̃iα − χ̃iβ )

(3.24)

It can thus be seen that the charge acceleration of a given atom, Q̈iα , is given by the
difference between the instantaneous electronegativity of that atom, χ̃iα , (as defined
by equation 3.10) and the average of the χ̃iβ for all atoms β in the molecule. Thus,
the charge forces act to equalise the electronegativities of all charge sites within the
molecule.
If, on the other hand, intermolecular charge transfer is allowed, as per equation 3.11,
then the resulting equation of charge motion is

MQ Q̈iα

NX
atom
molec N
X
1
(χ̃iα − χ̃jβ )
=−
Nmolec Natom j=1 β=1

(3.25)

(In this case, the electronegativities of all charge sites in the entire system are equalised
by the charge forces.)
With these expressions for the charge accelerations Q̈iα , the charges can be
propagated during a dynamics simulation by standard Verlet; thus equation 1.98
becomes
Qiα (t + δt) = 2Qiα (t) − Qiα (t − δt) + δt2 Q̈iα (t)

(3.26)

while the charge velocity can be approximated as

Q̇iα (t) =

Qiα (t + δt) − Qiα (t − δt)
2δt

(3.27)

The charges also have an instantaneous ‘temperature’ defined by their velocities.
By consideration of equation 1.105 this temperature can be written as
NX
atom
molec N
X
1
M Q̇2
T =
(N − NC )kB i=1 α=1 Q iα
91

(3.28)

Here N is the total number of fluctuating charges, and NC the number of charge
constraints, which is equal to Nmolec when no intermolecular charge transfer is allowed,
as one constraint is applied to each molecule (equation 3.12).

3.4

Charge minimization

By propagating the charges via modified Newtonian-like dynamics, they can be made
to respond to changes in their environment. However, in order for these charges
to be representative, they should be in their minimum energy configuration before
dynamics is started. (Any other configuration would invariably lead to a high charge
temperature, and although thermostatting could be used to force this temperature
down to an acceptable level, equilibration would take more time steps.) This is exactly
analogous to minimizing the Cartesian degrees of freedom before running conventional
dynamics.
One approach is to lower the charge energy by dissipative Langevin dynamics. The
Langevin equation of motion differs from the Newtonian in that the average effects of
the environment are added; a particle experiences both a frictional drag proportional
to its velocity through the medium, and stochastic forces due to collisions with other
particles:
ṗiα (t) = F (t) − ζpiα (t) + p̆iα (t)

(3.29)

Here the momentum piα of particle iα is affected by the force F (as in Newtonian
dynamics), the friction constant ζ, and random forces represented by p̆iα .
The method used in this work is an application of the equations originally developed
by Ermak [86, 197], which are Verlet-like, but aim to model Brownian-type dynamics.
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When applied in charge space, they take the form:

Q(t + δt) = Q(t) + c1 δtQ̇(t) + c2 δt2 Q̈(t) + δQG

(3.30)

Q̇(t + δt) = c0 Q̇(t) + (c1 − c2 )δtQ̈(t) + c2 δtQ̈(t + δt) + δ Q̇G

(3.31)

In this equation δQG and δ Q̇G represent random forces, the analogues of the random
force p̆iα in equation 3.29. Such variables are generally random variables with a
Gaussian distribution, having a zero mean and a variance proportional to the simulation
temperature [198]. In dissipative dynamics, the desired temperature is 0 K, and thus
for this work both of these variables are taken to be numerically zero. The coefficients
c0 , c1 and c2 are defined as
c0 = e−ζδt

(3.32)

c1 = (ζδt)−1 (1 − c0 )

(3.33)

c2 = (ζδt)−1 (1 − c1 )

(3.34)

Charge minimization was carried out in this work by choosing a friction constant
ζ and a time step δt, and then carrying out dissipative Langevin dynamics on the
charge degrees of freedom, keeping the Cartesian coordinates fixed. This process was
terminated when the charge temperature dropped to below a given threshold, or a
maximum number of iterations was exceeded.
An alternative method, since charge forces are available, is to simply treat the
charges as extra degrees of freedom of the system, such that the energy is defined as a
function of both the Cartesian coordinates and the charges. Then any of the standard
CHARMM minimization algorithms described in section 1.9 can be used in order to
obtain the minimum energy of the system, by minimizing the Cartesian and charge
coordinates simultaneously.

93

3.5

Thermostatting

To maintain the charge temperature of the system, a Nosé-Hoover or Berendsen
thermostat, or simple charge velocity scaling (as described in section 1.10.2) can
be used. Such a thermostat is independent of any applied to the nuclear degrees
of freedom. The forms of the equations of motion match those in equations 1.106
and 1.110, with the obvious difference that the dynamical parameter is not a
particle’s position r iα but its charge Qiα . For example, by comparing equation 3.24,
the unperturbed charge motion equation, with the Berendsen equation of motion
(equation 1.106), the following equation of motion for thermostatted charges is
obtained:
Q̈iα = −

1
Natom MQ

NX
atom
β=1

(χ̃iα − χ̃iβ ) + γ

µ

¶
TQeq
− 1 Q̇iα
TQ

(3.35)

The charge acceleration Q̈iα is thus dependent on the charge velocity Q̇iα . By
writing the charge acceleration as a sum of a velocity-independent and a velocitydependent term,
Q̈iα = A + B Q̇iα

(3.36)

and by using the definition of Q̇iα in equation 3.27, equation 3.26 then becomes:
Qiα (t + δt) = 2Qiα (t) − Qiα (t − δt) + δt2 A +

δt
B [Qiα (t + δt) − Qiα (t − δt)] (3.37)
2

By collecting terms, a modified Verlet equation is obtained:
2Qiα (t) − (1 + 12 δtB)Qiα (t − δt) + δt2 A
Qiα (t + δt) =
1 − 12 δtB

(3.38)

This reduces to the standard Verlet, equation 3.26, in the limiting case where the
velocity-dependent term B approaches zero.
The term B is generally a function of the instantaneous temperature, T . However,
the temperature is not known when the Verlet equation is applied; thus, an iterative
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procedure must be used in order to propagate the charges and apply the thermostat.
The basic procedure is as follows:
1. Using an estimate for the instantaneous temperature (e.g. from the last dynamics
step) calculate B and thus Q̈iα .
2. Calculate the new charges Qiα (t + δt) with equation 3.38.
3. Calculate the new charge velocities Q̇iα using equation 3.27.
4. Derive the current charge temperature from equation 3.28.
5. Compare the derived charge temperature with the initial estimate. If convergence
has not been achieved, use the derived temperature as the new guess, and return
to step 1.
The procedure for Nosé-Hoover thermostatting is identical, except that the equation
of motion (equation 3.35) is derived from the Nosé-Hoover expression, equation 1.110,
rather than the Berendsen.

3.6

Monte Carlo implementation

A FlucQ Monte Carlo move is implemented following Martin et al. [199–201] by adding
a small amount of charge, δq, to one charge site j, and removing a compensatory
amount of charge from all other charge sites in the molecule α, to maintain charge
neutrality:
Qiα =




Qiα + δq

:

i=j



Qiα − δq/(Natom − 1) :

i 6= j

(3.39)

δq is chosen from the linear random distribution [−Qmax : Qmax ] where Qmax is a userspecified parameter, which is used to control the acceptance rate of MC/FQ moves.
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3.7

Incorporation into QM/MM models

In order to link the FlucQ model with QM/MM, the contribution from the QM/MM
interaction to the electronegativities must be accounted for — i.e. the derivative of the
QM/MM energy with respect to MM charge is required. This turns out to be fairly
straightforward, as the expressions for the QM/MM energy (equations 1.58 and 1.61)
are linear in charge [202]. For example, for an ab initio system, the contribution to the
FlucQ forces, by consideration of equation 1.58, is given by
iα
X X Pµν Iµν
X Zm
∂EQM/M M
=
+
∂Qiα
Qiα
rm,iα
µ
ν
m

(3.40)

The interaction term for a semi-empirical system is similarly derived [203].
It should be pointed out at this stage that although the one-electron integrals,
iα
Iµν
, are calculated at the start of the QM calculation, before the SCF, they cannot

be used until the density matrix, P, is obtained at the end of the SCF procedure.
Furthermore, the integrals are not stored in a form that is useful to FlucQ; consider the
core Hamiltonian matrix, equation 1.17, which has elements containing the following
energy contributions:
core
Hµν
=

X
m

m
Iµν
+

X

iα
+ ...
Iµν

(3.41)

i,α

The first term accounts for the interaction between the electron density and the
QM nuclei m, while the second is an analogous term for the interaction with the
MM partial charges iα. Note that the sum over all MM atoms is stored in the core
matrix, whereas the sum over all basis function pairs is required for FlucQ. Thus,
iα
FlucQ needs either to store all calculated Iµν
values for use at SCF completion, or

alternatively they can be recalculated at the end of the energy calculation. This is the
same trade-off between memory usage and computational expense that is considered
for direct SCF calculations (section 1.2); however, one-electron integrals are relatively
inexpensive to recalculate. Both approaches were implemented and evaluated for this
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work; the additional overhead of recalculating the one-electron integrals was deemed
to be acceptable for systems containing a small number of MM atoms, and preferable
to using the large amounts of memory that would be needed to store these integrals
for the large basis sets used in this work.

3.8

Ewald summation

By consideration of equation 1.71, the Ewald reciprocal space contribution to the
electronegativities, ∂Erec /∂qi , can be written as
¸
·
kmax
1
∂S(−k)
2π 1 X
∂S(k)
∂Erec
2
exp(−k /4α) S(k)
= 3
+ S(−k)
∂qi
L 4πǫ0 k6=0 k 2
∂qi
∂qi
kmax
¤
£
1
2π 1 X
exp(−k 2 /4α) S(k)e−ik·ri + S(−k)eik·ri
= 3
2
L 4πǫ0 k6=0 k

(3.42)

By use of the identity eiθ ≡ cos(θ) + i sin(θ) the imaginary parts can be eliminated
to yield
kmax
N
h
X
2
∂Erec
2π 1 X
2
exp(−k /4α) cos(k · r i )
= 3
qj cos(k · r j )+
∂qi
L 4πǫ0 k6=0 k 2
j=1

sin(k · r i )

N
X
j=1

(3.43)

i
qj sin(k · r j )

CHARMM [10] Ewald code was modified to incorporate this contribution to
the electronegativities, and also the charge derivatives of the other Ewald energy
components, which are trivial to derive as these are linear or quadratic in the charge.
The more advanced Particle Mesh Ewald code also used by CHARMM was not modified
in this work, however.
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3.9

Intramolecular interaction

The interaction between two atoms i and j in the same molecule, cannot use the
standard Coulomb formula, as the atoms are generally sufficiently close for orbital
overlap to be non-negligible. Instead, a screened Coulomb term is used, as proposed
by Rappé and Goddard [194], corresponding to the interaction between Slater-type
orbitals on the two atoms:

Jij (r) =

Z

dr i dr j |φi (ri )|2

1
|φj (rj )|2
|r i − r j − r|

(3.44)

where the Slater-type orbitals themselves are given by

φi (r) = Ai rni −1 e−ζi r

(3.45)

where Ai is a normalization constant, ni the principal quantum number, and ζi the
orbital exponent.
Calculation of these integrals on the fly is expensive, and greatly slows an energy
calculation. Fortunately, the model is usually applied to rigid solvent molecules, such
that all interatomic distances within each molecule are fixed. Thus, Jij values can
be precalculated at these fixed distances at the start of the calculation, to avoid any
integral evaluations during the run.
FlucQ parameters were determined by Rick et al. [30] for the SPC [122] and
TIP4P [124] water models shown in section 1.10.5 (giving rise to the SPC-FQ and
TIP4P-FQ models, respectively) so that the models reproduced gas-phase dipole
moments and the energy, pressure and pair correlation functions of the bulk liquid;
these parameters are summarised in table 3.1. Note that the FlucQ model is fully
parameterized by the orbital exponents ζi , the charge inertia parameter MQ , and the
relative electronegativity, χ̃O − χ̃H . Since the FlucQ model alters the electrostatic
properties of the water molecule, Rick et al. also modified the van der Waals O–O
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SPC
rOH (Å)

TIP4P

1.0

SPC-FQ

0.9572

rOM (Å)

1.0

0.9572

0.15

θHOH (degrees)
QO (e)

109.47

104.52

-0.82

-1.04

TIP4P-FQ
0.15

χ̃O − χ̃H (kcal/mol/e)

109.47

104.52

73.33

68.49

1.61

1.63

ζO (a−1
0 )

ζH (a−1
0 )

1.00
2

0.90
−5

MQ (ps/e) kcal/mol
ǫ (kcal/mol)

0.1554

0.1550

σ (Å)

3.166

3.154

6.9 × 10

0.2941

3.176

6.0 × 10−5
0.2862

3.159

Table 3.1: Parameters used for the fluctuating charge models, compared to those for the
standard SPC and TIP4P models. Geometrical, FlucQ, and Lennard-Jones parameters
are shown.
interaction to compensate. (Note also that their notation is used throughout this
work, in which the O subscript is used to denote parameters which affect the oxygen
charge, in both the SPC-FQ and TIP4P-FQ models, despite the fact that in TIP4P-FQ
this charge is actually physically located on the M site.)

3.9.1

Flexible water models

For water molecules where the O–H and H–H distances can change due to bond
stretches and bends, the FlucQ model as originally developed suffers from a
severe disadvantage, as the evaluation of the intramolecular interaction integrals
(equation 3.44) is computationally demanding.

These integrals can, however, be

avoided by fitting a simpler function of r to the Jij (r) curve. From inspection of
figure 3.1, this curve can be seen to tend to the pure Coulomb 1/r interaction as
r → ∞, and to a Gaussian-like curve as r → 0. Thus, for this work the curve is fitted
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Figure 3.1: The screened Coulomb interaction term between oxygen and hydrogen
atoms in the FlucQ model, JOH . The standard Coulomb interaction and a single
best-fit Gaussian for the function at small r are also shown for comparison.
to the function

Jij′ (r) = F (r)

N ³
´
X
1 1
2
Ak e−αk r + (1 − F (r))
4πǫ0 r
k

(3.46)

where the number N of Gaussian functions in the linear combination can be increased
to improve the fit at small r, and F (r) is a switching function characterised by a
switching distance, Rsw :
F (r) =

(r/Rsw )8 + 2
−1
(r/Rsw )8 + 1

(3.47)

Optimum values of the parameters Ak , αk and Rsw are then determined by minimizing
the function
2

χ =

Z

[Jij (r) − Jij′ (r)]2 dr

100

(3.48)

JHH
A1 (kcal/mol)

321.01

−2

α1 (Å )
A2 (kcal/mol)

0.21735
40.500

JOH
260.08
0.16252
100.32

α2 (Å−2 )

1.5526

0.77669

Rsw (Å)

1.5497

1.5296

RMS (kcal/mol)

0.11787

0.11872

Table 3.2: TIP4P-FQ intramolecular interaction parameters.
In this work, a linear combination of two Gaussians was used. The integral in
equation 3.48 was approximated by the sum over points in the range 0 < r ≤ 4.0 Å,
spaced by 0.01 Å, and the function optimized by Fletcher-Reeves conjugate gradient
minimization [108,204]. The procedure continued until the determined RMS deviation
between the Slater integration Jij (r) and the approximate function Jij′ (r) over the
range in question changed by less than 10−5 kcal/mol between successive minimization
steps. The determined parameters for the relevant interactions in TIP4P-FQ water are
displayed in table 3.2.
As a test of the approximate function, it was applied to the water dimer. The
geometry and charges of the dimer were optimized with the flexible TIP4P-FQ model
by 1000 steps of Adopted Basis Newton Raphson minimization. The minimum energies,
O–O distances, CPU time required, and charges on one of the water molecules are
shown in table 3.3 for the two cases where the intramolecular interactions are calculated
by integration or by the approximate function. As can be seen, in this case the
approximation cuts the CPU time required by over 98%, while yielding properties
which differ from those of the ‘exact’ simulation by a little under 1%. The accuracy
of the approximate function could perhaps be improved further if necessary by adding
more Gaussian functions to the linear combination, or by precalculating values of the
integrals and storing them in a lookup table for later use via linear or cubic spline [205]
interpolation.
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Integration

Approximate function

Energy, kcal/mol

-64.136

-63.690

r(O–O), Å

2.923

2.927

qO , e

-0.942

-0.935

qH1 , e

0.527

0.523

qH2 , e

0.415

0.412

Approximate runtime

100.0%

1.6%

Table 3.3: Flexible TIP4P-FQ minimized water dimer properties, comparing
integration of the intramolecular interaction with an approximate function.

3.10

FlucQ energy terms

In summary, the FlucQ model adds two energy terms to a standard MM force field —
a polarization term and, at least during molecular dynamics, a charge kinetic energy
term. The former is given as:

FQ
Epol

=

NX
atom
molec N
X
i=1

α=1

Ã

Natom
1 X
0
χ̃iα Qiα +
J (r
)Q Q
2 β=1 αβ iα,iβ iα iβ

!

− Nmolec Egp

(3.49)

It can be seen that is essentially the same as equation 3.13, except that the
intermolecular contributions have been removed; these are calculated by the standard
0
Coulomb term. Also, the parameter Jαα
has been set equal to Jαα (r = 0).

The charge kinetic energy term is simply given by:

FQ
Ekin

=

NX
atom
molec N
X
i=1

3.11

α=1

1
MQ Q̇2iα
2

(3.50)

Code implementation in CHARMM

In order to carry out the work described in this thesis, the CHARMM [10] package
was extended by the author to calculate FlucQ energies and forces, and to perform
minimizations, molecular dynamics, and Monte Carlo simulations. These modifications
are included in CHARMM releases c28a3 and later; for a full description of the
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CHARMM implementation, and the core FlucQ code, please refer either to CHARMM
itself, or to the CD which accompanies this thesis.

3.11.1

Energy and force determination

The time-consuming part of the FlucQ algorithm is the determination of the nonbonded
and QM/MM contributions to the instantaneous electronegativity. The former are
calculated by a modification to the standard CHARMM nonbond routines, which by
default loop over all relevant atom pairs {i, j} and calculate an interaction energy Eij
and its first derivatives with respect to the Cartesian coordinates for each. These are
accumulated to give forces on each atom, and a system total electrostatic energy. The
code is modified when running with FlucQ to take these Eij components immediately
after calculation and accumulate them into per-atom arrays. (This part of FlucQ thus
takes advantage of any parallelisation in the CHARMM nonbond routines.) A similar
procedure is followed during the evaluation of the Ewald real-space and k -space energy
terms, again modifying the base CHARMM code for efficiency and parallelisation. A
specific FlucQ energy routine then accumulates these atomic energies from all parallel
nodes, and calculates the first derivatives with respect to charge by simply dividing by
the charge.1
The next step is the incorporation of QM/MM contributions; these are calculated
by FlucQ after the QM SCF is complete. All of the relevant one-electron integrals
are calculated by routines written for this work, which were derived from the standard
one-electron routines of the various QM packages. Thus these are also parallelised
in the cases where the parent codes are themselves parallelised — i.e. GAMESS-US,
GAMESS-UK and CADPAC exhibit parallel speedup, while MOPAC does not. The
relevant density matrix elements are then factored in to yield ∂EQM/M M /∂qi for each
1

Obviously, this approach will fail for cases where the charge is numerically zero. However, such
cases are rare, and CHARMM does not calculate electrostatic interactions in such cases anyway, so
special-case code would be required for this eventuality.
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MM atom i. This quantity is in fact the electrostatic potential due to the QM density
at the MM atom, and thus these routines are also used for the determination of the
electrostatic potential at arbitrary points, for example in the CHELPG algorithm.
At the end of the CHARMM energy calculation, FlucQ code gathers and sums the
calculated electronegativities from all processors. The self-energy and intramolecular
contributions are then added, by application of equation 3.14. Charge forces are then
calculated by equation 3.24 or equation 3.25.

3.11.2

Charge dynamics

The CHARMM dynamics routines are modified in this work for FlucQ such that when
new Cartesian velocities are calculated by the various CHARMM integrators (leapfrog Verlet, velocity Verlet, Langevin etc.) the charge forces calculated by the energy
routines are used by FlucQ to determine charge velocities and accelerations. It is also
at this point that the various thermostats (if used) are applied, and the dynamical
energy terms (FlucQ charge kinetic energy, thermostat kinetic and potential energy)
are calculated. This particular part of the code is not parallelised, as the computational
work required is minor when compared to the previous calculation of the energy, and
so little benefit would be observed. When the CHARMM integrator is used to generate
new Cartesian coordinates with the previously-calculated forces, FlucQ is also called
to similarly propagate the charges.

3.11.3

General modifications

A variety of other minor modifications were necessary for FlucQ. For example,
trajectory files read from or written to during FlucQ-enabled dynamics or Monte Carlo
include not only the standard Cartesian coordinates of all atoms, but also their charges.
Similarly, restart files include charges and charge velocities. Monte Carlo moves are
enabled by implementation of equation 3.39. The CHARMM minimization routines are
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altered to minimize a function not of 3N Cartesian variables, for an N -atom system,
but a function of 4N variables, which includes the charge of each atom. (In order to
determine overall RMS forces, a conversion of 1 kcal/mol/e to 1 kcal/mol/Å is used.)
The performance of the FlucQ code was optimized by avoiding square root and
division operations (which are particularly computationally demanding) wherever
possible, particularly within the energy calculation and other loops.

The former

were removed by dealing in squared quantities wherever practical, and the latter by
multiplying by the precalculated reciprocal if possible. Conditionals were eschewed
within loops to increase the efficiency of pipelining operations, and to make the code
vectorizable in some cases (see section 2.3.1). All FlucQ code was also added by means
of conditional compile directives, so that a version of CHARMM could be built without
FlucQ present if desired, for performance comparisons.

3.12

Summary

The FlucQ method of Rick et al. [30] provides an elegant and computationally
inexpensive mechanism for determining the charges of a system by electronegativity
equalisation [31], and maintaining these during dynamics.

As part of this work,

the FlucQ algorithm was added to CHARMM [10] by the author, and extended
for use not only in molecular dynamics simulations but also in minimization, by
means of dissipative Langevin dynamics or standard CHARMM first-order optimization
methods, and in Monte Carlo. The implementation is completely general, simply
adding extra terms and parameters to the CHARMM force field, and could thus
be used for the application of the fluctuating charge methodology to any system for
which parameters are available. The time-consuming integral evaluation required for
the simulation of flexible molecules with FlucQ, a major drawback, was avoided by
fitting an empirical function to the interaction. The performance of both the FlucQ
methodology and the TIP4P-FQ water model is evaluated in Chapter 4.
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Chapter 4
Fluctuating charge test cases
4.1

Overview

The FlucQ model was originally parameterized to give an accurate estimation of
the properties of bulk solvent [30], and the simplicity of the extended Langrangian
formalism means that it can be rapidly applied to such systems.

It is also

straightforward to extend the model to handle QM/MM interactions. However, the
ubiquitous nature of solvent means that the model must also be able to deal well
with solute-solvent interactions, and ideally it would reproduce QM behaviour for all
systems, from bimolecular complexes through clusters to the bulk. The TIP3P and
TIP4P solvent models, and to a lesser extent SPC, are already in wide use for this
purpose, however, and thus FlucQ must be carefully compared with these existing
models to evaluate its strengths and weaknesses.

4.2

Bulk solvent test cases

An essential test for any solvent model is the determination of bulk solvent properties
such as average dipole moment, radial distribution functions, and dielectric constants.
In this section, therefore, the TIP4P-FQ model is tested for use with both dynamics and
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Monte Carlo methods, and some subtleties of simulating bulk solvent with fluctuating
charges are discussed.

4.2.1

Use of cutoff approximations

When using simple periodic boundary conditions, all pair potentials must be truncated
at half the box length or less, as per the minimum image convention (see section 1.7.1).
As was mentioned in section 1.6, the inaccuracies introduced by the imposition of this
cutoff can be ameliorated by employing switching or shifting functions. However, the
situation is complicated slightly for electrostatics when dealing with methods which
deal with electron density, such as FlucQ or QM approaches, as not only does the
choice of cutoff function affect the energy of interaction between the electron density
and its environment (as in a standard MM force field), it also affects the nature of that
electron density itself.
The interaction of FlucQ with various CHARMM electrostatic cutoff functions was
thus investigated. For each type of cutoff, a standard pre-equilibrated cubic box of 256
TIP4P waters, with a side length of 19.716 Å, was used. Simple periodic boundaries
were imposed, and pair potentials were not evaluated for any atoms separated by more
than 9.5 Å, as per the minimum image convention. The FlucQ polarization energy was
minimized for the whole system by applying dissipative Langevin dynamics, using a
frictional coefficient of 1600 ps−1 and a time step of 1 fs, until the charge temperature
dropped below 10−6 K. The water box was then equilibrated by applying molecular
dynamics for 10 ps, using random starting Cartesian velocities assigned from a Gaussian
distribution consistent with simulation at a temperature of 298 K. The temperature of
these degrees of freedom was thermostatted at 298 K by application of Berendsen’s weak
coupling algorithm [117] with a coupling constant (γ in equation 1.106) of 0.001 ps−1 .
That of the charges was kept at 1.0 K by a Nosé-Hoover thermostat [118–120] with
an inertia parameter (Q, from equation 1.111) of 10.0 ps2 kcal/mol. The equilibrated
107

system was then simulated for a further 50 ps with molecular dynamics. Van der
Waals interactions, being independent of the FlucQ charges, and dropping off much
more rapidly with distance than electrostatics, were simply treated in all cases with a
simple shifting function, such that the energies dropped smoothly to zero at 9.5 Å.
Firstly, simulations using electrostatic force shift potentials (where the electrostatic
forces are modified at all distances so as to drop smoothly to zero at the cutoff distance,
9.5 Å) were compared to those with force switch potentials (where the forces are
‘switched’ from their normal value at the inner cutoff distance, 9.0 Å, to zero at the
outer cutoff, 9.5 Å). Electrostatic energy shifts and switches were not considered in
this work, as they have been previously shown to give poorer results in general [85]
and specifically for water simulation [206, 207].
Secondly, atom-based and group-based cutoffs were contrasted, where the
interatomic distance used for the cutoff determination (for both electrostatic and van
der Waals interactions) is calculated as the true atom-atom distance, or the distance
between the centres of mass of the two atoms’ parent molecules, respectively. Note
that group-based force shifts were not used, as these are not supported by CHARMM.
It can be seen from figure 4.1 that the dipole distribution produced from an atombased force shift simulation is around 0.15 Debye lower on average than that produced
with a group-based force switch. (The latter, an average of about 2.6 Debye, is
consistent with that determined by Rick et al. [30]. In comparison, the TIP3P and
TIP4P models yield dipoles of 2.35 and 2.18 Debye, respectively [124].) The average
dipole moment is consistently lower when using a force shift presumably because the
FlucQ forces on each water molecule are consistently lower, due to the nature of the
shifting function, such that each water molecule is less polarized by its environment and
is more gas-like. (A force shift has also been shown to be damaging to the short-range
interactions of charged groups in standard MM simulations [85].)
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0
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Dipole (Debye)
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Atom-based force shift
Group-based force switch, 9.0–9.5 Å
Atom-based force switch, 7.0–9.5 Å
Figure 4.1: FlucQ dipole distributions using different cutoff methods. For comparison,
the solution-phase dipoles for the TIP3P (2.35 D) and TIP4P (2.18 D) models, and the
generally-accepted range for the solution-phase dipole (2.5–2.7 D, from section 3.1), are
also shown.
Although a group-based force switch gives good results, the atom-based equivalent
is more problematic. Simulations using a switching function acting between an inner
cutoff of 9.0 Å or 8.5 Å and an outer cutoff of 9.5 Å failed due to the FlucQ charge
temperature approaching infinity. This is due to bad interactions with water molecules
within the switching region; for example, the oxygen charge can fall within the inner
cutoff, while the hydrogens fall outside of the outer cutoff, such that the FlucQ forces
are more representative of an isolated anion than of a neutral molecule. These incorrect
forces lead to elevated charge temperatures, which only worsen the problem. (This does
not occur with a group-based force switch, since all of the atoms in the water molecule
experience the same switch function.) The problem is alleviated by using a wider
switching region, as shown in figure 4.1 for a atom-based force switch between 7.0 and
9.5 Å. Note, however, that the dipole is still slightly underestimated.
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For comparison, a simulation was run with standard TIP4P water and a force
shift cutoff of 9.5 Å. This was carried out in exactly the same way as the FlucQ
simulations, except that the TIP4P van der Waals parameters were employed, and
static TIP4P charges were used on each of the water molecules. The corresponding
FlucQ simulation was thus revealed to require roughly 4% more CPU time than the
static charge treatment, which itself took just over 2 hours on a single 800 MHz Pentium
III machine.

4.2.2

Thermostat test cases

To test the applicability of the various thermostats, the same box of 256 TIP4P-FQ
waters used above was simulated with molecular dynamics for 20 ps, using a groupbased force switch to cut off the long-range electrostatic interactions. Before starting
the dynamics run, the charge degrees of freedom were minimized as described above.
The Cartesian degrees of freedom were maintained at 298 K by Berendsen weak
coupling with a 0.001 ps−1 coupling constant, while in the initial run the charge degrees
of freedom were allowed to evolve naturally with no thermostatting. The resultant
fluctuations in the charge temperature are shown in figure 4.2; the corresponding
fluctuations in the thermostatted Cartesian degrees of freedom are shown in figure 4.3.
As might be expected for a pre-equilibrated system, the Cartesian temperature of the
system remains stable for the duration of the simulation, fluctuating by less than 1%.
However, the charge temperature increases gradually during the run. This is partly an
indication of incomplete equilibration of the charge degrees of freedom; furthermore,
as the charge temperature increases, the charge distribution deviates more and more
from the minimum energy configuration and the validity of the extended Lagrangian
approximation is reduced. Thus, thermostatting is clearly necessary for runs of more
than a few tens of picoseconds.
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Figure 4.2: Charge temperature evolution with no thermostat applied.
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Figure 4.3: Evolution of the temperature of the Cartesian degrees of freedom, with a
Berendsen thermostat of coupling strength 0.001 ps−1 applied.
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Figure 4.4: Charge temperature evolution with the charge velocities scaled to 1.0 K
every 50 time steps.
The simulation was repeated, with the charge velocities scaled every 50 time steps to
maintain a charge temperature of 1.0 K. Velocity scaling was only applied if the original
charge temperature was greater than 1.0 K, i.e. it was not used to heat the system.
The evolution of the charge temperature under this thermostat is shown in figure 4.4.
It can clearly be seen that velocity scaling is very effective at maintaining the system
temperature. However, very little control is offered over the strength of the coupling,
and the dynamics are non-physical, so while it is suitable for initial equilibration, it is
of little utility for production work.
The simulation was repeated with the charge degrees of freedom constrained to
1.0 K by a Berendsen-style weak coupling thermostat, with a coupling strength of
1.0 ps−1 . As can be seen from figure 4.5, application of this thermostat causes the
charge temperature to remain relatively stable at around 1.0 K.
Finally, the simulation was repeated using a Nosé-Hoover thermostat for the charge
temperature, again using a target temperature of 1.0 K, and a Nosé-Hoover inertia
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Figure 4.5: Charge temperature evolution with a Berendsen-style weak coupling
thermostat of coupling strength 1.0 ps−1 applied.
parameter of 10.0 ps2 kcal/mol. As can be seen from figure 4.6, this thermostat allows
fluctuations similar in magnitude to the Berendsen method, the charge temperature
increasing to 1.6 K for a short time, but the temperature again settles down to close
to 1.0 K before the end of the simulation. This thermostat also has the advantage
that, being thermodynamically rigorous, the energy removed from the charge degrees
of freedom to those of the thermostat can be exactly quantified. The evolution of the
thermostat parameters S and Ṡ is shown in figure 4.7, where it can be seen that both
the potential energy (by reference to section 1.10.2, a linear function of S) and the
kinetic energy (dependent on Ṡ) of the thermostat increase during the course of the
simulation, as the increase in charge temperature observed in figure 4.2 is absorbed
into the thermostat’s heat bath.
The time taken to apply a thermostat to the Cartesian or charge degrees of freedom
is minimal when compared to that taken to evaluate the energy of the system. The
iterative procedure outlined in section 3.5 is perhaps not the most efficient, but both
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Figure 4.6: Charge temperature evolution with a Nosé-Hoover thermostat applied,
with inertia parameter 10.0 ps2 kcal/mol.
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Figure 4.7: Evolution of the Nosé-Hoover charge temperature thermostat parameters
S and dS/dt.
114

the Berendsen and Nosé-Hoover thermostats required only two or three iterations on
average for convergence. In fact, it was observed that the execution times of the above
simulations differed only by one or two percent. Additionally, the different thermostats
did not noticeably change the properties of the simulated system; for example, the
distribution of water dipole moments for each thermostat matched that produced in
figure 4.1 for a group-based force switch. Thus there is little justification on efficiency
grounds for using a less rigorous thermostat; both the Berendsen and Nosé-Hoover
thermostats appear to perform well, and so the Nosé-Hoover was used for further
FlucQ dynamics simulations in this work.

4.2.3

Simulation using Ewald summation

The problems introduced by the various cutoff methods are partly alleviated by using
the Ewald sum (section 1.7.2) to evaluate pairwise interactions, although the technique
is also far more computationally expensive. An Ewald simulation was run with an
identical setup to that used for the investigation of cutoffs in section 4.2.1, i.e. a cubic
box of 256 TIP4P-FQ waters, with the Cartesian degrees of freedom thermostatted at
298 K and the FlucQ charges at 1.0 K. 10 ps of equilibration were followed by 50 ps of
production dynamics. Van der Waals interactions were shifted to zero at 9.5 Å, while
electrostatics were evaluated using the Ewald sum. To avoid multiple calculations of
the complementary error function, equation 1.70, during evaluation of the k -space part
of the Ewald sum (equation 1.71) values were tabulated at the start of the calculation;
table values were then used via a cubic spline interpolation during the simulation.
Real-space interactions were evaluated up to a cutoff distance of 9.5 Å, and k -space
interactions for the remainder; conservative values, as suggested by the CHARMM
documentation, were chosen for the Ewald parameters to optimize this. A Gaussian
√
width parameter, α, of 0.42 was used, while the lx , ly and lz components of the k
vectors were allowed to vary up to 11, with a spherical cutoff of 300 applied in k -space
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(i.e. lx2 + ly2 + lz2 ≤ 300). The simulation was repeated with standard TIP4P parameters
and static charges for comparison. The extra calculations required to calculate the
charge forces for FlucQ increased the calculation time (when compared to TIP4P, which
took approximately 45 hours on an 800 MHz Pentium III PC) by roughly 10.5%.
In order to analyze the bulk solvent structure, configurations were recorded every 10
time steps during each simulation. These were then used to calculate radial distribution
functions, g(r), where g(r) is defined as the ratio of the number of atoms found at a
distance r from some reference atom to those found in the ideal gas at equal density [86].
The distribution functions for O–O, O–H, and H–H pairs are shown in figures 4.8,
4.9 and 4.10 respectively. These functions are compared with neutron diffraction
data collected by Soper and Phillips [123]. It can clearly be seen that TIP4P and
TIP4P-FQ give very similar bulk solvent structure. This is hardly surprising, as TIP4P
is optimized for bulk properties. However, TIP4P-FQ gives a slightly better fit to the
experimental data than TIP4P, for both peak positions and intensities, particularly
for the all-important first solvation sphere. For example, both TIP4P and TIP4P-FQ
underestimate the oxygen-oxygen distance of the first solvation sphere (figure 4.8) when
compared to experiment, although TIP4P-FQ comes slightly closer to the experimental
value than TIP4P. Additionally, Rick et al. [30] have shown that TIP4P-FQ gives
dielectric constants, diffusion constants, Debye relaxation times and NMR relaxation
times in closer agreement with experiment than TIP4P.

4.2.4

Monte Carlo simulation

To test the applicability of FlucQ to Monte Carlo simulations, the box of 256 TIP4P
waters employed in section 4.2.1 was used. Once again, periodic boundaries were used
with a cubic box of side 19.716 Å, while the van der Waals interactions were shifted to
zero at 9.5 Å, and a group-based force switch was used on the electrostatic interactions
between 9.0 Å and 9.5 Å.
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Figure 4.8: Oxygen-oxygen radial distribution functions for TIP4P and TIP4P-FQ,
compared to experimental data.
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Figure 4.9: Oxygen-hydrogen radial distribution functions for TIP4P and TIP4P-FQ,
compared to experimental data.
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Figure 4.10: Hydrogen-hydrogen radial distribution functions for TIP4P and
TIP4P-FQ, compared to experimental data.
Three moves were used to sample the configurational space of the system. The first
was a simple H2 O rigid translation, where to perform the move a random water molecule
and a random direction vector were chosen, and then every atom in that molecule was
translated a random distance along the vector. The maximum displacement along the
vector was chosen so as to maintain the acceptance rate of these moves at around 50%.
The second move was a rigid rotation, for which a random water molecule was rotated
a random angle about a random direction vector, which itself passed through the centre
of mass of the molecule. Again, the acceptance rate was controlled by the choice of
the maximum rotation angle. Finally, a FlucQ charge move, as defined in section 3.6,
was used to sample the charge degrees of freedom. One of the three charge sites in
a random water molecule was chosen at each move, and a random amount of charge
removed and equally redistributed between the other charge sites. The acceptance rate
was controlled by the choice of the maximum amount of charge to transfer.
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Move type
H2 O rigid translation

Max. move size

Weight Temperature

0.25 Å

0.5

298 K

H2 O rigid rotation

25.0°

0.5

298 K

FlucQ charge perturbationa

0.02 e

5.0

1.0 K

a

TIP4P-FQ simulations only.

Table 4.1: The move set used in Monte Carlo simulations of bulk water.
Monte Carlo does not use forces or Newtonian dynamics, and thus has no concept
of Cartesian or charge velocity. This removes the complication of having to apply
thermostats to the degrees of freedom; instead, the temperatures simply determine the
acceptance criterion in the Metropolis method, equation 1.121. As with the molecular
dynamics simulations, a temperature of 298 K was used for the Cartesian degrees of
freedom and one of 1.0 K was used for the charges.
Rigid translation and rotation moves were selected in Monte Carlo simulations with
equal probability. Electrons move much more rapidly than the nuclei; thus, a higher
weight was chosen for the FlucQ charge moves, such that on average 5 FlucQ moves
were performed for every Cartesian (translation or rotation) move.
The maximum move sizes for the Monte Carlo moves were initially estimated,
followed by a test run to give the acceptance rates for each move. The move sizes
were then either increased (if too many moves were being accepted) or decreased (if
the acceptance rate was far below 50%). This process was repeated until the acceptance
rate for every move was roughly 50%. The final determined weights, maximum move
sizes, and temperatures for all of the moves are shown in table 4.1.
The system was equilibrated for 2×105 steps, and then a production run of 107 steps
was carried out. At each step, a move type was chosen at random, taking into account
the move weights, the energy change of a trial move was calculated, and the move
accepted or rejected by applying the Metropolis acceptance criterion with the given
move’s temperature. For comparison, a similar simulation of TIP4P water was carried
out without FlucQ, by using the fixed TIP4P charges and not applying the FlucQ
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charge move. Again, equilibration for 2 × 105 steps was followed by a production run,
although only 2 × 106 production steps were required, due to the absence of the FlucQ
move, to achieve the same sampling of the Cartesian degrees of freedom.
The resulting O–O pair distribution functions for Monte Carlo TIP4P and
TIP4P-FQ simulations are shown in figure 4.11; the molecular dynamics Ewald results
of figure 4.8 are also shown for comparison. The dipole distribution obtained from
the MC simulation is shown in figure 4.12, together with that for the group-based
force switch MD simulation from figure 4.1. It can clearly be seen that the Monte
Carlo simulations give very similar results to the molecular dynamics. However, the
average dipole for MC/FQ is very slightly lower than for MD/FQ, and the distribution
function peak heights are slightly different. This is most likely due in part to insufficient
sampling of the charge degrees of freedom. However, another explanation, suggested
by Chen et al. [200], is that this sequential MC algorithm, where moves affect either the
Cartesian or the charge degrees of freedom, is not physically accurate, since in reality
any move of the nuclei would have a concomitant electron density move. This possibility
was allowed for in their Adiabatic Nuclear and Electronic Sampling MC [200] or
ANES-MC algorithm, in which every trial move of the nuclei is modified by performing
one or more electronic moves, such that each move perturbs both the nuclei and the
charges. This method was further applied to phase equilibrium calculations [201, 208].
A major drawback of the MC/FQ method is the much increased computational
cost. While molecular dynamics simulations have been shown to be slowed by no more
than about 10%, the much larger number of MC steps required to incorporate the
FlucQ moves increased the time for the production run of this system by over 400%
(from 75 minutes to just over 6 hours, on a 800 MHz Pentium III). It should be pointed
out, however, that this overhead could be reduced by a more efficient implementation
in code. Any move of the charges does not affect the interatomic distances; thus, the
van der Waals interactions (equation 1.52) are unchanged and so do not need to be
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Figure 4.11: Oxygen-oxygen radial distribution functions for TIP4P and TIP4P-FQ,
for both Monte Carlo and molecular dynamics simulations.
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Figure 4.12: Dipole distributions using Monte Carlo and molecular dynamics.
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calculated at all. The Coulombic interactions can also be optimized; by consideration
of equation 1.53 it can be seen that the total Coulombic energy between a particle i
and the remaining particles j in a system is given by:

Velec (i) =

1 X qi qj
4πǫ0 j6=i rij

(4.1)

Thus, the change in the Coulombic energy when a charge move qi → qi′ is applied,
given that all rij remain unaffected, is:
∆Velec (i) = Velec (i′ ) − Velec (i) =

1 X (qi′ − qi )qj
4πǫ0 j6=i
rij

(4.2)

Two separate evaluations of the Coulomb energy can thus be replaced with a
single calculation, using the charge delta. However, one complete evaluation of all
the relevant distances rij is still required, and this distance calculation is most likely
the most expensive part of the energy calculation, due to the computational difficulty
of evaluating square roots. Therefore, such optimizations would be unlikely to reduce
the overhead of MC/FQ by more than a half, at most, thus still rendering the approach
considerably more costly than the MD equivalent.

4.3

The water dimer

TIP4P-FQ has been seen to give excellent results for bulk solvent, performing very
efficiently with MD and to a lesser extent with MC. However, its ability to model
solute-solvent interactions must also be evaluated. An ideal starting point for this is the
water dimer in the gas phase, which has been extensively studied both experimentally
[209, 210] and theoretically [211–214].
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4.3.1

Dipole determination

In order to seriously compare FlucQ or conventional static charge water models with
ab initio calculations, a level of QM theory that gives water properties consistent
with experiment should be used. A demanding test of a basis set is the accurate
determination of the gas phase water dipole moment, and it has been shown [215] that
only particularly large basis sets reproduce this quantity accurately. (Additionally,
the dipole of an uncharged system is an observable, unlike point charge, so allowing
direct comparison between MM and QM models.) A number of such basis sets have
been formulated to complement the more commonly-used Pople basis sets such as
3-21G. One such basis set is of double-zeta quality, with polarization functions on
heavy atoms, and is known as DZVP [216]. An even larger, triple-zeta basis developed
by Dunning [217] is known as TZV. Researchers have added polarization functions
derived by Roos and Siegbahn [218] on all atoms to this basis to generate TZVP, and
have also added the field-induced polarization (FIP) functions of Zeiss et al. [219],
again on all atoms, to generate TZVP+. The DZVP and TZVP+ basis sets have
been shown to give results in very good agreement with the experimental water dipole
moment [220].
A comparison of various QM methods and basis sets is given in table 4.2. The
dipole moment of the water monomer, constrained to its experimental geometry, was
calculated with Gaussian 98. Hartree Fock calculations were compared to both local
(LDA) and nonlocal (B3LYP) DFT treatments with the same basis sets. It can quickly
be seen that all of the Pople basis sets greatly overestimate the experimental value
of 1.85 Debye, with the exception of STO-3G, which actually does reasonably well.
However, it is likely, given the small size of this basis, that this is merely a fortuitous
cancellation of errors. It can be seen by looking at the results for the split-valence 6-31G
basis that the dipole moment is generally improved by the addition of polarization
functions, but worsened by adding diffuse functions. There is also some benefit in
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Basis set

HF

LDA

B3LYP

STO-3G

1.7258

1.7295

1.6792

3-21G

2.4350

2.3149

2.2555

6-31G

2.6301

2.5266

2.4605

6-31+G

2.7448

2.7277

2.6503

6-31++G

2.7338

2.7124

2.6365

6-31G*

2.2248

2.1259

2.0782

6-31G**

2.1844

2.0695

2.0289

6-31+G*

2.3316

2.3196

2.2594

6-31++G**

2.2860

2.2526

2.2017

6-311++G**

2.2390

2.2129

2.1635

DZVP

2.2768

2.2680

2.2033

TZVP

2.1963

2.1619

2.1145

TZVP+

2.0132

1.8801

1.8762

Table 4.2: Dipole moments (in Debye) calculated for the gas phase water monomer in its
experimental geometry, for a variety of basis sets and QM methods. (The experimental
value is 1.85 D.)
going to the triple-zeta 6-311G basis, which is perhaps not surprising as the move from
double to triple zeta improves the description of the electron density.
DZVP and TZVP can also be seen to overestimate the water dipole. However, the
addition of FIP functions to TZVP results in very reasonable estimations of the water
dipole moment. It can also be seen that electron correlation is important for all basis
sets; moving from Hartree Fock to LDA and then to B3LYP consistently results in
a drop in the dipole moments, and better agreement with experiment, for all but the
STO-3G case. Thus, it was decided to use the B3LYP DFT functional and the TZVP+
basis set for investigation of other water properties.

4.3.2

Minimum-energy properties

The water dimer was minimized at B3LYP/TZVP+ level, with the geometry of each
water molecule constrained to experimental values, until forces had dropped to below
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Hd1
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Figure 4.13: Geometry of the gas phase water dimer. The lower molecule acts as a
hydrogen bond donor, donating hydrogen Hd1 to the acceptor oxygen Oa . The donor
lies within the same plane as Oa and the Ha1 –Oa –Ha2 bisector. The O–O bond is
declined by an angle θdec below the plane of the acceptor water.
0.01 kcal/mol/Å. The resulting geometry is shown in figure 4.13. The system is of Cs
symmetry, and contains a single hydrogen bond; the acceptor, Oa , of the hydrogen has
two symmetry-equivalent protons, Ha1 and Ha2 . The planes of the two water molecules
are perpendicular, with the donor water lying in the same plane as the Ha1 –Oa –Ha2
bisector. The Od –Hd1 –Oa hydrogen bond is found to be close to, but not actually at,
linearity. This geometry is consistent with that observed experimentally in molecular
beam experiments [209].
Determined energetic and geometric parameters from the minimization are shown
in table 4.3, with experimental values for comparison where available. Charges were
approximated for each of the atoms in the QM system by a CHELPG fit to the
molecular electrostatic potential (see section 1.8). The B3LYP/TZVP+ treatment
yields a dimer O–O distance of 2.926 Å. This is very close to the value of 2.919 Å
determined from multi-determinant (CISD) treatments [211], suggesting that B3LYP
accurately reproduces the correlation energy of the system. (It should be pointed
out, however, that only the O–O bond length and θdec were optimized in the CISD
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Water model
B3LYP/TZVP+

TIP4P

TIP4P-FQ

2.93

2.75

2.93

θdec (degrees)

56.97

49.15

27.18

∠Oa · · · Od –Hd2 (degrees)

108.98

105.80

104.38

System dipole (Debye)

2.66

2.72

3.41

∆Ebind (kcal/mol)

-4.79

-6.23

-4.46

qOa (e)

-0.725

-1.040

-0.972

qHa1 (e)

0.379

0.520

0.486

qHa2 (e)

0.375

0.520

0.486

qOd (e)

-0.770

-1.040

-0.958

qHd1 (e)

0.376

0.520

0.540

qHd2 (e)

0.365

0.520

0.419

d(Oa · · · Od ) (Å)

a

Experimenta
2.98
57 ± 10

103 ± 10
2.63

-5.44 ± 0.70

See Odutola and Dyke [209] and Curtiss et al. [210].

Table 4.3: Water dimer properties obtained with each molecule constrained to
experimental geometry.
study, the hydrogen bond being assumed to be linear.) It is somewhat shorter than the
experimentally-determined value of 2.98 Å. The determined angles and binding energy,
however, fall within the error limits of the experimental data, and that, taken with the
close agreement of the dipole moment of the dimer between experiment and theory,
shows that B3LYP/TZVP+ is a very reasonable model for the water dimer. Therefore,
an accurate MM treatment might be expected to reproduce many of the QM-derived
properties, including those for which experimental values are not available, such as
point charges.
For comparison, the water dimer was modelled with the TIP4P-FQ and TIP4P
models, and again minimized, with each molecule constrained to experimental
geometry, until forces dropped below 0.01 kcal/mol/Å. The resulting properties are
also shown in table 4.3 in comparison with the QM. Most notably, TIP4P greatly
underestimates the O–O distance, and overestimates the binding energy. TIP4P-FQ
predicts an O–O distance of 2.93 Å, in excellent agreement with QM and experiment.
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The predicted binding energy is rather low, however, although it is in reasonable
agreement with the QM result.
Looking at the point charges, it can be seen that TIP4P, with its fixed charges,
rather poorly reproduces the QM results. TIP4P-FQ, on the other hand, shows similar
H–H polarization in the donor water to QM. Some polarization would be expected, due
to the strong electron-repelling negative charge on Oa . Less polarization is seen between
the acceptor hydrogens, as they are both at similar distances from Od . Both TIP4P and
TIP4P-FQ predict larger point charges than QM, and correspondingly larger system
dipoles. The dipole is particularly poorly predicted by TIP4P-FQ, probably because
of the large charge difference, 0.121e, that TIP4P-FQ suggests between the two donor
hydrogens, as opposed to 0.011e from QM. This large charge difference gives rise to a
large dipole on the donor water, and thus a greater tendency for that on the acceptor
to orient, suggesting an explanation for the rather small θdec predicted by FlucQ.

4.3.3

Determination of the water-water binding energy profile

To examine the water-water interaction more closely, it was plotted as a function of
the dimer O–O distance, where the latter was varied from 1.50 to 5.00 Å in steps of
0.05 Å. The geometry of each water-water complex was generated using the previously
minimized dimer structure at B3LYP/TZVP+ level, and simply adjusting the O–O
distance.

The geometry of each monomer, and the angles θdec and Oa –Od –Hd2 ,

were kept equal to that of the minimized structure.

The single-point energy at

B3LYP/TZVP+ level was evaluated for each configuration, to give the energy profile
shown in figure 4.14. A similar profile for TIP4P water was obtained by evaluating the
CHARMM energy of each structure. Finally, that for TIP4P-FQ was determined by
minimizing the system charges of each configuration by dissipative Langevin dynamics,
with frictional coefficient 1600 ps−1 and time step 1 fs, until the charge temperature
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Figure 4.14: The binding energy of the gas-phase water dimer, as a function of the
oxygen-oxygen separation, calculated for molecules in their experimental geometry
using DFT, FlucQ, and the standard TIP4P water model. Experimental data (from
table 4.3) are shown for comparison.
dropped below 10−6 K, and then evaluating the energy. These two profiles are also
shown in figure 4.14.
The observations made about the binding energy and minimum O–O distance can
be more clearly seen from this energy profile. TIP4P-FQ fits rather closely with the
QM curve, although the interaction energy is always slightly underestimated. TIP4P,
on the other hand, fits neither the shape nor the depth of the QM interaction.
It has already been seen that FlucQ performs excellently for bulk solvent
simulations, and these results show that it also does very well at determining
dimer binding energy and O–O distance. However, it is not clear from this simple
examination of the total binding energy whether this agreement is due to FlucQ
accurately reproducing the polarization of the system, or whether it is merely fortuitous
parameterization of the force field. One means of investigating this further is to consider
the QM electrostatic energy explicitly.
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4.3.4

Energy decomposition

The QM interaction energy was approximately decomposed into electrostatic and van
der Waals contributions by determining point charges on each of the nuclei at each
point on the previously-obtained dimer interaction surface, by CHELPG fitting to the
QM electrostatic potential; an approximate electrostatic interaction energy was then
determined for each configuration by simple application of the Coulomb equation to
these charges. The van der Waals term was then defined simply as the difference
between this energy and the total binding energy; these two contributions are shown
in figure 4.15. The electrostatic components of the TIP4P and TIP4P-FQ dimers are
also shown in this figure; it can easily be seen that both conventional static charge
and FlucQ treatments overestimate the magnitude of the electrostatic interaction, at
least at the distances likely to be seen in simulations. This is consistent with the larger
charges seen with the MM models for the minimum-energy dimer, in table 4.3. A
solution to this problem is considered in section 4.6.

4.3.5

Charge transfer

In a quantum mechanical treatment, the total charge on each water molecule is not
required to be zero; it is entirely possible that electron density can flow between
molecules. Standard MM force fields, lacking an explicit treatment of electron density,
cannot model this. The conventional FlucQ method, whereby charge is conserved
within molecules, will obviously also fail to treat it. The charge transferred from the
hydrogen bond donor to the acceptor, as a function of the O–O dimer distance, is
shown in figure 4.16. It can be seen that the amount of charge transfer is rather small,
becoming significant only for O–O distances less than 2.0 Å. By using equation 3.25
for FlucQ charge motion, charge transfer can be allowed in the FlucQ formalism. In
this case, TIP4P-FQ predicts that a charge of 0.104e is transferred from donor to
acceptor, giving rise to a minimum energy dimer O–O distance of 2.81 Å and a binding
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Figure 4.15: Decomposition of the gas-phase water dimer B3LYP/TZVP+ binding
energy into electrostatic and van der Waals contributions. For comparison the
electrostatic component of binding with TIP4P and TIP4P-FQ is also shown.
energy of 6.16 kcal/mol. TIP4P-FQ thus over-predicts the amount of charge transfer,
causing large errors in the dimer properties; this is because the TIP4P-FQ model was
parameterized under the assumption that charge transfer would not occur. Allowing
charge transfer in systems larger than dimers would be even more problematic, due to
FlucQ’s lack of any restriction on the distance over which charges can be transferred.
Thus, given the small amount of charge transfer that is observed at a QM level, it is
probably reasonable to ignore this effect.

4.3.6

QM/MM studies

Having seen that both TIP4P-FQ and B3LYP/TZVP+ are reasonable models for the
water dimer system, they were used together for QM/MM optimizations of the complex,
with one water being treated quantum mechanically, and the other with MM. The water
dimer is often used as a test case for the QM/MM method [17, 24, 221, 222]. The two
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Figure 4.16: QM charge transfer (in units of electron charge) from the donor water to
the acceptor, as determined from CHELPG analysis.
possible QM/MM partitions, where the acceptor water is treated with QM and the
donor with MM, and the reverse case, were both minimized using B3LYP/TZVP+
for the QM region and TIP3P, TIP4P or TIP4P-FQ for the MM region, until forces
dropped to below 0.001 kcal/mol/Å. TIP3P van der Waals parameters were used for
the quantum oxygen in all cases. Determined energies, geometries, and charges (those
of the QM atoms were derived by a CHELPG fit) of the final minimized structures are
shown in tables 4.4 and 4.5.
First, by reference to table 4.4, it should be clear that the three water models all
predict geometries in very good agreement with experiment. The O–O distance is,
however, uniformly underestimated; this is partly because the MM models use larger
charges on Hd1 and Hd2 than the QM charges on the acceptor hydrogens, and partly
due to the use of van der Waals parameters optimized for bulk water-water interactions
in an MM treatment, rather than the QM/MM. These larger charges also give rise to
binding energies larger than the pure QM value. When the acceptor is in the MM
region, as shown in table 4.5, the TIP3P and TIP4P models underestimate the O–O
distance and over-predict the binding energy to a worse extent. TIP3P is particularly
poor, with a very low θdec angle of 13.19°. TIP4P-FQ, on the other hand, is rather
consistent between the MM donor and acceptor cases, with very similar binding energies
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TIP3P

TIP4P

TIP4P-FQ

∆Ebind (kcal/mol)

-6.18

-6.54

(-6.23)

-5.08

(-4.46)

d(Oa · · · Od ) (Å)

2.81

2.79

(2.75)

2.81

(2.93)

θdec (deg.)

63.84

65.47 (49.15)

61.43 (27.18)

∠Oa · · · Od –Hd2 (deg.) 101.17

105.32 (105.80)

106.22 (104.38)

a

qOa (e)

-0.762

-0.765

-0.778

qHa1 (e)

0.381

0.383

0.389

qHa2 (e)

0.382

0.383

0.389

qOd (e)

-0.834

-1.040

-0.967

qHd1 (e)

0.417

0.520

0.560

qHd2 (e)

0.417

0.520

0.407

Experimenta
-5.44 ± 0.70
2.98

57 ± 10

103 ± 10

See Odutola and Dyke [209] and Curtiss et al. [210].

Table 4.4: Water dimer properties obtained with QM/MM methods; the donor water
was modelled with one of three different MM models, while the acceptor was treated
quantum mechanically, at B3LYP/TZVP+ level. Pure MM data (from table 4.3) are
shown in brackets for comparison.
and O–O distances predicted in each case; its only failing is a rather small θdec in the
latter case, although it is only very slightly worse than TIP4P in this respect, and
much better than TIP3P. This suggests that the FlucQ model is able to reproduce
the change in water polarization as it is moved from an acceptor position to a donor,
at least in an average way, and that the van der Waals parameters for the QM/MM
interaction are reasonably good.

4.4

Other bimolecular systems

The predicted geometries and energies of simple ion-water complexes have been
previously used as tests of QM/MM methods [17, 24, 221]. Such systems are good
models for more complex solvated systems, while the ions themselves have important
roles in many biological systems. FlucQ is compared to the TIP3P and TIP4P models,
with both MM and QM/MM methods used to treat the ions.
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TIP3P

TIP4P

TIP4P-FQ

∆Ebind (kcal/mol)

-8.11

-6.95

(-6.23)

-5.18

(-4.46)

d(Oa · · · Od ) (Å)

2.69

2.72

(2.75)

2.83

(2.93)

θdec (deg.)

13.19

42.01 (49.15)

36.24 (27.18)

∠Oa · · · Od –Hd2 (deg.) 104.99

106.63 (105.80)

105.99 (104.38)

a

qOa (e)

-0.834

-1.040

-0.979

qHa1 (e)

0.417

0.520

0.489

qHa2 (e)

0.417

0.520

0.489

qOd (e)

-0.754

-0.749

-0.739

qHd1 (e)

0.418

0.407

0.398

qHd2 (e)

0.335

0.342

0.341

Experimenta
-5.44 ± 0.70
2.98

57 ± 10

103 ± 10

See Odutola and Dyke [209] and Curtiss et al. [210].

Table 4.5: Water dimer properties obtained with QM/MM methods; the donor water
was treated quantum mechanically, at B3LYP/TZVP+ level, while the acceptor was
modelled with one of three different MM models. Pure MM data (from table 4.3) are
shown in brackets for comparison.

4.4.1

Water/chloride

The TIP4P-FQ method has been shown to perform reasonably well for this system. In
particular, it predicts for clusters of the form Cl(H2 O)−
n that the chloride is solvated on
the outside of the waters, while non-polarizable solvent models suggest interior solvation
for n ≥ 18 [223]; more recent studies with Car-Parrinello and dipole-polarizable water
models [224] also predict exterior solvation, at least for n = 6.
Using the TIP3P, TIP4P, and TIP4P-FQ water models, a system consisting of a
single water molecule bound to a chloride ion was minimized without constraints until
forces dropped below 0.001 kcal/mol/Å. For each model, full MM optimizations, in
which the chloride ion was treated as a point negative charge, were complemented
with QM/MM simulations, using B3LYP/TZVP1 for the chloride in the QM region.
In both cases, standard CHARMM van der Waals parameters [10, 225] were used for
the chloride ion. For comparison, the system was also optimized in a fully quantum
1

TZVP+ was not used, as FIP functions [219] are not available for chlorine.
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∆Ebind
Model

(kcal/mol)

d(O · · · Cl− ) ∠O–H · · · Cl−
(Å)

(degrees)

TIP3P/MM

-15.96

3.07

143.2

TIP4P/MM

-15.86

3.02

161.0

TIP4P-FQ/MM

-17.55

2.95

177.0

TIP3P/QM

-15.58

3.11

116.3

TIP4P/QM

-14.65

3.14

149.3

TIP4P-FQ/QM

-14.01

3.12

174.3

QM

-17.74

3.11

167.9

a

Experiment
a

-13.4

See Yamdagni and Kebarle [226]

Table 4.6: Determined energetic and geometrical properties for the H2 O/Cl− system.
QM calculations used the TZVP basis set for Cl− , and TZVP+ for water, and utilised
the B3LYP functional.
mechanical treatment, using the B3LYP functional and the TZVP+ basis on the water,
and TZVP on the chloride. The determined properties are shown in table 4.6.
It can be seen from the determined O–H–Cl angle that the ab initio results,
and those for TIP4P-FQ, predict a near-linear hydrogen bond with the chloride ion.
This is in good agreement with previous studies [227], which predict a Cs symmetry
for the complex. The geometries from TIP4P and TIP3P simulation are less good,
particularly when the chloride ion is treated quantum mechanically, underestimating
the O–H–Cl angle, an effect seen in previous DFT/MM studies [24]. TIP3P/QM
is particularly poor, predicting a C2v geometry (this has also been observed in
TIP3P/AM1 optimizations [17]). All of the methods overestimate the experimental
binding energy, most likely due to an incomplete treatment of the diffuse Cl− electron
density at both MM and QM levels.
The predicted binding energies from QM/MM simulation are consistently lower
than the pure MM, and the O–Cl distances correspondingly greater, no doubt caused
by the non-spherical charge distribution of the QM chloride being less polarizing than
the point charge of the MM treatment. In table 4.7 CHELPG charges from the QM
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System
−

H2 O/Cl

−

H2 O/F

H2 O/Na+

Model

qO

qH1

qH2

qion

TIP4P-FQ/MM

-1.044

0.728

0.316

-1.000

TIP4P-FQ/QM

-1.029

0.692

0.337

-1.000

QM

-0.822

0.388

0.317

-0.883

TIP4P-FQ/MM

-1.285

1.019

0.266

-1.000

TIP4P-FQ/QM

-1.273

1.035

0.239

-1.000

QM

-0.963

0.544

0.283

-0.863

TIP4P-FQ/MM

-1.202

0.601

0.601

1.000

TIP4P-FQ/QM

-1.165

0.582

0.582

1.000

QM

-0.991

0.499

0.499

0.993

Table 4.7: Point charges determined for systems optimized with the TIP4P-FQ solvent
model, using either MM or QM to describe the bound ion, compared to CHELPG
charges from full QM minimizations. All QM calculations used the B3LYP DFT
functional, with the TZVP+ basis for water and F− , TZVP for Cl− , and DZVP for
Na+ .
optimization are displayed in comparison with the FlucQ charges for the same H2 O/Cl−
system. It can be seen that FlucQ reproduces the direction of the H–H polarization,
although it does rather over-predict its magnitude, an effect seen previously with the
water dimer. Charge transfer is obvious in this system, with 0.12e being transferred
from the chloride ion to the water in the QM treatment, an effect that FlucQ cannot
reproduce.

4.4.2

Water/fluoride

The SPC-FQ water model has been used to study water/fluoride clusters [202, 228].
Again, a near-linear O–H–F hydrogen bond is predicted, with the complex adopting
Cs symmetry.
OPLS parameters [11] were used for the fluoride van der Waals interaction, due
to the lack of such parameters in the CHARMM force field. Minimized structures
were obtained as for the H2 O/Cl− system, using B3LYP/TZVP+ for QM simulation.
FlucQ has been noted to over-polarize in the presence of the very compact F− ion [228],
135

∆Ebind
Model

(kcal/mol)

d(O · · · F− )

∠O–H · · · F−

(Å)

(degrees)

TIP3P/MM

-25.34

2.54

159.1

TIP4P/MM

-27.08

2.47

169.7

TIP4P-FQ/MMa

-39.07

2.39

179.7

TIP3P/QM

-24.63

2.59

151.4

TIP4P/QM

-24.82

2.59

163.4

TIP4P-FQ/QMa

-38.41

2.48

179.0

QM

-36.29

2.43

177.4

b

Experiment

-23.3

a
b

SHAKE [114] constraints were necessary for successful optimization.
See Arshadi et al. [230]

Table 4.8: Determined energetic and geometrical properties for the H2 O/F− system.
QM calculations were carried out at B3LYP/TZVP+ level.
and this can be seen from the highly over-predicted binding energies in table 4.8 and
the large charges in table 4.7. In fact, the F− so polarized the TIP4P-FQ water
that SHAKE constraints were required on the O–H bonds and angles; without these,
significant lengthening of the O–H bond nearer the fluoride ion occurred, causing a
larger hydrogen charge, which in turn further lengthened the bond, and so on, leading
to a ‘polarization catastrophe’ [229]. This effect is due to a combination of too strong
a polarization effect, and a lack of van der Waals parameters for the hydrogen atom.
Even with SHAKE applied, the FlucQ charges are much larger than the CHELPG; in
particular, the hydrogen nearer the fluoride is given a charge of greater than 1.0e, which
would correspond to production of an H+ ion. However, the FlucQ binding energies
and geometries are in very reasonable agreement with the full QM treatment. They
do overestimate the experimental binding energy of 23.3 kcal/mol [230], which the
TIP3P and TIP4P models reproduce rather well, particularly in QM/MM simulations,
although a recent theoretical study [231], using Dang’s dipole polarizable water model
[29], has called this value into question, claiming that a binding energy 20% greater
than the experimentally-claimed value would be more reasonable.
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∆Ebind
Model

(kcal/mol)

d(O · · · Na+ ) ∠H–O · · · Na+
(Å)

(degrees)

TIP3P/MM

-26.12

2.22

144.7

TIP4P/MM

-23.69

2.24

144.1

TIP4P-FQ/MM

-22.94

2.27

144.2

TIP3P/QM

-26.19

2.22

144.8

TIP4P/QM

-23.75

2.24

144.2

TIP4P-FQ/QM

-20.42

2.28

144.1

QM

-24.39

2.23

127.5

a

Experiment
a

-24.0

See Džidić and Kebarle [232]

Table 4.9: Determined energetic and geometrical properties for the H2 O/Na+ system.
QM calculations used the DZVP basis set for Na+ , and TZVP+ for water, and utilised
the B3LYP functional.

4.4.3

Water/sodium

For simulation of the H2 O/Na+ system, standard CHARMM van der Waals parameters
[10, 225] were used for the sodium ion, while the DZVP basis was used in QM
simulations to model the ion, as TZVP+ parameters were not available for this atom
type. The complex adopts a simple C2v geometry, with Na+ bound to the water oxygen
and lying on the H–O–H bisector, opposite the hydrogen atoms. Table 4.9 shows that
TIP4P gives binding energies in very close agreement with theory and experiment, while
TIP3P tends to overestimate it and under-predict the O–Na distance. The reverse is
the case for TIP4P-FQ. However, all the models give reasonable agreement; they all
overestimate the H–O–Na angle to roughly the same extent, due to the MM treatment
yielding a smaller water H–O–H angle than the QM.
In summary, the TIP4P-FQ method reproduces water-ion energetic and geometrical
properties at a similar or greater quality to TIP3P and TIP4P, exhibiting a high degree
of consistency between MM and QM/MM simulations. The H–H polarization effect
of the water molecule is also reproduced by FlucQ, although its magnitude does not
exactly match that given by QM methods. A more rigorous test of the technique
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involves moving beyond simple gas-phase minimizations to simulation of species in
bulk solvent.

4.5

Solvated QM/MM water

Several researchers have investigated the utility of combined QM/MM methods by
applying them to the solvation of water itself. A single water molecule is designated as
the solute, and is treated with quantum mechanics, while the remainder of the system
acts as the solvent, and is treated classically. Wei and Salahub [220] used both DZVP
and TZVP+ basis sets, and the LDA and nonlocal Perdew [233] DFT functionals,
for the QM region, evaluating the energy of configurations obtained from a classical
simulation using the SPC water model. Tuñón et al. [234] extended on this by using
the full QM/MM energy to generate their trajectories. Similar studies have also been
carried out using QM/MD [235] and QM/MC [236].
The ability of the TIP4P-FQ model to accurately reproduce the solvation
environment of a single water was investigated in this work by treating a single water
molecule at B3LYP/TZVP+ level, due to the proven accuracy of this method in
reproducing the dipole moment of the gas phase monomer (see table 4.2). This water
molecule was constrained to experimental geometry, and allowed to interact with 255
rigid TIP4P-FQ water molecules. Standard TIP3P van der Waals parameters were
used for the QM/MM interaction.
Before simulation, the system was equilibrated by a procedure very similar to that
used in section 4.2.1. A pre-equilibrated box of 256 TIP4P waters was used; simple
cubic boundaries, with side length 19.716 Å, were imposed, and electrostatic forces
were switched to zero between 7.0 and 9.5 Å. A single water near the centre of the
periodic box was chosen to act as the solute, and was simulated during the equilibration
phase with the TIP3P model and an MM force field. The FlucQ polarization energy
was minimized, and the system then equilibrated, at a Cartesian temperature of 298 K
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and a charge temperature of 1.0 K, for 50 ps. The solute water was then treated with
DFT rather than TIP3P, and a further 10 ps of production QM/MM dynamics were
carried out, with starting velocities taken from the final step of the equilibration run.
This yielded a trajectory of 10000 configurations, for each of which the dipole of the
QM water was determined from the QM wavefunction.
For comparison, the simulation was repeated using the standard TIP4P water model
for the solvent rather than TIP4P-FQ. A third simulation removed the M sites from
the solvent molecules, and treated the solvent with the TIP3P model, for comparison
with previous work [234–236].
As previously mentioned, the three full QM/MM simulations all used standard
TIP3P van der Waals parameters for the QM/MM interaction. Researchers have
commented on the need for optimized van der Waals parameters for QM/MM
interactions [17, 235, 237]. Such optimization was not carried out for this system;
instead, three further simulations were carried out, in which the production trajectory
was derived from a standard MM force field. Once again, a single water molecule was
chosen to act as the ‘solute’; however, it was treated with the same solvent model as the
other 255 solvent molecules. Otherwise, the initial 50 ps equilibration was identical.
This equilibration was then followed by 50 ps of production MM dynamics; at every 5th
time step, Cartesian and charge coordinates were saved, to again yield a trajectory of
10000 configurations. The energy of each of these configurations was then reevaluated
using QM for the solute water, the MM charges and the M site for this water first
having been removed. (This took approximately 24 hours of walltime when spread
over 4 800 MHz Pentium III processors.)
The advantage of the latter method for deriving the trajectory is that the first
solvation sphere of the solute is likely to be well reproduced, as the solvent models are
parameterized to yield accurate O–O radial distribution functions [30]. The error in
the mean dipole is also likely to be lower, as longer simulations can be carried out (in
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Water model

QM/MM trajectory

MM trajectory

TIP3P

2.817

2.575

TIP4P

2.551

2.513

TIP4P-FQ

2.701

2.643

Table 4.10: Average QM water dipoles, in Debye, for simulations of the
B3LYP/TZVP+ water monomer solvated by 255 MM waters, using the TIP3P, TIP4P
and TIP4P-FQ water models. 10000 configurations were generated by dynamics using
either QM/MM or MM treatments.
this case, 50 ps compared to 10 ps) such that adjacent configurations in the generated
trajectory are far less correlated with each other. Additionally, only the QM/MM
energy needs to be evaluated for each configuration; first derivatives are not required,
which saves computer time. However, the disadvantage is that the solvent cannot
relax in response to fluctuations in the electron density of the solute molecule, as these
fluctuations are not known until after the trajectory is generated.
The mean QM dipole moments for the TIP3P, TIP4P and TIP4P-FQ water models,
from both the QM/MM and MM trajectories, are shown in table 4.10, while the
distribution functions for solvent water oxygens around the single solute (QM) oxygen
for the three solvent models are shown in figures 4.17, 4.18 and 4.19 respectively.
Looking firstly at the TIP3P data, it can be seen that the dipole obtained from the
MM trajectory (2.575 D) agrees rather well with the study by Wei and Salahub [220],
which obtained 2.47 D. (The discrepancy is explained by their use of the SPC water
model rather than TIP3P, and a different, Perdew, functional [233].) When QM/MM is
used to generate the trajectory, the solvent is able to relax in response to the QM water’s
electron density, and a much larger dipole, of 2.817 D, is obtained. This in turn is in
good agreement with the DFT QM/MM study of Tuñón et al. [234], which predicted
2.89 D. This latter value is rather larger than the accepted range for the solution phase
dipole (around 2.5–2.7 D), and figure 4.17 demonstrates that the first peak of the O–O
RDF is rather poorly reproduced by the QM/MM trajectory. (Tu and Laaksonen [235]
suggested that this was caused by poor Lennard-Jones parameters for the QM/MM
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6

7

8

Figure 4.17: Quantum oxygen-solvent oxygen radial distribution functions, for full
QM/MM simulation or reevaluation of the energies of an MM trajectory, compared to
experimental data. The QM water was solvated by 255 TIP3P molecules.
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Figure 4.18: Quantum oxygen-solvent oxygen radial distribution functions, for full
QM/MM simulation or reevaluation of the energies of an MM trajectory, compared to
experimental data. The QM water was solvated by 255 TIP4P molecules.
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Figure 4.19: Quantum oxygen-solvent oxygen radial distribution functions, for full
QM/MM simulation or reevaluation of the energies of an MM trajectory, compared to
experimental data. The QM water was solvated by 255 TIP4P-FQ molecules.
interaction, and applied parameters optimized for the water dimer interaction to this
system; however, while this gave a slightly more reasonable distribution function, the
dipole was underestimated, as 2.49 D.)
Both TIP4P and TIP4P-FQ give much more consistent behaviour between the
MM and QM/MM simulations; it can be seen from figures 4.18 and 4.19 that MM
and QM/MM give the first O–O peak in very similar places (little information can
be gleaned from the RDF at large r, however, as the simulations were too short to
adequately sample the second and higher solvation spheres). Again, relaxation of the
solvent leads to a higher solute dipole in the QM/MM simulations. TIP4P-FQ gives
consistently higher dipoles than TIP4P, due to the higher average solvent dipole —
the fixed-charge TIP4P model results in a solvent molecular dipole of 2.18 D, while
TIP4P-FQ, as seen in section 4.2.1, averages around 2.6 D. Thus, the FlucQ method
is particularly suitable for this system, giving excellent radial distribution functions
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and molecular dipoles that are consistent between solvent and solute, and in good
agreement with other work.

4.6

Parameterization of the FlucQ model

It was seen in section 4.3.4 that the TIP4P-FQ model, although it is in reasonable
agreement with the total binding energy as predicted from high-level DFT calculations,
overestimates the electrostatic component of this interaction. This was also manifested
by the rather large dipole obtained for the water dimer system and the overly large
H–H polarization in the donor water. A new model was parameterized by fitting to
the QM energy curve obtained in section 4.3.3 and shown in figure 4.15, to explore
the possibility that FlucQ could accurately reproduce the CHELPG charges of the ab
initio treatment.
The FlucQ model was first fitted to the electrostatic component of the interaction.
At each point on the dimer-dimer interaction surface, characterised solely by the O–O
distance r, the FlucQ charges were determined by dissipative Langevin minimization
FQ
and used to calculate the electrostatic interaction, Velec
(r). The gas-phase dipole,

µF Q , was determined by a similar charge minimization of the experimental geometry
water monomer. These data were then compared to the QM electrostatic interaction,
QM
Velec
(r), and the experimental gas phase dipole, µexp (1.85 D), to evaluate a cost

function:
χ2 =

X
r

FQ
QM
[Velec
(r) − Velec
(r)]2 + Wgas (µexp − µF Q )2

(4.3)

The cost function was then minimized by a grid search of the FlucQ parameters
χ̃O − χ̃H , ζO and ζH . The weight Wgas was chosen as 1000 (kcal/mol/D)2 , such that
the resulting parameters reproduced the gas phase dipole adequately. With the best-fit
FlucQ electrostatic interaction thus determined, a Lennard-Jones function was fitted to
the difference between this and the QM full interaction energy, to determine the van der
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TIP4P-FQ1

TIP4P-FQ

145.0

68.49

χ̃O − χ̃H (kcal/mol/e)

ζO (a−1
0 )
ζH (a−1
0 )

0.52

1.63

1.26

0.90

ǫ (kcal/mol)

0.90

0.2862

σ (Å)

2.94

3.159

MQ (ps/e)2 kcal/mol

9.0 × 10−5

6.0 × 10−5

Table 4.11: Determined FlucQ and Lennard-Jones parameters for the TIP4P-FQ1
model, compared to those used for TIP4P-FQ.
qH1 (e) qH2 (e)

∆Ebind (kcal/mol)

d(O · · · R) (Å)

H2 O (R = O)

0.487

0.429

-4.94 (-4.46) [-5.4]

−

0.601

0.390

-15.10 (-17.55) [-13.4]

3.08

−a

0.701

0.349

-27.74 (-39.07) [-23.3]

2.51

Na+

0.518

0.518

-20.75 (-22.94) [-24.0]

2.31

Cl
F
a

2.96 (2.93) [2.98]

SHAKE constraints were necessary for successful optimization.

Table 4.12: Calculated charges, binding energies, and interatomic distances for the
MM water dimer and water/ion complexes, using the TIP4P-FQ1 model. TIP4P-FQ
and experimental data (from tables 4.3, 4.6, 4.8 and 4.9) are shown for comparison,
TIP4P-FQ in round brackets and experimental in square brackets.
Waals interaction parameters ǫ and σ. The resulting model was termed TIP4P-FQ1,
and its parameters are shown in table 4.11, compared to those of the existing TIP4P-FQ
model.
The TIP4P-FQ1 model reproduces the total and electrostatic energy profiles of the
dimer interaction rather well, as can be seen from figure 4.20. It also gives reasonable
MM energies and geometries for the minimum-energy dimer and water-ion complexes,
as evidenced by table 4.12. The binding energies of all but the sodium complex are in
better agreement than TIP4P-FQ with experimental data, and additionally the induced
hydrogen charges, while still larger than those predicted by QM in tables 4.3 and 4.7,
show much less H–H polarization and thus generally agree better than the TIP4P-FQ
charges for the same systems.
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Figure 4.20: Agreement between the water dimer binding energy calculated at
B3LYP/TZVP+ level (QM) and with the TIP4P-FQ1 model (MM). The electrostatic
component of the interaction is also shown.
The TIP4P-FQ1 model was also tested on bulk solvent, for which a larger charge
mass (see table 4.11) than used for TIP4P-FQ, 9.0×10−5 (ps/e)2 kcal/mol, was required
to prevent too-large charge temperature fluctuations. However, the results were rather
disappointing; simulations produced average water dipoles of around 2.1 D, far lower
than the 2.6 D obtained from TIP4P-FQ. Thus, it was decided to use the standard
TIP4P-FQ model for further studies, despite its problems in reproducing the exact
electrostatic interaction. The charges from the QM treatment are in any case methoddependent, as they are not observables, and so cannot be totally relied upon; other
methods such as MK [101] may give more reliable charges than CHELPG, while a recent
study using dipole-fitted charges [238] predicted a much larger H–H polarization than
the QM method used in this work. Other studies [239] suggest that point charges
cannot in any case accurately reproduce the electrostatic potential at typical H-bond
distances. Thus, further study in this area is warranted.
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4.7

Summary

The FlucQ model gives excellent properties for bulk solvent using either MD or MC
methods. Additionally, it correctly models the gas phase water monomer, and gives a
much better fit to the water dimer interaction energy than static charge treatments.
It also performs well for simulating water-ion interactions, in both the conventional
MM and the QM/MM arenas. It handles the bulk solvation of a single ‘solute’ water
molecule particularly well, giving a consistent solute and solvent dipole, and reasonable
agreement between properties obtained from MM and QM/MM trajectories.
FlucQ is not without its flaws. The standard TIP4P-FQ model over-predicts the
water dimer dipole, although it gives an average bulk solvent dipole in reasonable
agreement with the accepted value. TIP4P-FQ1, on the other hand, performs much
better for the dimer but rather poorly for the bulk. Thus, it seems probable that
the FlucQ model in its current form cannot adequately model both bulk solvent and
biomolecular complexes. In fact, Liu et al. [240] found that it was necessary to introduce
a large number of extra parameters to reproduce the ab initio binding energies of water
trimers in constructing their ‘ab initio FlucQ’ model, although no explicit consideration
of atomic charges was made in their study. Stern et al. [241] further showed that the
FlucQ model is not able to accurately model the response to all electric fields, and
asserted that the addition of off-nucleus charges or dipoles would be necessary for a
full treatment.
Overall, the FlucQ method gives excellent solvent behaviour, and QM/MM
interaction energies, for the systems studied, at least as good as with the TIP3P
and TIP4P models. This provides strong evidence for the use of FlucQ in QM/MM
simulations.
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Chapter 5
Application to the Menshutkin
reaction
5.1

Introduction

In order to rigorously test the combination of established and new methods, free energy
calculations were carried out. These also make large demands on the computational
infrastructure developed in Chapter 2, due to the level of theory required to obtain
accurate single-point energies, and the large number of configurations needed to achieve
reliable free energies. The system studied in this chapter is the Menshutkin reaction
between methyl chloride and ammonia, a simple and computationally tractable SN 2
reaction that has been the subject of a number of theoretical studies. A variety of
methods are used to study the gas and solution phase reactions, and the FlucQ model
employed to investigate the effect of solvent polarization.

5.1.1

SN 2 reactions

Bimolecular nucleophilic substitution, or SN 2, reactions have been the subject of
many experimental and theoretical studies [242, 243]. A complete understanding of
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their mechanism is of immense value, due to their involvement in many fundamental
chemical processes. An accurate treatment of solvent is an essential prerequisite for
such investigations, as many SN 2 reactions show a strong dependence on the nature of
the solvent [244, 245].

5.1.2

Type I SN 2 reactions

The energy surface for an SN 2 reaction in the gas phase can be obtained by quantum
mechanical treatments, and several studies have met with success in this area [246]. A
number of researchers have considered the SN 2 reaction between chloride and methyl
chloride:
Cl− + CH3 Cl = ClCH3 + Cl−

(5.1)

This is a ‘Type I’ SN 2 reaction, where a negative nucleophile attacks a neutral group,
as classified by Ingold [242]. The symmetry of the reaction halves the computer time
required to carry out the simulation, as the departure of the Cl− leaving group is
exactly analogous to the initial chloride attack.
The addition of solvent does, however, increase the difficulty of determining the
energetics tremendously; the reacting system may be as small as half a dozen atoms
in the gas phase, but to adequately solvate it, up to a radius of 10 Å or so, would
require the addition of hundreds of solvent molecules. Obviously, if the system were
treated quantum mechanically, this would result in a large increase in the computer
time required. Several approaches have been used to alleviate this problem; an early
method, used by Morokuma [247], approximated the solvent environment by a hydrated
cluster:
Cl− (H2 O)n + CH3 Cl = ClCH3 + Cl− (H2 O)n

(5.2)

where n was varied from 0 (for the gas phase reaction) to 2. The energy surface was
then determined by ab initio methods at the 3-21G level. This followed an experimental
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study by Bohme et al. [248] which investigated the similar reaction between hydrated
hydroxide ions and methyl bromide.
The cluster approximation is not ideal, as the reaction is dominated by the transfer
of solvent molecules between the nucleophile and leaving group.

In a complete

solvent treatment, all of the reacting molecules are solvated throughout the reaction.
Additionally, the rearrangements of the bulk solvent beyond the first solvation sphere
can contribute to the reaction energy. Later studies, such as that of Chandrasekhar
et al. [249–251], therefore considered the solvent explicitly. Their calculations were
made computationally tractable by using the gas phase energy surface to parameterize
a molecular mechanics model for the reacting system; the solution phase surface was
then determined by a purely molecular mechanical simulation, with explicit solvent.
More recent simulations have used the Molecular Orbital-Valence Bond method [252]
to treat the QM region [253].

5.1.3

Type II SN 2: The Menshutkin reaction

A Menshutkin reaction is a Type II SN 2 reaction (meaning that both of the reagents
are neutral [242]) of the form

XR + NR′3 = X− + NR′3 R+

(5.3)

which proceeds via nucleophilic attack of the nitrogen on the R moiety, followed by
expulsion of the halide X− . This follows from Menshutkin’s original study [254, 255],
where measurements were taken of the rate of the reaction between triethylamine and
ethyl iodide,
(C2 H5 )3 N + C2 H5 I = (C2 H5 )4 N+ + I−

(5.4)

The reaction was carried out in a variety of solvents, and Menshutkin noted that the
identity of the solvent had a large effect on the reaction rate, the more polar solvents
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resulting in higher rates. This sensitivity to solvent polarity makes the Menshutkin
reaction a useful test case for any solvent model. The reaction is strongly endothermic
in the gas phase, and so has been studied experimentally only on sterically hindered
amines, with molecular beam techniques [256]. However, a polar solvent can form a
solvent cage around each of the ions, thus stabilizing the products; in fact, in water
the forward reaction is strongly preferred. This is in contrast to other types of SN 2
reaction, which are slowed by more polar solvents.
As the Menshutkin reaction is asymmetric, unlike the Type I reactions considered
earlier, the position of the transition state can also be altered by the polarity of the
solvent, as suggested by the Hammond postulate [243, 257]. This is in fact observed in
theoretical studies of the reaction [258].
The Menshutkin reaction has attracted a good deal of experimental and theoretical
interest [259–264]. Computational studies of the reaction often target the reaction
of methyl chloride with ammonia [258, 265–267], due to the small number of atoms
involved in the reaction, and the availability of semi-empirical parameters for chlorine:

CH3 Cl + NH3 = Cl− + NH3 CH+
3

(5.5)

(The drawback of such studies is that experimental data are only available for the
analogous methyl iodide reaction [268,269], so direct comparisons with experiment are
not possible.) As with the chloride-methyl chloride reaction, a number of studies have
approximated the solvent. For example, a recent study of the ammonia/methyl bromide
reaction [270] used the Effective Fragment Method [271, 272] in conjunction with an
ab initio representation of the solute at the DZVP level. An earlier study of the same
reaction by Solà et al. [273] approximated the solvent by two explicit waters or with
the PCM implicit solvent treatment [126], and used a 3-21G basis set, augmented with
polarization and diffuse functions to properly describe the bromine atom. PCM has
also been used in very recent studies in conjunction with large basis set DFT (6-31+G*
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with B3LYP or B3PW91) to look at a variety of Menshutkin reactions in solvent [274]
or to study the ammonia/methyl chloride reaction within carbon nanotubes [267].
Similar studies have moved beyond DFT to MCSCF [275], or have replaced the PCM
model with the similar GCOSMO [276] method, using DFT and MP2 to evaluate
energies [266].
The QM/MM method (section 1.4) is ideally suited to simulation of the Menshutkin
reaction; the small reacting region can be treated with QM, and the solvent with MM. A
study of the ammonia/methyl chloride reaction was carried out by Gao et al. [258,265],
using AM1 for the reacting region and the TIP3P model for the solvent. The C–Cl
and C–N distances were varied independently to give a two-dimensional map of the
free energy surface.
Another approach involves approximation of the solute region, similar to that used
by Chandrasekhar et al. for the chloride-methyl chloride reaction. For example, one
such study [277] used an ab initio gas phase energy surface to parameterize a molecular
mechanics force field. Alternatively, the Empirical Valence Bond method [278], whereby
the reactive region is treated by a combination of resonance structures in a modified
molecular mechanical force field, was utilised in a study by Hwang et al. [279].

5.2

Adiabatic mapping of the reaction surface

In this work, the ammonia/methyl chloride Menshutkin reaction is examined in water
with QM/MM techniques. This enables comparison with the study by Gao et al.
[258,265] using similar methods. An ideal starting point for examination of the solutionphase reaction is the determination of the gas-phase energy profile. Due to the small
size of the system (9 atoms) it was possible to utilise rather rigorous QM techniques
for this process, with the adiabatic mapping method.
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5.2.1

The adiabatic mapping method

The technique of adiabatic mapping [107] aims to determine the energy profile of
a chemical reaction. It is, essentially, an application of the minimization methods
discussed in section 1.9, with constraints added to the system. First, a reaction
coordinate (as described in section 1.10.6) is chosen. The adiabatic map is then
obtained by varying the reaction coordinate in steps so as to cover the entire range
of the reaction, and at each step minimizing the energy of the system, subject to a
constraint that fixes the reaction coordinate. This constraint is usually enforced by
imposing a harmonic penalty function on the reaction coordinate, with its minimum
at the desired reaction coordinate value.
It should be noted that the profile determined from an adiabatic mapping is of the
energy, not of the free energy. The structures obtained are representative of the system
at 0 K, and include no entropic contributions.

5.2.2

Choice of reaction coordinate

The Menshutkin reaction is a simple substitution reaction, and thus the obvious choice
of reaction coordinate is a function of the distances of the entering and leaving groups
from the reaction centre, i.e. the bond lengths r(C–N) and r(C–Cl), as shown in
figure 5.1. In this work, the difference between these two bond lengths was used as the
coordinate:
RC = r(C–Cl) − r(C–N)

(5.6)

This is in keeping with previous studies [258, 273] and has been shown to be a suitably
representative coordinate [266].
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Figure 5.1: The reactive region in the Menshutkin reaction, demonstrating the choice
of reaction coordinate, RC = r(C–Cl) − r(C–N).

5.2.3

Comparison of methods in the gas phase

Adiabatic maps were obtained for the methyl chloride/ammonia Menshutkin reaction
(equation 5.5) by varying the reaction coordinate from -2 to 4 Å in increments of 0.1 Å.
At each point, the system energy was minimized by Adopted Basis Newton Raphson
minimization until the forces dropped to below 0.005 kcal/mol/Å. The desired value of
the reaction coordinate was obtained by imposing a harmonic constraint on RC , after
equation 1.130, of the form
1
Eharm = K(RC − Rref )2
2

(5.7)

where K is a force constant, and Rref the reference value of the coordinate,
corresponding to the minimum of the function.

For this study, a force constant

of 2000 kcal/mol/Å2 was used. The N–C–Cl angle was maintained at linearity by
imposition of a harmonic constraint with force constant 50 kcal/mol/radian2 . The
assumption that the reaction proceeds via a perfectly linear approach of the ammonia
or chloride nucleophile is used throughout this work, as in other studies [258, 277].
(Although it would be preferable to allow varying angles of attack, particularly in the

153

Relative energy (kcal/mol)

80
60
40
20
0
-2

-1
0
1
2
3
Reaction coordinate, RC = r(C–Cl) − r(C–N) (Å)
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Figure 5.2: Adiabatic gas-phase maps of the methyl chloride-ammonia Menshutkin
reaction at different levels of theory.
solution phase studies, the addition of these extra degrees of freedom would require
more extensive sampling, and an unjustifiable increase in computer time.)
The resulting adiabatic maps are shown in figure 5.2. The semi-empirical AM1
method is compared to Hartree Fock treatments, ranging from the simple 3-21G
basis through a basis enhanced with polarization functions (6-31G*) to one with both
polarization and diffuse character, DZVP++. For comparison, the results from a
post-Hartree Fock split-level technique are also shown; the energies of the structures
minimized with the HF/6-31G* method were reevaluated at MP2/6-31G* level. This
approach is denoted HF/6-31G*//MP2/6-31G*, and belongs to a class of techniques
which is discussed in more detail in section 6.9.
It can clearly be seen from these adiabatic maps that a relatively high level of
theory is required in order to determine accurate energies. The 3-21G basis, for
example, grossly underestimates the energy required to reach the [NH3 · · · CH3 · · · Cl]‡
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transition state, and predicts a shallow minimum at around RC = -1 Å. Higher
activation energies are obtained as the level of theory is improved. However, all of
the ab initio methods underestimate the free energy of activation, which is estimated
to be around 45 kcal/mol from simulations at MP4 level [266, 277]. (No experimental
data are available for this activation energy itself; however, both of the cited simulations
also predict free energies of reaction in close agreement with the experimental figure of
111 ± 5 kcal/mol [280].) It is likely that part of this discrepancy is due to the entropic
contribution to the free energy; however, the AM1 energy of activation, of roughly
50 kcal/mol, comes remarkably close to this figure.

5.2.4

Solution-phase energies from continuum treatments

In order to get an idea of the profile of the reaction in solution, PCM [126] calculations
were carried out (see section 1.10.5). For each configuration previously optimized
at HF/DZVP++ level, the energy was reevaluated at HF/6-311++G** level, using
PCM to approximate the surrounding solvent. The resulting adiabatic solution-phase
map is shown in figure 5.3. This shows a number of striking differences to the gasphase Hartree-Fock maps; the reaction is strongly exothermic, with a energy of about
-30 kcal/mol, while the activation energy is reduced from around 40 kcal/mol in the
gas phase to about 19 kcal/mol. The position of the transition state is also shifted from
around 0.5 to 0.1 Å, as seen in previous studies [273] and as suggested by the Hammond
postulate. This profile is in reasonable agreement with the available experimental
data, coming close to the reaction free energy of -34 ± 10 kcal/mol (as estimated from
standard free energies of hydration and formation [277]) and the activation energy of
the analogous methyl iodide reaction, 23.5 kcal/mol [268, 269].
There are a number of deficiencies with this method. Firstly, because it uses gasphase optimized geometries for the energy calculations, there is no opportunity for
the solute to relax in response to the solvent. This is likely to be the cause of the
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Figure 5.3: Adiabatic PCM map of the methyl chloride-ammonia Menshutkin reaction
using DZVP++ optimized geometries. Energies were evaluated at HF/6-311++G**
level.
drop in energy at around 0.5 Å, which corresponds to the position of the gas-phase
transition state. Secondly, the lack of explicit solvent means that simple comparisons
with the FlucQ model cannot be made. Finally, the energies, while they incorporate
some approximate entropic contributions from PCM, are not true free energies as the
gas-phase geometries correspond to 0 K. Although more reliable energies could be
obtained by optimizing the geometries while using PCM, convergence is often difficult
to achieve between the solute and cavity degrees of freedom.
The AM1 method has been shown to yield reasonable energies for the gas phase
reaction, at a fraction of the computational cost of methods such as HF/6-31G, which
actually would appear to yield less reliable energies. Previous studies [277] have shown
that these trends transfer reasonably well from the gas to the solution phase, and
results in good agreement with experiment are obtained using gas-phase geometries
in combination with a solvent representation. For this reason, the AM1 method was
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further employed to investigate the behaviour of the Menshutkin reaction in explicit
solvent.

5.3
5.3.1

Hybrid QM/MD studies
Overview

The free energy profile of the Menshutkin reaction can be determined by umbrella
sampling (see section 1.10.6), using molecular dynamics to generate configurations.
Since the reaction involves the formation and breakage of C–Cl and C–N bonds, and
changes in the charges of the species, a conventional molecular mechanics force field is
unsuitable. Thus, a QM/MM treatment was used in this study, after Gao and Xia [258],
using AM1 for the reactive region.
Although both periodic and stochastic boundary techniques could be applied to
this system (see sections 1.7.1 and 1.7.3, respectively), the latter was used only for
test simulations. In a stochastic boundary simulation, Langevin dynamics is used in
the buffer region. While FlucQ will function in conjunction with Langevin dynamics,
some analogue of the random and frictional Cartesian forces should also be applied to
the charge degrees of freedom to represent the average effect on the charges of solvent
in the reservoir region, and this is not present in the current model. Additionally, the
periodic boundary method is easily applied to both molecular dynamics and Monte
Carlo simulations, and was thus used so that results from this study could be easily
compared with the Monte Carlo simulations in Chapter 6.
The nature of the QM/MM interaction when combined with periodic boundaries
deserves some attention. The ab initio codes that are interfaced with CHARMM are
done so in a very simple fashion, with the primary MM atoms appearing as point
charges to the QM code; no account is made of cutoffs or periodicity. The semiempirical interface implements cutoffs, but is still ignorant of any boundary conditions.
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Thus, reasonable energies are only obtained while the QM region remains roughly
near the centre of the primary simulation box; if it drifts from this region during a
simulation then it will begin to see vacuum beyond the edge of the primary cell. Two
solutions to this problem present themselves: the first fixes the centre of mass of the
QM region at the origin, either explicitly or by redefining the coordinate system, while
the second applies simple periodic boundaries to the QM/MM interactions, by taking
each Cartesian component of any distance between the QM and MM regions modulo
the relevant box length. The second approach is clearly the more rigorous (although
only possible for simple types of repeating cell, such as cuboids) and was used for
the QM/MM simulations in this chapter. (Incidentally, the same problem exists in
stochastic boundary simulations, and is solved by using a force to constrain the QM
region near the centre of the reaction region.)
No cutoffs were used for the QM/MM interaction, even for semi-empirical
calculations, for consistency between ab initio and semi-empirical approaches. In any
case, the lack of interactions with MM images ensured that no QM atom interacted with
itself. Also, while the FlucQ cutoff test cases would recommend the use of a group-based
force switch (section 4.2.1), CHARMM does not support group-based electrostatics
for QM/MM simulation; atom-based cutoffs were therefore used for solvent-solvent
interactions.

5.3.2

Parameterization of the QM/MM interaction

In many QM/MM simulations, such as those in Chapter 4, the van der Waals
parameters used for the QM atoms are taken from the same force field used for the
MM region. This is often a reasonable approximation; however, these parameters are
designed to reproduce the average interaction between MM atoms, and as such may
be unsuitable if the environment is unlike the average. For example, over the course of
the Menshutkin reaction, the Cl atom moves from incorporation in a CH3 Cl molecule
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to being a Cl− ion, and it is unlikely that van der Waals parameters optimized for one
extreme will be suitable for the other. Several researchers have commented on the need
for specially optimized parameters for QM/MM interactions [17, 235] and have even
obtained such parameters for some systems [237, 258].
The method used in this work to optimize the parameters used for QM/MM
simulation is similar to that used by Gao et al. [258]. Three complexes in which a
single water molecule is hydrogen-bonded with the reactive region were considered. In
complex ‘a’ the water oxygen interacts with an amine hydrogen, while in complexes ‘b’
and ‘c’ it interacts with the chlorine atom, in the open form in ‘b’ and the bifurcated
form in ‘c’. These three complexes are depicted in figure 5.4. (Interactions with the
methyl hydrogens were not considered in this work, as previous studies [258] suggested
that these interactions are weak.) Each of the complexes was considered for reactive
region configurations optimized at HF/6-31+G* level, obtained from the adiabatic
sampling simulation (section 5.2.3), for reaction coordinate values from -1.6 to 1.6 Å
inclusive, spaced by 0.2 Å.
For each complex, the geometry of the reactive region was fixed, while the single
water molecule was fixed at experimental geometry, and the system was then optimized
at HF/6-31+G* level by conjugate gradient minimization, until the forces dropped to
below 0.05 kcal/mol/Å. This served to optimize the hydrogen bond distance (and,
for complexes ‘b’ and ‘c’, the angle) and to obtain a solvent-solute binding energy, for
each configuration and complex. The resultant binding energies are shown in figure 5.5.
Note that the interaction with solvent increases for each complex as the reaction moves
from the electrically neutral ammonia and methyl chloride starting materials to the
charged products, methyl ammonium and chloride ion. Also, the open form (complex
‘b’) for the water-chlorine interaction is fractionally more stable than the bifurcated,
presumably due to weaker chlorine-oxygen repulsion in the former case.
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Figure 5.4: Hydrogen-bonded complexes used for optimization of the QM/MM
interaction. Interatomic distances and rotation angles that were optimized are shown
in blue.
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Figure 5.5: Water-solute binding energies for the hydrogen-bonded complexes shown
in figure 5.4, optimized at HF/6-31+G* level at various points along the Menshutkin
reaction coordinate, RC .
The optimizations were repeated for the same reactive region configurations and
complexes, using the same constraints, but using the QM/MM method, with AM1
for the reactive region and the TIP3P water model for the solvent. Gao’s previously
determined Lennard-Jones parameters [258] were used for the QM atoms, using the
combining rules in section 1.3 to derive the van der Waals part of the QM/MM
interaction. This yielded another set of binding energies; in figure 5.6 these QM/MM
energies are compared to the corresponding ab initio energies. The agreement can
be seen to be good, with an RMS error in the energies of 0.49 kcal/mol, and in the
distances (N–O and Cl–O) of 0.16 Å.
Ideally, the van der Waals parameters used for QM/MM interactions of the
Menshutkin reactive region with TIP3P solvent would be applicable to simulations
with other water models as well.

In practice, however, because MM force fields

do not treat electron density explicitly, the van der Waals parameters include some
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Figure 5.6: Comparison of the binding energy of the Menshutkin reaction region
along the reaction coordinate, solvated by a single water molecule. QM/MM results,
using AM1 for the QM and TIP3P for the MM region, are compared to structures at
HF/6-31+G* level.
implicit handling of average polarization, which differs between solvent models. (If
the parameters optimized for TIP3P are used for minimizations with TIP4P and
TIP4P-FQ, energy RMS errors of 0.69 and 1.28 kcal/mol respectively are incurred.)
Therefore, the interactions must be optimized for each solvent model; this was carried
out by minimizing the function

χ = RE + ζRd

(5.8)

where RE is the RMS error in the binding energy between the ab initio and QM/MM
minimizations, and Rd the RMS error in the distances. ζ is a weighting parameter,
taken as 3.0 kcal/mol/Å for this study. The minimization was carried out by a grid
search of the N van der Waals parameters, ǫ and σ, using complex ‘a’, and then a
separate search of the Cl parameters, using complexes ‘b’ and ‘c’. As in the original
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Figure 5.7: Comparison of the binding energy of the Menshutkin reaction region
along the reaction coordinate, solvated by a single water molecule. QM/MM results,
using AM1 for the QM and TIP4P for the MM region, are compared to structures at
HF/6-31+G* level.
fit for the TIP3P interaction, no van der Waals interactions were defined for amine
hydrogens; carbon, and methyl hydrogens were taken to have the same parameters as
in the TIP3P study.
The resulting fit for the AM1/TIP4P energies is shown in figure 5.7, and that for
AM1/TIP4P-FQ in figure 5.8. The determined van der Waals parameters, compared
to those for the TIP3P system, are shown in table 5.1. The fit for TIP4P can be
seen to be very similar to that for TIP3P; that for TIP4P-FQ is less good, with an
RMS error in the energies of 0.79 kcal/mol, but still reasonable. In all cases the fit for
complexes ‘b’ and ‘c’ shows the greatest deviations from linearity, with AM1 tending to
overestimate the binding energy of the highest-energy complexes (those for RC > 1.0 Å)
while underestimating that of the low-energy configurations.
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Figure 5.8: Comparison of the binding energy of the Menshutkin reaction region along
the reaction coordinate, solvated by a single water molecule. QM/MM results, using
AM1 for the QM and TIP4P-FQ for the MM region, are compared to structures at
HF/6-31+G* level.

TIP3P/AM1a
Atom

TIP4P/AM1

TIP4P-FQ/AM1

ǫ

σ

ǫ

σ

ǫ

C

0.1000

3.4000

0.1000

3.4000

0.1000

3.4000

N

0.1615

3.0875

0.2000

2.9043

0.1900

2.5836

Cl

0.1119

4.1964

0.1500

4.0981

0.1500

4.2763

HC

0.0700

2.0000

0.0700

2.0000

0.0700

2.0000

HN

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

a

σ

From Gao et al. [258]

Table 5.1: Lennard-Jones parameters (see equation 1.52) determined for the
Menshutkin reactive region to optimize the QM/MM interaction between it, treated
at AM1 level, and the solvent, treated with TIP3P, TIP4P or TIP4P-FQ models. ǫ
values are given in kcal/mol, and σ in angstroms. HC and HN are the hydrogen atoms
directly bound to the carbon and nitrogen respectively.
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5.3.3

Preparation of the system

With the AM1 method chosen for the QM treatment, and the interactions between
this region and the first solvation sphere parameterized, the remainder of the solvent
was then added and equilibrated. In order to determine properties that are directly
comparable with experiment, Gibbs rather than Helmholtz free energies are required.
This necessitates simulating the system in the isothermal-isobaric (NPT) ensemble
[119, 196, 281], allowing the volume of the system to alter during the simulation.
However, such volume fluctuations introduce an extra degree of freedom into the
system, which can cause complications during equilibration. Additionally, water is
fairly incompressible, so the volume is not likely to change greatly in any event. Thus,
the majority of the equilibration phase of the simulation was carried out in the standard
NVT ensemble, and only once the system was well equilibrated was the volume allowed
to fluctuate in NPT dynamics.
Generation of the solvent box
Water molecules were first generated on a simple cubic lattice; the repeat distance
of this lattice was chosen so as to reproduce the experimental density of liquid water,
1 g/cm3 , or 0.0334 molecules/Å3 . The dimensions of the complete generated water box
were chosen to be integer multiples of this cubic lattice distance, and periodic boundary
conditions were imposed for the duration of the generation process. In the case of the
umbrella sampling runs described in this chapter, a cubic box with sides 21.724 Å
long, containing 343 water molecules, was constructed to allow adequate solvation of
the reaction region.
A regular cubic lattice is far too ordered a structure for liquid water; thus some
disorder was introduced by performing molecular dynamics at 50 K for 500 fs, using
a 1 fs time step. This served to randomise the orientations of the molecules, and to
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break the periodicity of the starting lattice, leaving only the periodicity of the entire
solvent box.
A reasonably minimized structure was then obtained by performing Adopted
Basis Newton Raphson minimization until the energy gradient dropped to below
0.01 kcal/mol/Å. During the minimization, water molecules adopted the favourable
tetrahedral structure and the majority of stabilising hydrogen bonds were formed.
However, the likelihood of any minimization of a system containing even a few hundred
molecules reaching the global minimum is remote; some parts of the system would likely
be stuck in unfavourable configurations. Thus, the minimization was followed by 40 ps
of dynamics with a 1 fs time step, to evenly distribute energy throughout the system.
Dynamics were initiated at a temperature of 0 K, and energy was gradually introduced
by increasing the temperature by 10 K every 500 time steps. The temperature increase
was effected by reassigning the velocities of all particles randomly, such that the
velocities fitted to a Gaussian distribution characteristic of the new temperature. This
served to evenly spread the newly-introduced energy, and to reduce the possibility of
any ‘hot spots’ developing in the system. Once the temperature reached 298 K, it was
maintained by the same procedure of reassigning velocities every 500 time steps.
The water box at 298 K was then equilibrated by performing further molecular
dynamics for 80 ps with a 1 fs time step. The final velocities from the heating stage
were used as starting velocities for this equilibration. No velocity reassignment was
carried out; instead, the temperature was maintained at 298 K by use of a Berendsen
weak coupling thermostat, with coupling constant 0.005 ps−1 .
Solvation of the reactive region
The solution phase system was built by first taking the optimized gas-phase Menshutkin
system at RC = -0.5 Å and overlaying it with the water box. The two systems were
aligned such that the centre of the water box, and the QM carbon atom, both resided
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at the origin of the coordinate system. It would be expected that the structure of
pure water would be very different from that of water around a solute; no waters
should be found within the van der Waals surface of the solute (as their interactions
with the QM region would be extremely unfavourable), and the waters should not be
randomly oriented, but forming a cage structure around the solute. Thus, such a simple
overlaying of two coordinate sets would not be expected to give reasonable solvation.
The first of these problems was approached by removing any water molecules
that had their oxygen atoms within 2.8 Å of any of the QM heavy atoms. Periodic
boundary conditions were then imposed, and any remaining unfavourable interactions
were relaxed by performing 100 steps of steepest descents minimization, using the full
QM/MM potential, but only permitting the solvent to move.
Simply removing waters that overlap with the QM region cures the problem of
high-energy interactions between the QM and MM regions; however, it can also lead
to cavities developing in the system. These are void regions where a water molecule
should be present, and its absence can cause large inaccuracies in the solute-solvent
interaction energy. Equilibration is not generally sufficient to remove these cavities,
as they can persist over extremely long timescales. This problem was addressed by
considering points on a simple cubic lattice, centred on the origin, spaced by 0.1 Å,
and covering the entire system. Any point that was more than 3.0 Å away from all QM
heavy atoms and water oxygens was taken to be a potential cavity, and filled by adding
a water molecule to the system, such that its oxygen atom was on the relevant grid
point. The orientations of these newly-added waters were then optimized by performing
a further 100 steps of steepest descents minimization with a fixed QM region.
Equilibration
The structure of the water was allowed to gradually relax around the solute by means
of gradual heating with periodic velocity reassignment for 20 ps and equilibration for
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50 ps of the solvent, keeping the solute position fixed. The final configuration was then
placed into the NPT ensemble, and simulated for a further 30 ps.
For this and all subsequent NPT simulations, the Langevin piston method of Feller
et al. [282] was used to maintain constant pressure and temperature. This approach
is similar to the weak coupling methods [117] described earlier for maintaining the
temperature (equation 1.106) with the following equations of motion of the system
with instantaneous volume V and pressure P :
pi
1 V̇
ri
+
mi 3 V
1 V̇
∂U
−
p
ṗi = −
∂r i 3 V i
1
(P − Pext ) − γ V̇ + R
V̈ =
W
ṙ i =

(5.9)
(5.10)
(5.11)

where W is the mass of the Langevin piston, taken as 500.0 amu in this study, Pext
the reference pressure (1.0 atm), and γ the collision frequency of the piston, 20.0 ps−1 .
R is a random force, given by a Gaussian distribution with variance proportional to a
piston bath temperature, 298 K in this simulation. The coupling to this heat bath is
rather weak, giving very slow exchange of energy [282], and so this was augmented by
a Nosé-Hoover thermostat with mass 1000.0 ps2 kcal/mol.

5.3.4

Umbrella sampling

With a reasonably well equilibrated solution phase system, umbrella sampling was
then carried out to obtain the potential of mean force of the Menshutkin reaction, as
outlined in section 1.10.6. For each window, the reaction coordinate, RC , as defined by
equation 5.6, was constrained by means of a harmonic restraint term (equation 5.7).
Trial simulations were carried out with different force constant (K) values, and the
resulting reaction coordinate distributions compared. A K value of 800 kcal/mol/Å2
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was chosen such that reasonable overlap was achieved between windows separated by
0.5 Å along the reaction coordinate (see also figure 1.3).
The N–C–Cl angle was constrained near 180° with a harmonic force constant of
50 kcal/mol/radian2 . Simulations were carried out in the NPT ensemble at 1.0 atm
and 298 K, using the Langevin piston technique described above.
The first window was run with Rref = -0.50 Å. The starting configuration for this
window was taken from the final state of the solvent equilibration, and sampling was
carried out for 70 ps. The final coordinates and velocities from this simulation were
then used as the initial state for two more windows, centred at -0.55 and -0.45 Å, and
again simulated for 70 ps. These windows in turn provided starting states for further
windows at -0.60 and -0.40 Å respectively, and so on. The reaction coordinate was
covered in this way from -1.60 to 2.20 Å, in 0.05 Å increments. Each window took
approximately 3 hours of CPU time on a 1667 MHz Athlon XP machine.
During each simulation, the instantaneous value of the reaction coordinate was
recorded at each energy calculation, and then gathered into bins of width 0.005 Å to
give biased probability distributions of the coordinate for each window, as in figure 1.3.
As can be seen from figure 5.9, the cumulative average of this quantity takes some
time during a simulation to reach its final value — in particular, for the initial part of
the run, the system is far from equilibrium, as the starting configuration corresponds
to a different Rref value. Thus, the first 10 ps of each window were ignored, and
treated as equilibration. The remaining 60 ps of sampling from each window were
then joined by means of a simple technique. The relative free energy profile for the
first window, at -1.60 Å, was first obtained by application of equation 1.129, where the
form of the biasing function, w(ζ), was given by equation 5.7, and the final term was
ignored. This process was repeated for the next window, at -1.55 Å. The second free
energy curve was then offset on the energy axis to join the two sets; this offset was
calculated as the average energy difference between the two curves in the part of the
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Figure 5.9: Behaviour of the cumulative average of the reaction coordinate during
simulation of the solvated Menshutkin system at RC = -1.0 Å.
reaction coordinate where they overlapped, weighted by the number of samples in both
windows. A combined distribution was then generated, where the energy of each point
was taken as the average of the two curves, again weighted by the number of samples in
each set. (The number of samples of each point in the combined set was simply taken
as the sum from both sets.) The third window, at -1.50 Å, was then added to this
set to produce a new combined set, and so on, until a complete PMF was generated.
This sampling-weighted averaging procedure automatically removes any regions of poor
sampling, except in parts of the reaction where the overlap between adjacent windows
is particularly poor.
For FlucQ simulations, the initial equilibrated system was modified by adding M
sites to each water molecule, to generate TIP4P waters. The FlucQ polarization energy
of the system was then reduced to below 10−6 K by application of dissipative Langevin
dynamics in charge space, with a frictional coefficient of 1600 ps−1 and a 1 fs time step.
The umbrella sampling simulation was then carried out in exactly the same way as for
TIP3P water, except that the optimized van der Waals parameters for the QM/MM
interaction with TIP4P-FQ water were used. Charge temperature was maintained at
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Figure 5.10: Determined solution-phase potential of mean force of the Menshutkin
methyl chloride/ammonia reaction, using AM1 for the reactive region and TIP3P,
TIP4P or TIP4P-FQ for the solvent.
1.0 K during each window by application of a Nosé-Hoover thermostat with inertia
parameter 10.0 ps2 kcal/mol. Finally, for comparison, the free energy profile was also
determined using the TIP4P solvent model and the corresponding optimized van der
Waals parameters. The free energy profiles from these three simulations are shown in
figure 5.10.

5.3.5

Discussion and analysis

The AM1/TIP3P simulation yields an activation free energy of about 30.0 kcal/mol.
This is in reasonable agreement with the study by the previous QM/MC study by
Gao and Xia using the same method [258], which predicted 26.3 ± 0.3 kcal/mol.
However, it does overestimate the experimentally-determined activation energy of the
methyl iodide/ammonia reaction, which is 23.5 kcal/mol [268, 269]. (Unfortunately,
experimental data for the analogous methyl chloride reaction are not available.) The
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calculated free energy of reaction is about -21 kcal/mol, again agreeing well with Gao’s
value of -18 kcal/mol, although this figure is very approximate as the free energy curve
is not completely flat at RC = 2.0 Å. This is consistent with the behaviour seen in the
earlier PCM simulation, although it is more pronounced, probably because the periodic
box is insufficiently large to prevent interactions between the solvation spheres of the
primary and ‘image’ QM atoms. (The primary and image atoms themselves obviously
do not interact directly, due to the cutoff imposed on the simulation; at any rate,
the ‘image’ QM atoms appear to the MM force field as uncharged particles.) The
predicted free energy of reaction is also in very poor agreement with that estimated
from a thermodynamic cycle using experimental free energies, -34 ± 10 kcal/mol [277],
although this is caused by the AM1 method itself, which predicts a heat of formation
18.2 kcal/mol higher than the experimental value for Cl− [56].
The discrepancy between this simulation and Gao’s could be caused by a number
of factors. The earlier simulation covered the reaction in a two-dimensional fashion,
varying the C–N and C–Cl bonds independently, and obtained the PMF as the leastenergy path over the resulting 2D surface, rather than using a one-dimensional reaction
coordinate. The result could also be affected by the size of the simulation box and
the cutoff method used; a 9.5 Å cutoff is perhaps too short to adequately treat the
solvation of charged species [85]. However, test simulations along part of the reaction
coordinate, using a switched cutoff rather than a shift, agreed to within 1 kcal/mol
with the simulation presented here, as did simulations using a much larger 31.04 Å box
of 1000 water molecules and a longer cutoff (with the exception of the reaction near
the product state, where the PMF was predicted to drop much less steeply). It is also
possible that differences could be caused by the use of MC by Gao rather than MD,
and this is explored in Chapter 6.
The TIP4P simulation is in excellent agreement with TIP3P, although the free
energy of reaction is overestimated by about 2.5 kcal/mol. The discrepancy is explained
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by the corresponding deviations from the HF/6-31+G* binding energies in figures 5.6
and 5.7, which are largest for the TIP3P complexes b and c.

It should also be

remembered that only complexes up to RC = 1.6 Å were considered in the fit for
the QM/MM interactions in this study, while Gao used complexes only up to 0.75 Å,
so the interactions were not optimized at all for the reaction at 2.0 Å.
The TIP4P-FQ model gives higher activation and reaction free energies, of 32.2
and -29 kcal/mol respectively, and a slightly earlier transition state. This is likely
due in part to the poorer agreement between HF/6-31+G* and AM1/TIP4P-FQ
binding energies than with TIP3P in section 5.3.2. (For comparison, optimized van
der Waals parameters for AM1/TIP4P-FQ1 give energy and distance RMS errors of
0.62 kcal/mol and 0.17 Å respectively.) While TIP3P gives very good binding energies
around the transition state, TIP4P-FQ consistently predicts the complexes to be one
or two kcal/mol less strongly bound. This is probably a stronger effect than that of the
bulk solvent which, as commented on in section 4.2.1, has a higher molecular dipole
moment on average (2.5–2.6 D) for TIP4P-FQ than for TIP3P (2.35 D), and which
might thus be expected to more stabilise the TIP4P-FQ transition state, as the free
energy of solvation becomes steadily more negative as the reaction proceeds [277]. (At
any rate, the TIP4P model, with a lower dipole than TIP3P at 2.18 D, does not show
any destabilisation.)
The poor QM/MM energies for TIP4P-FQ are surprising, given its utility for ab
initio QM/MM demonstrated in section 4.4. However, it should be recalled that the
AM1/MM method suffers from a number of deficiencies — for example, it predicts
an incorrect C2v structure for the water/chloride complex [17] — while AM1 itself
generally gives poorer hydrogen-bond geometries than PM3 [283], so it is entirely
possible that AM1 does not well describe the QM electron density. Additionally, the
form of the QM/MM interaction in semi-empirical methods, equation 1.61, includes
parameters that must be optimized for the MM atoms, and these have previously
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been determined for the AM1/MM method for use with non-polarizable water models
such as TIP3P [17], rather than for TIP4P-FQ. Finally, note that the QM region
is fixed at the geometry optimized at HF/6-31+G* level during the determination of
the QM/MM parameters in section 5.3.2. This fails to take into account the difference
between the AM1 and ab initio geometries, the relaxation of the QM region in response
to the approach of a water molecule, or the difference in QM polarization between
singly-solvated and multiply-solvated solute, factors which are likely to be important
when dealing with polarizable solvent. (The TIP4P-FQ1 model has already shown
in section 4.6 that polarization suitable for bimolecular systems is not necessarily
transferable to the bulk.)
In order to further analyse the solvent structure, molecular dynamics simulations
were run in the NVT ensemble1 at 298 K. Three runs were carried out, constraining the
reaction coordinate to -1.50, 0.10 and 2.00 Å, to study the reactants, transition state,
and products, respectively. Each simulation was run for 100 ps, using the coordinates
and velocities from the umbrella sampling window at the same Rref value for the
initial configuration. Trajectories from these simulations were used to obtain the Cl–O
radial distribution function. This function is shown for TIP3P in figure 5.11 and for
TIP4P-FQ in figure 5.12.
For both solvent models, it can be seen that the chlorine-oxygen interaction
strengthens during the course of the reaction, as charge on the chlorine develops, from
the movement of the first peak of each radial distribution function from around 4.0 Å
for the reactants down to about 3.2 kcal/mol for the products. The TIP4P-FQ model
yields very similar structure to TIP3P, although there are small differences in peak
heights; this is probably caused by the differing solute-water distances predicted by
the two models in section 5.3.2.
1
NPT was not used, as the CHARMM solvent analysis module requires a constant periodic box
size. At any rate, the box length fluctuated by less than 0.2 Å during NPT simulations, so NVT is a
reasonable approximation.
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Figure 5.11: Quantum chlorine-classical oxygen radial distribution function, evaluated
for AM1/TIP3P simulations at RC = −1.50 (reactants), 0.10 (transition state) and
2.00 Å (products).
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Figure 5.12: Quantum chlorine-classical oxygen radial distribution function, evaluated
for AM1/TIP4P-FQ simulations at RC = −1.50 (reactants), 0.10 (transition state)
and 2.00 Å (products).
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5.4

Summary

The Menshutkin SN 2 reaction has dramatically different energetics in the gas and
solution phases; the addition of solvent, whether it be implicit PCM solvent or
explicit water molecules, strongly stabilises the charge-separated transition state and
products, and converts a strongly endothermic gas reaction into a rather exothermic
solution phase process. The umbrella sampling method at constant pressure, using
a QM/MM energy treatment, generates Gibbs free energies suitable for comparison
with experiment. However, it is vital to determine optimum van der Waals parameters
for the QM/MM interaction, as rather different solute-solvent binding energies are
predicted for each solvent model. TIP3P, TIP4P and TIP4P-FQ all give results in
reasonable agreement with previous QM/MM studies, although the experimental free
energy is consistently overestimated, suggesting that the AM1 method itself is at fault.
The TIP4P-FQ method in particular gives no real improvement; an early transition
state is predicted, but it is also less stable than with TIP3P.
The free energy simulations in this chapter use molecular dynamics in combination
with QM/MM. The Menshutkin reactive region, however, being small and highly
symmetrical, is also amenable to treatment with Monte Carlo methods, which is the
subject of the next chapter.
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Chapter 6
Use of hybrid QM/MC methods
6.1

Overview

It has already been demonstrated that molecular dynamics methods can be used in
conjunction with a QM/MM representation of the system energy to elucidate average
energetic and structural properties, such as the molecular dipole and radial distribution
functions, as well as the free energy, vital for comparison with experimental data.
However, it is also possible to use Monte Carlo simulation methods in a similar way,
using the same hybrid QM/MM energy function. (This is distinct from so-called
quantum Monte Carlo [284, 285] methods, which use the Monte Carlo algorithm to
optimize a quantum mechanical wavefunction.)
Such hybrid QM/MC methods have been applied to a variety of systems [78,
286]. Monte Carlo methods have several advantages over a corresponding QM/MD
simulation:
1. Constraints and symmetry can easily be conserved by suitable choice of a move
set; by default molecular dynamics explores all degrees of freedom, and a variety
of constraints must be applied if the simulation of highly symmetric systems is
desired. This also enables the shape of solvent boxes to be more closely fitted
to the solute. For example, a long linear molecule could be simulated within a
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cuboidal box, with the molecule aligned with the longest box side; this would
only be possible in an MD simulation if suitable restraints were placed on the
solute.
2. Forces (energy gradients) are not required, thus saving significant time in a
QM energy calculation. This can also reduce code complexity and any errors
introduced for new methods such as DFT, where forces may be approximated
numerically.
3. Temperature control is straightforward, simply by adjusting the acceptance
criterion. Different temperatures can be enforced for different degrees of freedom
by using different acceptance criteria.
4. The problem of the QM region drifting away from the centre of the primary box
in periodic boundary simulations (see section 5.3.1) is simply solved by a suitable
choice of moves.
Unfortunately, there are also a number of disadvantages:
1. As has already been discussed in section 4.2.4, when using FlucQ in combination
with Monte Carlo, many electronic moves must be sampled for every nuclear
move. This makes fully polarizable simulations, at least using the sequential
FQ/MC algorithm, very much more expensive than non-polarizable analogues.
Possible solutions to this problem include use of the ANES-MC algorithm, as
also mentioned in section 4.2.4.
2. The move set must be chosen with care to sample all relevant degrees of
freedom, with a reasonable acceptance rate, and with the minimum number of
moves. A number of methods exist to tackle this problem, such as dynamically
optimized Monte Carlo [287] (DOMC), which adjusts the size of moves during
a simulation in response to the acceptance rate of these moves, and preferential
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sampling (described further in section 6.2), which concentrates sampling in more
energetically important regions of phase space.
3. Every move, no matter how minor, affects the system Hamiltonian and therefore
requires a new SCF calculation. One method for ameliorating this problem is the
‘Perturbative QM/MC’ method described in section 6.3.
In this chapter, the preferential sampling and perturbative QM/MC methods are
developed and tested, and are applied to determine the free energy profile of the
Menshutkin reaction, for comparison with the MD methods described in Chapter 5.
Approximate methods for increasing the accuracy of the QM representation are also
proposed.

6.2

Preferential sampling techniques

The Monte Carlo method was originally developed for the study of bulk liquids [121].
In such a study, a truly random selection of moves, as suggested in section 1.10.4,
is perfectly adequate, as the system is homogeneous. However, in a simulation of a
solution, properties are largely determined by solute-solvent interactions and solventsolvent interactions in the first solvation sphere. Thus, the efficiency of a Monte Carlo
simulation could be improved by concentrating the sampling around the solute [288,
289]. This is usually referred to as ‘preferential sampling’.
The simple preferential sampling method [288] divides the system into two distinct
regions — an ‘in’ region, where sampling is to be concentrated, and an ‘out’ region
comprising the rest of the system. The ‘in’ region comprises all particles within a
certain user-specified distance R of the solute. Then, when a molecule is chosen to be
moved, if it is in the ‘in’ region it is immediately considered, while if in the ‘out’ region,
it is considered with user-specified probability ρ. Thus, the distribution of sampling
between the two regions can be controlled.
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Note that by choosing states with different probabilities in the two regions, the
underlying stochastic matrix α (see section 1.10.4) is no longer symmetric. For example,
since ‘in’ molecules are selected more frequently, in → out moves occur more frequently
than out → in moves, and thus the ‘in’ region will be gradually depleted. Therefore,
the acceptance criterion must be altered in order to ensure correct sampling.
A more refined technique [289] does not arbitrarily partition the system; instead,
a weighting function w(ri ) is used to bias the choice of molecules to perturb, where
ri is the distance between the centre of mass of solvent molecule i and the solute. A
common form for the weighting function, used in several studies [258, 290], is:

w(ri ) =

ri2

1
+C

(6.1)

where C is an adjustable parameter.
After choosing a molecule i to perturb in the usual way, a random number ζ is
chosen between 0 and 1. The molecule is further considered only if

ζ<

w(ri )
wmax

(6.2)

where wmax is the value of the weighting function for the solvent molecule closest to
the solute. This results in the molecules nearest the solute being sampled with near
100% of normal probability, and the sampling probability dropping smoothly as the
distance from the solute is increased. In this work, however, wmax is approximated
by the value of w(ri ) when ri = 0, which is an easily-evaluated constant, and which
removes the need to keep track of which solvent molecule is closest to the solute. This
does of course reduce the efficiency of this part of the algorithm, since the probability
of failing the test in equation 6.2 is increased; however, choosing a new molecule is a
computationally inexpensive process.
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If the chosen molecule passes the test, it is perturbed as per the normal Monte
Carlo technique. However, once again the acceptance criterion must be modified to
account for the asymmetric underlying matrix α. The original Metropolis acceptance
criterion, equation 1.121, can be written concisely as:
¸
·
πb
P (a → b) = min 1 ,
πa

(6.3)

where πa is the Boltzmann factor for state a,

πa = exp

µ

−V (r a )
kB T

¶

(6.4)

With preferential sampling in effect, this acceptance criterion must be modified to:
·

w(rb )πb
P (a → b) = min 1 ,
w(ra )πa

¸

(6.5)

Clearly, this also means that moves with ∆V (a → b) ≤ 0, which are always accepted
in conventional unbiased Monte Carlo, can be rejected by the preferential sampling
algorithm.

6.3

Perturbative QM/MC

Monte Carlo simulations typically require many more moves to simulate a system than
the number of time steps required for the same simulation using molecular dynamics.
In conventional Monte Carlo, however, this is balanced out, in that each of these
moves only requires the evaluation of the energy terms in which the moving atoms
are involved. This balance is lost in Monte Carlo simulations with a hybrid QM/MM
treatment, because the total Hamiltonian for the system (equation 1.55) includes both
the QM and MM total Hamiltonians. Thus, any move, of either the QM or MM
regions, modifies the total Hamiltonian, necessitating a full QM SCF calculation. This
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increases the time taken to perform a QM/MC simulation drastically in comparison to
the equivalent QM/MD treatment.
One method for solving this problem is to realise that many moves, for example
those of uncharged solvent molecules far away from the QM solute, have very
little influence on the electron density in the QM region. Thus, to a reasonable
approximation, the electron density can be assumed to be unchanged for such a move,
and the SCF calculation can be avoided. This method is known as ‘frozen density’ [234]
or ‘perturbative QM/MC’ [291, 292].
Following from equations 1.55 and 1.56, moving an MM particle i causes a change
in the total Hamiltonian:
QM/M M

∆Ĥ = ∆Ĥelec + ∆ĤvdW

+ ∆ĤM M

(6.6)

where
∆Ĥelec = −

X µ Q′

i

′
re,i

e

Q
− i
re,i

¶

+

X

Zm

m

µ

Q
Q′i
− i
′
rm,i rm,i

¶

(6.7)

In conventional QM/MM, this change of the Hamiltonian necessitates a new
quantum calculation. However, if the change is small enough, the resultant energy
change can be approximated by first order perturbation theory as
D
E
∆Epert = Ψ ∆Ĥ Ψ

(6.8)

By comparison with equations 1.57 and 1.58, this yields:
QM/M M

∆Epert = ∆Epert,elec + ∆EvdW

+ ∆EM M

(6.9)

where
∆Epert,elec =

XX
µ

ν

i′
Pµν (Iµν

−

i
Iµν
)
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+

X
m

Zm

µ

Q
Q′i
− i
′
rm,i rm,i

¶

(6.10)

Observe that the change in the van der Waals contribution to the QM/MM
QM/M M

interaction, ∆EvdW

, and the change in the energy of the MM system, ∆EM M ,

are both independent of the QM electron density, and are thus identical to the nonperturbative energies.
The only time-consuming part of this calculation is the evaluation of the onei
electron integrals, Iµν
in equation 6.10. However, they have only to be evaluated

for the moving atoms, in their old and new positions; an SCF calculation, on the other
hand, requires evaluation of the 1-electron integrals for all MM atoms.

6.3.1

Quantification of error

The energy change calculated by equation 6.9 is an approximation to the true value,
as first order perturbation theory assumes that the QM density matrix is not changed
by the perturbation. In order for this method to be of use for Monte Carlo simulation,
it must be possible to quantify or at least control the error introduced. In the original
work by Truong et al. [291] a full SCF was carried out every NMOVE steps, and the
error was controlled simply by adjusting the value of NMOVE. However, this approach
assumes that the error introduced by an MM move is roughly constant. In reality, it
might be expected that movement of an MM particle directly bound to the QM system
would have a larger effect on the QM density matrix (and thus yield a larger error)
than that of a distant particle. This was accounted for by a more rigorous treatment in
a later paper [292], in which classical electrostatic theory was used to approximate the
error Eerr introduced by a move of an MM particle at distance r from the QM region
as:
Eerr ≈

Kpert
r7

(6.11)

where the proportionality constant Kpert was determined by a least-squares fit to exact
values of the error from a preliminary test simulation. The error was then controlled by
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accumulating the predicted error Eerr at each step, and performing a new SCF when
it exceeded a certain threshold.
Although this new method does allow for the quantification of error, it also requires
an initial calibration to determine Kpert . Secondly, the value of Kpert is obviously
dependent on the QM region configuration. After any move that changes the QM
region, the predicted errors will be invalid. This was not an issue with the original
work, which only used a single ion in the QM region, but is obviously important
with this work, where the QM region contains several atoms, and changes drastically
throughout the SN 2 reaction.

6.3.2

Error control in the case of a changing QM region

The approach developed in this work, and implemented in CHARMM, is simpler than
the second method described above, avoiding the difficulty of a calibration run, while
being more sensitive to the approximate error than the original ‘NMOVE’ technique.
During an MC simulation, if a move of the MM region is picked, then the change
in energy is estimated from equation 6.9 — i.e. the electron density of the initial state
is assumed to be applicable to the trial state as well. The error introduced by the
perturbation approximation is then assumed to scale with the magnitude of ∆Epert,elec ,
equation 6.10, i.e. the change in the QM/MM interaction electrostatic energy. The
error is controlled by testing this energy change against a per-step energy threshold,
max
∆Estep
. If the energy change exceeds this threshold, then the approximated QM/MM

electrostatic energy delta is discarded; a full QM SCF calculation is carried out instead
to determine the delta. (Note, however, that the delta will still be an approximation,
as the energy of the initial state may have been determined by previous perturbations.)
If multiple MC steps all result in energy deltas that lie below the threshold, then
the original system could be perturbed far from its starting configuration, such that
perturbations become less and less accurate. This is prevented by two mechanisms;
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firstly, an upper cap on the number of moves between full SCF calculations, analogous
to Truong’s ‘NMOVE’ approach, is enforced.

Secondly, the energy deltas are

accumulated since the last full SCF calculation. At each step, the magnitude of this
max
accumulated energy change is tested against a cumulative energy threshold, ∆Ecumul
.

If a move in the QM region is chosen, then the energy change cannot be reliably
determined by perturbation, as the electron density is certain to change. Thus, for
each QM region move, a full SCF calculation is forced. (The above comment about
the initial state being an approximation still holds in this case.)
Where a full SCF calculation is required for the trial state, the electron density
matrix of the initial state is first saved. If the move is accepted, then the new density
matrix, determined by the SCF on the trial state, is kept; if it is rejected, then the
saved density matrix is restored, for use in equation 6.10.

6.4

Simulation details

All of the Monte Carlo simulations presented here were performed by the Monte Carlo
module [293] in CHARMM [10]. This code was originally written for the simulation of
protein folding [293] and as such is tailored more towards large, very flexible systems
with low symmetry. In comparison, the system of interest in this work is small and
highly symmetrical. Thus, CHARMM was modified by the author both to perform
preferential sampling and perturbative QM/MC, and to add several moves that did
not break the symmetry of the system, which are detailed below. The system used
for study of the Menshutkin reaction was the same as that used in Chapter 5, i.e. the
reactive region solvated by 336 water molecules, in a 21.724 Å periodic cubic box.
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6.4.1

Move set

A standard set of translations and rigid rotations were used to move the solvent
molecules. The quantum mechanics region was held in the centre of the primary
simulation box simply by not defining any moves that altered the position of the methyl
carbon atom from the origin. Similarly, a 180° N–C–Cl angle was maintained at all
times by defining the N–C–Cl bond to be collinear with the z axis, and by not defining
moves that altered this state of affairs. The moves used are depicted in figure 6.1.
Moves (1) and (2) sampled the reaction coordinate by displacing the amine group and
chlorine atom respectively along the z axis. Variations of the amine-methyl dihedral
angle were allowed for by means of the single torsional move (3) which rotated the
methyl group about the N–C–Cl bond.
The individual bonds and angles involving the hydrogen atoms were not varied
independently, so as to maintain the threefold symmetry of the amine and methyl
groups. However, flexibility of the angles was allowed for by defining two ‘symmetric
bend’ moves, (4) and (5) in figure 6.1, which altered all three H–N–C angles or all
three H–C–N angles respectively by equal amounts. This allowed for inversion of the
methyl group along the reaction coordinate, as is normal in an SN 2 reaction of this
type. Finally, ‘symmetric stretch’ moves (6) and (7) altered all three H–N bonds or all
three H–C bonds respectively by equal amounts.
In order to sample the various degrees of freedom efficiently and evenly, varying
weights were assigned to each move type. An acceptance rate of roughly 50% for
each move was maintained by choice of maximum move sizes; these move sizes were
determined by running several trial simulations, and adjusting their values after each
run. The determined parameters are shown in table 6.1. It can be seen that the
vast majority of moves affect only the solvent region, due to the large weights for
the two H2 O moves. This is to be expected, as there are many more solvent than
solute molecules in the system, and in fact the weights are such that, on average, every
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Figure 6.1: The move set used in Monte Carlo simulations of the Menshutkin reactive
region, which comprised translations of the amine group (1) and chlorine atom (2),
rotations of the methyl group about the N–C–Cl bond (3), symmetric bends (4) and
(5), and symmetric stretches (6) and (7).
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Move type

Max. move size

Weight

H2 O rigid translation

0.35 Å

800.0

H2 O rigid rotation

30.0°

800.0

NH3 z axis translation

0.05 Å

1.0

Cl z axis translation

0.05 Å

1.0

CH3 rotation about z axis

50.0°

0.10

CH3 symmetric bend

6.0°

0.10

NH3 symmetric bend

6.0°

0.10

CH3 symmetric stretch

0.05 Å

0.05

NH3 symmetric stretch

0.05 Å

0.05

Table 6.1: The weights and maximum move sizes of the move set used in Monte Carlo
simulations of the Menshutkin reactive region.
solvent molecule is translated and rotated at least once for each solute move. The two
z axis translation moves were given the highest weights of any of the solute moves,
as they obviously have a direct influence on the sampling of the reaction coordinate.
The remaining QM region moves were given much lower weights, due to their indirect
influence on the sampling.

6.5

Perturbative QM/MC test cases

The applicability of the perturbative QM/MC method, as described in section 6.3, was
tested by sampling the same system with different maximum per-step energy change
max
max
∆Estep
and maximum cumulative change ∆Ecumul
parameters, and comparing these

results to the same system sampled with standard, non-perturbative, QM/MC. The
system used was the 9-atom Menshutkin reactive region, solvated by 336 TIP4P waters
in a 21.724 Å periodic cubic box. Van der Waals energies, and electrostatic forces,
were shifted to zero at 9.5 Å. The reaction coordinate of the Menshutkin reactive
region, equation 5.6, was kept at around 2.0 Å by addition to the system energy of a
harmonic restraint term, equation 5.7, with force constant 800 kcal/mol/Å2 . Starting
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coordinates for the simulation were taken from the final configuration of a previous
QM/MC umbrella sampling run at RC = 2.0 Å.
The move set of table 6.1 was used to explore the degrees of freedom of the system
at 298 K. The system was sampled for 2 × 106 steps, with the Monte Carlo energies
checked every 2000 steps by recalculating the energy of the whole system.
max
max
The results are shown in table 6.2, as a function of ∆Estep
and ∆Ecumul
. A zero

per-energy threshold equates to standard non-perturbative QM/MC; i.e. a full QM
SCF calculation, including interactions with every MM point charge, is carried out for
every MC move. Thus, at least 2 × 106 QM SCF calculations would be required during
the MC run; in fact, by reference to table 6.2, it can be seen that actually slightly more
than this number of SCF calculations were required for this system. (This excess is
caused by additional SCF calculations needed when the energy of the whole system is
computed, for example.)
The mean and standard deviation of the absolute energy error are also shown. This
error is simply the magnitude of the difference in the total energy, as estimated by
adding the energy delta of each accepted MC move to the original system energy, with
the energy obtained from a full system energy calculation. It should be seen that this
is not zero even when a full SCF calculation is performed at every step, simply due to
machine rounding error, minor differences in the convergence of the QM wavefunction,
and CHARMM nonbond list1 updates.
When both of the energy thresholds are raised to 0.1 kcal/mol, the total number
of full SCF QM calculations drops dramatically, as the energy changes of many MC
steps can be approximated by perturbation. Most of these SCF calculations can be
seen to be forced by the perturbative energy delta exceeding the per-step threshold,
max
. A much smaller number are forced by a succession of small energy moves
∆Estep
1

To avoid the necessity of evaluating every interatomic distance to test against cutoffs, a nonbond
or neighbour list [107, 294] is kept, of all atom pairs separated by a little more than the maximum
cutoff; any atom pairs not in this list need not be considered, so increasing the efficiency. This list
must be rebuilt periodically, usually by means of applying a heuristic.
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max
∆Estep
,

max
∆Ecumul
,

Energy deviation,

Relative

Full SCF QM energies

kcal/mol

kcal/mol

kcal/mol

runtime

Total

Step

Cumul.

100.00%

2004001

0

0

0.00155 ± 0.00765

18.88%

337949

319826

14116

0.00149 ± 0.00648

16.22%

325899

321829

0

0.0112 ± 0.0329

7.96%

110313

88958

17359

0.0418 ± 0.105

4.60%

54347

37564

12685

0.0591 ± 0.102

4.03%

42621

38646

0

0.185 ± 0.289

3.56%

22030

10774

7208

0.573 ± 0.71

2.66%

6702

878

1819

2.51%

4310

59

285

0

0 0.00118 ± 0.00236

0.1

0.1

0.1

1.0

0.5

0.5

1.0

1.0

1.0

10.0

2.0

2.0

5.0

5.0

10.0

10.0

0.869 ± 1.05

Table 6.2: Perturbative QM/MC test cases, with varying values of the maximum
allowed per-step and cumulative energy deltas, showing the variations in the number
of SCF calculations required, calculated energies, and computational cost.
giving a cumulative energy change that exceeds its threshold. The remainder of the
SCF calculations are forced by the energy check calculations every 2000 steps, or by
moves in the QM region itself, of which every run had approximately 3000, determined
by the weights of the QM region moves. It can be seen also that this simulation took
roughly 19% of the CPU time of the non-perturbative QM/MC. In comparison, the
number of full SCF calculations was reduced to approximately 17%. Thus, it can be
seen that the SCF calculation accounts for a large part of the runtime; however, the
time taken for evaluation of the 1-electron integrals, and of the MM system energy, is
not negligible. Finally, the energy deviation is still exceedingly small; thus, excellent
savings in runtime are accomplished with very little reduction in accuracy.
max
max
It can clearly be seen that increasing the energy thresholds ∆Estep
and ∆Ecumul

further leads to a continued decrease in the runtime and number of required full SCF
calculations, but at the expense of increasing the average energy deviation.
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6.6

Preferential sampling test cases

The interaction between perturbative QM/MC and preferential sampling was also
tested, by running a similar set of simulations where the parameter C in the preferential
sampling weighting function, equation 6.1, was varied. The distance ri in the same
equation was taken to be the distance between the centre of mass of the moving
molecule and the origin of the coordinate system, which corresponded to the position
of the carbon atom in the Menshutkin reactive region. Each simulation was again run
for 2 × 106 steps, checking the total energy every 2000 steps, and using perturbative
QM/MC with per-step and cumulative energy thresholds of 1.0 kcal/mol. The results
of these simulations are shown in table 6.3. The same simulation with preferential
sampling disabled, i.e. uniform sampling, is also shown.
It can clearly be seen that the use of preferential sampling increases the number of
full SCF calculations, and thus the runtime. These extra SCF calculations are forced
by both the per-step and cumulative energy thresholds being exceeded; this in turn is
doubtless due to the preferential sampling algorithm favouring movements of the MM
system close to the QM solute. As the energy change of an average move is increased,
so too is the average error in the energy. As the C parameter is decreased, this energy
deviation increases; this is caused by the preferential sampling algorithm becoming
more discriminating as C is lessened. (As C approaches zero, molecules are sampled
as r−2 , while as C approaches infinity, the sampling becomes uniform.)
The effect of preferential sampling and perturbative QM/MC can be seen to be
rather similar. The former improves sampling by concentrating it near the solute, i.e.
towards the QM/MM boundary where the energetic impact of moves is greatest, while
the latter ensures that the ‘poor’ moves at long distance cost less computer time than
those close to the solute. Thus, preferential sampling is not required when perturbative
QM/MC is in effect, provided that the cost of making the moves far from the solute
is low; the effect is duplicated simply by making more moves, with the additional
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Preferential sampling Energy deviation,

Relative

Full SCF QM energies

2

runtime

Total

0.0541 ± 0.102

157.43%

100739

75281

21558

0.0502 ± 0.098

136.63%

75449

53965

17447

0.0476 ± 0.0995

104.95%

68848

48830

16055

(no pref. sampling) 0.0418 ± 0.105

100.00%

54347

37564

12685

parameter C, Å

50
150
250

kcal/mol

Step Cumul.

Table 6.3: Preferential sampling test cases, with varying values of the weighting
parameter C (equation 6.1), showing the variations in the number of SCF calculations
required, calculated energies, and computational cost, compared to the same results
for uniform sampling.
advantage that moves at long distance, which may still be important where highly
charged ionic species are present, are not under sampled.

6.7

A closer examination of the error added by
perturbative QM/MC

It was seen in section 6.5 that the error introduced in the perturbative QM/MC method
can be controlled by imposition of energy thresholds. The error was determined by
comparison with the true QM/MC energy, calculated at intervals during the simulation.
For a closer examination of the per-step errors introduced by the approximation, the
same system considered in section 6.5 was simulated for 106 steps of Monte Carlo.
Only the two water moves were used (i.e. the QM region was kept fixed). Preferential
sampling, with a weighting parameter C of 100 Å2 , was used to concentrate the
sampling towards the origin of the periodic box.

At each step, the perturbative

approximation for the change in QM electrostatic energy, Epert,elec , equation 6.10, was
calculated, and then a full SCF was carried out to determine the true energy delta, and
thus the error introduced by the perturbative approximation. All moves were rejected,
such that the initial state for each move was the same.
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2.50

Error, kcal/mol

2.00

Average
Maximum

1.50

1.00

0.50

0.00
0.00

0.50

1.00

1.50
2.00
2.50
Epert,elec , kcal/mol

3.00

3.50

4.00

Figure 6.2: The variation in the error introduced by the perturbative QM/MC method,
as a function of the perturbative QM energy delta, Epert,elec .
The resulting errors were collected, as a function of the perturbative energy Epert,elec ,
into bins 0.2 kcal/mol wide, and averaged. This average error is plotted in figure 6.2.
Observe that, consistent with the results discussed in section 6.5, this error increases
gradually as the perturbative energy increases. However, the maximum error for each
bin is also plotted, and this is rather larger. Although that in itself is not surprising, and
the number of these poorly-predicted energy deltas must be relatively small, in order
for the average error to be so low, the error does not tend to zero as the perturbative
energy does, and this suggests that the method introduces a systematic error.
An alternative method for minimization of the error introduced by perturbative
QM/MC was suggested by Tuñón et al. [234], in which all moves less than a certain
distance (5.0 Å, in their study) from any QM atom forced a full SCF calculation.
For comparison, the same error data obtained from the simulation in this work were
collected as a function of distance into bins 0.4 Å wide, and averaged. This distance
was defined as that between the centre of mass of the molecule being moved by Monte
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Error, kcal/mol

1.20
1.00
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3.00
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4.50

5.00

Figure 6.3: The variation in the error introduced by the perturbative QM/MC method,
as a function of the distance from the nearest QM atom.
Carlo and the nearest QM atom, in the trial state. The resulting distribution is shown
in figure 6.3; the error can be seen to increase dramatically as the distance decreases,
behaviour consistent with that seen by Truong et al. [291, 292] and Tuñón et al. [234].
Again, the maximum error is much larger than the average, but falls off with increasing
distance, such that virtually no errors are introduced for distances above 4.00 Å.
An examination of the most poorly-predicted energy deltas from figures 6.2 and
6.3 revealed that those for small perturbative energies in figure 6.2 generally occurred
for moves very close to the QM atoms, while those for large distances in figure 6.3
had a rather large predicted energy delta from the perturbative method. Thus, a
combination of the two criteria, energy and distance, might be expected to perform
more effectively. Such a combination is demonstrated in table 6.4. The data from
the last simulation were screened by applying cutoffs to both the perturbative QM
energy delta and the distance to the nearest QM atom. Any MC move resulting in a
distance larger than the distance cutoff, and a perturbative energy smaller than the
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Distance cutoff Energy cutoff Average error Maximum error

% SCF calcs

0.50

8.76×10−5

0.058358

11.84

3.50

1.00

−4

1.19×10

0.097535

9.39

3.50

1.50

1.34×10−4

0.097765

8.74

3.50

2.00

1.41×10−4

0.097765

8.50

3.50

3.00

−4

1.44×10

0.097765

8.38

3.50

∞

1.45×10−4

0.097765

8.37

0.50

2.63×10−4

0.17186

9.76

1.00

−4

0.17186

6.54

−4

3.50

3.00
3.00

4.17×10

3.00

1.50

5.24×10

0.19962

5.49

3.00

2.00

5.81×10−4

0.20544

5.02

3.00

3.00

6.16×10−4

0.25385

4.71

6.39×10

0.3154

4.56

3.00

∞

−4

2.50

1.00

1.04×10−3

0.31199

4.43

2.50

2.00

1.56×10−3

0.41431

2.44

2.00

1.00

−3

1.42×10

0.63091

3.94

2.00

2.00

2.37×10−3

0.93974

1.80

0.00

0.10

2.61×10−4

0.48377

22.94

0.50

−3

0.60985

7.47

0.00

1.09×10

Table 6.4: Average and maximum error introduced by the perturbative QM/MC
method, for various distance and perturbative QM energy delta cutoffs. All energies
and errors are in kcal/mol, and all distances in angstroms.
energy cutoff, was included in the set of moves amenable to the perturbative QM/MC
method. (All other moves would require a full SCF calculation for accurate energy
determination.) Table 6.4 thus shows the average and maximum error for the set of
moves that would be treated in a perturbative fashion in a ‘real’ simulation. Note that
for a large distance cutoff, of 3.50 Å, the resultant error (both average and maximum)
is very low. It is decreased slightly when an energy cutoff is also applied, although this
comes at a cost; an increased number of moves fail the two criteria, and the percentage
of energy calculations that require a full SCF rises concomitantly. For short distance
cutoffs, of 2.00 or 2.50 Å, decreasing the energy cutoff from 2.00 to 1.00 kcal/mol
improves the simulation by decreasing the maximum error quite dramatically. A more
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obvious rise in the number of SCF calculations is also seen, since a large number of
moves occurring at distances over 2.50 Å from the QM atoms alter the QM energy
by between 1.00 and 2.00 kcal/mol. (Most moves at over 3.50 Å are of low energy, so
altering the energy cutoff has less effect.) A reasonable compromise between CPU time
and error is achieved with a distance cutoff of 3.00 Å; as the energy cutoff is decreased,
a drop in the maximum error is observed for only a moderate increase in the number
of SCF calculations.
For comparison, results are also shown for the case where no distance cutoff is
applied, and an energy cutoff of 0.10 or 0.50 kcal/mol is imposed. This is similar to
the test cases demonstrated in table 6.2. Note that an energy cutoff of 0.10 kcal/mol
results in a much larger maximum error than a distance cutoff of 3.50 Å (with no
energy cutoff), while requiring more than twice the number of SCF calculations.

6.8

Umbrella sampling

For a comprehensive test of the perturbative QM/MC method, and the use of hybrid
QM/MC techniques in general, the free energy profile of the Menshutkin reaction was
determined by umbrella sampling and compared with that obtained in section 5.3.4.
The same system used in Chapter 5 was employed; the reactive region was treated
with the AM1 method, and solvated by 336 TIP3P waters, in a periodic cubic box of
side 21.724 Å. MM/MM electrostatic forces were shifted to zero at 9.5 Å, while the
QM/MM interactions experienced no cutoff, but were corrected for periodic boundary
conditions.
For each window in the umbrella sampling simulation, the reaction coordinate was
held near the reference value by application of a harmonic restraint term with force
constant 800 kcal/mol/Å2 . Each simulation sampled 4 × 106 configurations, chosen
using the move set given in table 6.1. The perturbative QM/MC method was used to
reduce the number of SCF calculations required, using a distance threshold of 3.0 Å,
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and per-step and cumulative energy thresholds of 1.0 kcal/mol. A full QM calculation
was forced after 1000 steps if none of these thresholds had been exceeded.
The umbrella sampling run was started by taking the pre-equilibrated solvated
Menshutkin system from section 5.3.4 at RC = -0.50 Å, and sampling one window
with a reference coordinate of -0.50 Å. The final coordinates from this simulation were
then used as the initial state for two further windows, centred at -0.55 and -0.45 Å. Two
calculations were thus carried out simultaneously, in the same fashion as in section 5.3.4,
for reaction coordinate values ranging between -1.60 and 2.50 Å, separated by 0.05 Å.
The resulting outputs were then joined by weighted averaging, as in section 5.3.4,
ignoring the first 5 × 105 steps from each window and using bins 0.005 Å wide, to
give a potential of mean force for the entire reaction. This is shown in figure 6.4; for
comparison, the results of the molecular dynamics simulation using the same solvent
model (from section 5.3.4) are also shown. It should be remembered, however, that the
two simulations are not directly comparable, as the MD simulation yielded Gibbs free
energies, while the Monte Carlo simulation, as it was carried out in the NVT ensemble,
provides Helmholtz free energies.
The match between the Monte Carlo and molecular dynamics simulations of the
Menshutkin reaction is very good. In fact, the shapes of the two curves are almost
identical, differing only for RC < −0.6. This suggests that the NVT ensemble is
a reasonable approximation for NPT, and is consistent with the observation made
in section 5.3.4 that the side lengths of the periodic box in the QM/MD simulation
fluctuated by less than 0.2 Å.
The activation free energy predicted by QM/MC is 26.9 kcal/mol, which is in
excellent agreement with the previous two-dimensional QM/MC study of this reaction
[258], which yielded 26.3 ± 0.3 kcal/mol.
Over the entire reaction coordinate, full QM calculations were required for 3.17%
of the configurations considered. (This is significantly less than that seen in table 6.4,
197

Relative free energy, kcal/mol

40
[NH3 · · · CH3 · · · Cl]‡

30

MC
MD

20
10
0

NH3 + CH3 Cl

[NH3 CH3 ]+ + Cl−

-10
-20
-30
-1.5

-1

-0.5

0

0.5

1

1.5

2

RC , Å
Figure 6.4: Determined solution-phase potential of mean force of the Menshutkin
methyl chloride/ammonia reaction, using AM1 for the reactive region and TIP3P for
the solvent. The PMF was determined using Monte Carlo simulation at constant
volume; for comparison, constant pressure results, from the molecular dynamics
simulation originally displayed in figure 5.10, are also shown.
as preferential sampling was not used.) Thus, each window required around 105 QM
calculations, compared to the 70000 needed for the MD windows, and so the MC
and MD simulations took comparable amounts of time to run, the MC being up to
50% more expensive (i.e. an average of about 4 hours of CPU time per window on a
1667 MHz Athlon XP machine). An average acceptance rate of 48.78% was achieved.
MC differs from MD only for description of the reactants — the MC PMF is
essentially flat for RC < -1.1 Å, while the MD surface is still curved even at -1.3 Å.
This is probably due to the differing treatment of the NH3 group in the two methods
(in the frame of reference of the CH3 group); MD allows full rotation of the group,
and independent motions of the individual hydrogens, subject only to the constraint
that N–C–Cl remains linear, while the symmetry of the MC approach keeps all three
hydrogens in a plane perpendicular to the N–C–Cl bond. (Such a difference is not seen
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for the products, as the chloride ion is spherically symmetric.) This extra rotational and
vibrational freedom would be expected to increase the entropy of the reactants under
the MD description relative to the MC, and thus decrease the free energy, leading to a
higher activation free energy. It is also possible that part of the discrepancy is caused
by insufficient sampling from the MC or MD approaches. Longer simulations, with
suitable MC moves to describe the rotation and vibration of the NH3 group, would be
required to better explain the differences between the MC and MD approaches.

6.9

Improvement of the energy function

The results presented thus far are in reasonable agreement with other theoretical
studies, and with experimental data for the methyl iodide/ammonia reation; however,
the match between QM/MM simulations and experimental data can be improved in
several ways. Improvement of the MM representation by use of the FlucQ force field has
already been investigated in Chapter 4, as has refinement of the QM/MM interaction
energy by parameterization of the van der Waals term (section 5.3.2). However, it
must be remembered that an accurate representation of the QM region is vital (if
it were not, the region could be modelled with an MM force field, or an approximate
treatment of bond breaking such as EVB [278] could be used). Thus, moving to a higher
level of theory and/or a larger basis set is desirable. In the case of the Menshutkin
reaction study, the semi-empirical AM1 method could be replaced by Hartree Fock or
DFT, and a basis such as 6-31G* could be employed. (An ab initio technique also
confers the advantage that the methyl iodide system can be studied, enabling direct
comparison with experiment.) Of course, the obvious downside is that these more
rigorous treatments are far more computationally demanding, increasing the time taken
to perform an SCF calculation by several orders of magnitude. Even if SCF-avoiding
techniques such as perturbative QM/MC (section 6.3) are used, the larger basis sets
still greatly increase the time taken to evaluate the 1-electron integrals.
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It is well known that even quite a low level of theory such as HF/3-21G* can give
reliable geometries for systems of interest, even if the energies are not particularly
well reproduced [295]. This is evidenced by the use of split-level methods [36] such as
Gaussian-1 [296, 297] and Gaussian-2 [298, 299], where the geometry of the system is
optimized at one level of theory, and then the energy corresponding to that geometry
is determined at a higher level.

6.9.1

The ONIOM method

One method for improving the accuracy of QM calculations is known as ONIOM
[176, 177].

In the ONIOM formalism, the full system is referred to as the ‘real’

geometry.

A subset of the system, termed the ‘model’ geometry, is taken to be

reasonably representative of the ‘real’ system. Then the energy of the ‘real’ system
at ‘high’ level (i.e., with more rigorous theory and/or a larger basis set than at ‘low’
level), E(high, real), is approximated as:

E(high, real) = E(low, real) + E(high, model) − E(low, model)

(6.12)

Clearly, the ONIOM method relies on the following being true:

E(high, model) − E(low, model) ≃ E(high, real) − E(low, real)

(6.13)

Put another way, ONIOM depends on the energy of the part of the ‘real’ system not
covered by the ‘model’ being largely invariant to the change from low to high level. This
requires a careful choice of model system, particularly with the more advanced ONIOM
treatments where a three-level separation is employed, introducing an intermediate level
of theory and a corresponding intermediate model system.
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6.9.2

Consideration of the QM/MM interaction energy

The applicability of methods similar to ONIOM to QM/MM simulations is determined
by the degree to which the interaction energy between the QM and MM regions is
independent of the level of QM theory and basis set. A recent study by Byun et
al. [300] suggested that this energy is indeed independent, at least for some systems.
This suggestion was tested for the Menshutkin reaction by evaluating the energy
of a number of configurations, all derived from the Menshutkin reaction region at
RC = -0.50 Å, solvated by 336 TIP4P water molecules in a 21.724 Å cubic box and
equilibrated for 30 ps. The full solution-phase QM/MM energy for each configuration
was evaluated using a variety of QM treatments, and then the solvent molecules were
removed and the purely QM energy of the gas-phase 9-atom Menshutkin system was
determined using the same treatments. By then calculating the difference between
the two energies, the perturbation introduced by the solvent was evaluated.

By

consideration of equation 1.57, this solvent perturbation energy, E(solv), is given in
terms of the solution-phase energy E(s) and the gas-phase energy E(g) as:
E(solv) = E(s) − E(g)

(6.14)

= EM M (s) + EQM/M M (s) + EQM (s) − EQM (g)
The perturbation thus consists of the solvent MM energy (which is obviously
invariant to the QM treatment used), the QM/MM interaction energy, and the
difference in the QM energy between the gas and solution (as a result of the altered
electron density induced by the solvent).
The solvent perturbation energies as a function of the QM treatment used are
displayed in figure 6.5. Configurations 0 through 35 were generated by taking the
original solvated Menshutkin system, and rotating the methyl group about the N–C–Cl
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Solvent energy perturbation, kcal/mol
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Figure 6.5: Solvent energy perturbation for the Menshutkin system at different levels
of QM theory.
bond in 10° increments2 . (This corresponds to move (3) in figure 6.1.) The remaining
configurations were used to map the energy surface determined by changes in the C–Cl
and C–N bond distances. Starting from the original configuration, the C–Cl distance
was varied from 1.8 to 2.1 Å in 0.1 Å increments; for each C–Cl distance the C–N bond
was varied from 2.2 to 2.5 Å, also in 0.1 Å increments. (These two moves correspond
to (2) and (1) respectively in figure 6.1.)
It can clearly be seen from figure 6.5 that the solvent energy perturbation is
largely independent of the level of QM theory. The very close agreement between
B3LYP/6-31G* and HF/6-31G* demonstrates that electron correlation has very little
effect on this perturbation energy. In fact, all of the ab initio methods considered give
energies that agree very closely with each other; although the absolute energies may
2

If computer time were in very short supply, the number of these configurations could be greatly
reduced by taking advantage of the QM system’s C3v symmetry.
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B3LYP/6-31G*

HF/DZVP++

Energy shift,

RMS,

Energy shift,

RMS,

kcal/mol

kcal/mol

kcal/mol

kcal/mol

AM1

-2.4185

0.1767

-2.1727

0.2010

HF/3-21G

1.4104

0.0080

1.6562

0.0497

HF/3-21G*

0.9916

0.0227

1.2374

0.0311

HF/DZVP++

-0.2458

0.0433

0.0000

0.0000

HF/6-31G*

-0.0083

0.0455

0.2376

0.0147

B3LYP/6-31G*

0.0000

0.0000

0.2458

0.0433

Method

Table 6.5: Energy shifts and RMS differences between the solvent energy perturbation
with various QM methods.
differ by one or two kcal/mol, the energy curves3 are of very similar shapes. AM1, on the
other hand, is in comparatively poor agreement, most obviously under-estimating the
energy variations as the methyl group is rotated. This is shown a little more rigorously
in table 6.5, where the individual energy curves have been shifted to minimize the RMS
error between them. It can clearly be seen that the RMS deviation between the AM1
method and higher methods using more rigorous theories (such as B3LYP/6-31G*) or
larger basis sets (HF/DZVP++) is much larger than that of small basis set ab initio
treatments. This difference in the absolute energy perturbation is presumably due to
the electron density in the QM region being systematically under- or overestimated at
low levels of theory.
It follows from the above discussion that if the correction to the gas phase (QM)
energy between low and high levels of QM theory is known, then the corrected energy
of the whole combined QM/MM system can be determined using the same correction,
plus a constant term to account for the shift in the solvent energy perturbation between
the two levels of theory. (This constant term is of course not necessary if only relative
energies are required.) Thus, ONIOM is a reasonable approximation for this system,
3

Note, however, that only the relative shape of the curves is important; the shape of each individual
curve is purely a function of the set of configurations used, and has no physical significance.
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where the ‘model’ system corresponds to just the QM region of the ‘real’ QM/MM
system. However, the ONIOM approximation is expensive, as three separate QM
calculations are required: the full QM/MM system energy at low level, and the energy
of the QM system at both low and high levels. This thus only becomes a reasonable
method when the QM/MM calculations are much more expensive than the QM, i.e.
for very large MM systems where a massive number of 1-electron integrals must be
calculated, and many SCF cycles are required to optimize the wavefunction in the
presence of so many point charges.

6.9.3

Approximate correction of the total QM/MM energy

The expense of the ONIOM correction at every energy evaluation can be avoided if this
correction is known beforehand. Such a precalculation is not as difficult as might be
imagined; while, for a full treatment of the 9-atom Menshutkin system, the correction
from low to high energy would need to be known at every point in the (3N − 6) or
21-dimensional internal coordinate space, some degrees of freedom are neglected in
the move set used in Monte Carlo simulation. As can be seen from consideration of
figure 6.1, the configuration of the QM region at any point can be exactly described by
seven numbers, denoting the size of each of the seven MC moves required to produce
that configuration from some reference configuration. Thus, the problem is reduced
from 21 to 7 dimensions. Furthermore, if it is assumed that the symmetric stretch and
bend moves (4 through 7, in figure 6.1) have little effect on the system energy (or at
least, that the low level of theory can describe them about as well as the high level)
then the problem is reduced to 3 dimensions. Finally, if it is assumed that rotation of
the methyl group is largely independent of variations in the C–Cl and C–N distances,
then two corrections are required: a 2-dimensional correction as a function of these
two bond distances, and a 1-dimensional correction as a function of the H–N–C–H
dihedral angle. This method could also be applied to larger QM regions, provided that
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the number of degrees of freedom is not too large; for example, a similar method has
been recently applied to methyl acetate, where only one degree of freedom (dihedral
rotation about the ester C–O bond) was used in the correction [300].
CHARMM implementation
For the Menshutkin system in the region −0.5 < RC < 0.5 Å, the configurations whose
energies are shown in figure 6.5 were used as a template. A larger number of C–Cl and
C–N configurations were generated, however, varying C–Cl from 1.7 to 2.4 Å, and C–N
from 1.4 to 2.5 Å, both in 0.1 Å increments. For each of these configurations, the QM
region geometry was optimized at AM1 level, keeping the two bond distances fixed,
with 200 steps of Adopted Basis Newton Raphson minimization, so that representative
hydrogen positions were used. The difference between the energies of the high and low
QM regions was then simply tabulated as a function of the dihedral angle (for the first
36 configurations) or of the C–Cl and C–N bond lengths (for the remainder). Each
dihedral energy correction was shifted such that it was zero for a 180° angle, as all of
the remaining configurations, having been optimized at fixed bond lengths to minimum
energy structures, included an implicit correction for a 180° dihedral. For the remainder
of the reaction coordinate in the range −2.0 < RC < 3.0 Å, additional C–Cl and C–N
configurations were required; RC > 0.5 Å was handled by considering a grid of points
spaced by 0.2 Å in the range 1.4 ≤ r(C–N) ≤ 2.2 Å, 2.6 ≤ r(C–Cl) ≤ 4.6 Å, while
another 0.2 Å grid of points in the range 2.7 ≤ r(C–N) ≤ 3.9 Å, 1.5 ≤ r(C–Cl) ≤ 2.1 Å
covered the reaction for RC < −0.5 Å. It can be seen from inspection of figure 6.6 that
these points cover the C–N and C–Cl bond space explored by the minimum energy gas
phase path.
CHARMM was then modified to include a suitable correction at each energy
evaluation; after determining the total system energy at low level, the H–N–C–H
dihedral angle was calculated, and the energy corrected by adding a value obtained by
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HF/DZVP++ minimum energy path
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Figure 6.6: The minimum energy path from adiabatic mapping at HF/3-21G and
HF/DZVP++ levels. The points at which the bond distance energy correction term
was evaluated are also indicated.
a simple linear interpolation of the two closest tabulated dihedral energy corrections.
Then the C–Cl and C–N distances were evaluated and used to further correct the
energy, by a 2-dimensional interpolation of the 4 closest tabulated distance energy
corrections.

6.9.4

Energy test cases

The performance of the correction method was evaluated by using it to calculate
the energy of several solution-phase configurations obtained from an earlier QM/MC
simulation at AM1 level (they were in fact the configurations obtained at the end of each
window in a QM/MC umbrella sampling simulation, and cover the reaction coordinate
in the range −1.0 ≤ RC ≤ 0.5 Å). In figure 6.7 the agreement is shown between the
energies of the 9-atom QM region only, determined at HF/DZVP++ level, and those
determined at HF/3-21G level and then corrected to HF/DZVP++ level (denoted
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HF/3-21G//HF/DZVP++, kcal/mol

-348400
MC data
Ideal agreement
-348420

-348440
RMS error = 0.760 kcal/mol

-348460
-348460

-348440
-348420
HF/DZVP++, kcal/mol

-348400

Figure 6.7: Agreement between corrected HF/3-21G energies and true HF/DZVP++
energies for the 9-atom Menshutkin reaction region, in the gas phase.
by HF/3-21G//HF/DZVP++) by application of the technique described above. In
figure 6.8 the same correction is applied to the entire solvated system, and a constant
term of 1.6562 kcal/mol (from table 6.5) is added to account for the difference in the
solvent energy perturbation between the two levels of theory.
The RMS error in the gas phase results, of 0.760 kcal/mol, probably accounts for the
majority of the RMS error in the full system results. This error is obviously introduced
by the assumptions made in the method, and could be reduced by increasing the
dimensionality of the correction term, for example by including the C–H distances and
angles, or by removing the assumption that the dihedral correction is independent of
the bond distance correction. A cubic spline [205] or sinusoidal function fitted to the
correction table data would also undoubtedly give a better energy correction than the
simple linear interpolation used here. The error for both these results and for the whole
system results could also be decreased by using a higher level of theory for the low level,
for example HF/3-21G*, although obviously this would require more computer time.
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HF/3-21G//HF/DZVP++, kcal/mol

-351580

-351600

MC data
Ideal agreement

-351620

-351640

RMS error = 1.003 kcal/mol

-351660

-351680
-351680

-351660

-351640
-351620
HF/DZVP++, kcal/mol

-351600

-351580

Figure 6.8: Agreement between corrected HF/3-21G QM/MM energies and true
HF/DZVP++ QM/MM energies for the solvated Menshutkin system.
The error introduced by the approximation for the QM region can be investigated by
evaluating the ONIOM-corrected energy for the entire solvated system. This is shown
for the same set of configurations in figure 6.9. As suggested above, the QM/MM
energy of the full system was evaluated at low (HF/3-21G) level, and the energy of the
9-atom QM region at both low and high (HF/DZVP++) levels, to make the ONIOM
correction, by applying equation 6.12. The resultant ONIOM energy was then further
shifted to account for the shift in the solvent energy perturbation between the two
levels of theory. It can clearly be seen by comparison with figure 6.8 that the ONIOM
method gives more reliable energies than the approximate method, although the errors
introduced are still significant, and it must be remembered that this gain in accuracy
comes at a large computational cost. The remaining errors are no doubt due to the
lower level of theory misrepresenting the electron density; although figure 6.5 would
suggest that this error is largely systematic, it must be remembered that only one
MM configuration was used to derive these curves. Clearly some of the QM/MM
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HF/3-21G//HF/DZVP++, kcal/mol

-351580

-351600

MC data
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-351620

-351640

RMS error = 0.708 kcal/mol
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Figure 6.9: Agreement between ONIOM-corrected HF/3-21G QM/MM energies and
true HF/DZVP++ QM/MM energies for the solvated Menshutkin system.
interactions, most likely those with MM molecules in the first solvation sphere of the
QM region, are highly density-dependent.
For comparison, the uncorrected low level energies for the solvated system are
compared with high level energies in figure 6.10. Relative energies are shown; the
energy zero for each method was chosen by least squares optimization to minimize
the RMS error between the two methods. It can thus be seen that errors in the total
QM/MM energies are greatly reduced by application of this correction technique.

6.9.5

Minimization test cases

The utility of the method for minimization was investigated by using it to generate
adiabatic maps for the gas-phase reaction, and comparing the results to those obtained
in section 5.2.3. As the method corrects only energies, the first-order minimization
approach used for the original maps could not be used; thus, the results were obtained
by simulated annealing (see section 1.9.1).
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Figure 6.10: Agreement between uncorrected HF/3-21G QM/MM energies and
HF/DZVP++ QM/MM energies for the solvated Menshutkin system. The energy
zero for each method was chosen to yield the lowest RMS.
The move set used for the simulated annealing minimizations is shown in figure 6.6.
This move set can be seen to be very similar to that used for the solvated Menshutkin
system in figure 6.1, with the obvious exception of the solvent moves. The maximum
move sizes were all greatly reduced for simulated annealing, so that a reasonable
fraction of moves would be accepted during the cooling phase. The weights of the
rotation, bend, and stretch moves were also increased relative to the z axis translations,
as sampling of the reaction coordinate is of less importance in this minimization, and
improved sampling of these moves should enable the system to better explore the energy
surface.
At each point along the reaction coordinate, the system was first equilibrated for
200 Monte Carlo steps, with a simulation temperature of 298 K. This was then followed
by 700 steps of simulated annealing, where the temperature T was varied as a function
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Move type

Max. move size

Weight

NH3 z axis translation

0.02 Å

1.0

Cl z axis translation

0.02 Å

1.0

CH3 rotation about z axis

10.0°

0.20

CH3 symmetric bend

2.0°

0.20

NH3 symmetric bend

2.0°

0.20

CH3 symmetric stretch

0.01 Å

0.20

NH3 symmetric stretch

0.01 Å

0.20

Table 6.6: The weights and maximum move sizes of the move set used in Monte Carlo
simulated annealing studies of the Menshutkin QM region.
of the MC step number, s:
T = T0 exp(−αs)

(6.15)

The annealing run was started at temperature T0 = 298 K. The parameter α, which
controlled the rapidity of the cooling, was chosen as 0.01. This resulted in a gradual
cooling of the system, to 0.27 K at the end of the run.
Two scans of the reaction were carried out, both covering RC over the range from
-2 to 3 Å. Each scan was started with a previously-minimized HF/3-21G gas phase
structure at RC = 0.5 Å, and then minimized the system energy every 0.1 Å along the
reaction coordinate. Each scan was carried out in two directions along the reaction
coordinate simultaneously. The starting structure for each minimization was taken as
the final structure from the previous reaction coordinate point (i.e. that at 0.4 Å was
taken from the minimized structure at 0.5 Å, and so on).
The first scan was carried out at HF/3-21G level, and the second at the same level,
but using the approximate correction term to correct the energy to HF/DZVP++
quality. The resultant adiabatic maps are shown in figure 6.11. For comparison, the
maps obtained in section 5.2.3, at HF/3-21G and HF/DZVP++ levels and by firstorder minimization, are shown on the same figure. The HF/3-21G results using the
two methods are virtually identical, with an RMS error of 0.033 kcal/mol, strongly
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suggesting that the cooling schedule used for the simulated annealing is adequate,
and that both methods have found the global minimum. This in turn suggests that
deviations between the true HF/DZVP++ adiabatic map and that obtained using the
approximate correction term are due largely to deficiencies in the correction. That
said, the agreement in this case is also good, with an RMS error of 0.96 kcal/mol, with
the trends in the HF/DZVP++ energy being well reproduced by the corrected data;
in particular the positions of the extrema, at around 0.5 and 1.4 Å, match closely.
The energies of these extrema are less well reproduced, however, with the approximate
method overestimating them by about 0.6 and 1.4 kcal/mol, respectively. It can be
seen that this is due to a systematic error introduced by the correction method; all the
points for RC ≥ 0 Å are slightly overestimated in energy. This is because no correction
is made for the N–H and C–H angles and distances, and so every minimum energy
structure will have these angles and distances at their HF/3-21G predicted values,
rather than those at HF/DZVP++ level.

6.9.6

Caveats

The method outlined and tested in this section has been shown to give very reasonable
approximations to high-level QM and QM/MM energies, while taking a fraction of the
time of the more rigorous ONIOM technique. The accuracy could be increased by
using more grid points in making the correction, using a better interpolation method,
or moving to a better QM treatment for the low level energy. The method is completely
general, and can be applied to correct the QM energy from any method or basis set
to any other; the only restriction is that the error introduced depends strongly on the
number of degrees of freedom of the system.
It should be noted, however, that the method described here corrects only the total
energy of the system. It is thus ideal for QM/MC simulations, but without forces it is
unsuitable for QM/MD in its current form. Secondly, unconstrained MD explores all
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Figure 6.11: Minimum gas phase energies as determined by simulated annealing. The
corresponding profiles from ABNR (Adopted Basis Newton Raphson) minimization,
originally shown in figure 5.2, are displayed for comparison.
degrees of freedom of the QM region, taking no advantage of any symmetry, and thus
does not fit well with the reduced dimensionality correction used here; while the degrees
of freedom used in the correction (e.g. the two bond lengths and one dihedral used for
the Menshutkin system) are probably still the most important in an MD simulation,
the errors introduced for moves along the other degrees of freedom would probably be
unacceptable. In principle, however, it should be possible to obtain corrected forces
by simply evaluating their differences between the high and low levels of theory, in the
same way as the energy is corrected. Correction of forces is also possible in this way
with the ONIOM [177] method, where full information on the QM region at both levels
of theory is available, and no constraints are required.
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6.10

Summary

Monte Carlo simulations in connection with a QM/MM energy description have been
shown to give very reasonable free energies for the Menshutkin reaction, in good
agreement with previous molecular dynamics studies in this thesis. When combined
with the perturbative QM/MC method, the amount of computer time required for
the simulations drops enormously (to 3.17% of the original, in the umbrella sampling
simulations discussed in section 6.8), with little reduction in the quality of the
treatment. This puts QM/MC on an equal footing with QM/MD in terms of the
time required to simulate a system; QM/MC, however, has other advantages above
QM/MD. It is ideally suited for highly symmetrical systems such as the Menshutkin
SN 2 reaction; secondly, its handling of a reduced number of degrees of freedom, and
lack of requirement for forces, allows the QM energy to be corrected by means of an
approximate technique, which has been shown to give very reasonable agreement for
energies in the gas and solution phases, and to reproduce the results of minimizations
of the gas phase system. This would allow future ab initio simulations of the solutionphase reaction to be carried out at a low and computationally inexpensive level of
QM theory, while yielding information comparable to that obtained from extremely
expensive high-level calculations.
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Chapter 7
Conclusions and future research
directions
7.1

Conclusions

The work presented in this thesis provides a critical examination of several important
aspects of the simulation of chemical reactions with QM/MM methods. The deficiencies
of both the MM and the QM treatments are tackled, and solutions are suggested. A
combination of these solutions should enable the QM/MM treatment to be used to
obtain higher accuracy information on systems of biochemical interest, such as enzymes
and the reactions catalyzed by them.
Computational infrastructure
Modern computational chemistry requires large amounts of computer power,
particularly when advanced theories are used to study large systems, and many
configurations are required for adequate sampling. It is shown in Chapter 2 that
for many applications conventional supercomputers can be replaced with clusters of
commodity machines, on which many shared-memory algorithms can be refactored
as distributed-memory applications, and run efficiently for a fraction of the price.
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There has been a good deal of interest in recent years in techniques for reducing
the inter-process communication required by computational chemical methods, and
for improving their scalability. These include linear scaling [12, 13] and divide-andconquer [301,302] approaches, and the increasing use of such techniques will enable the
effective use of larger clusters.
Computational chemistry is also an early adopter of Grid technology and similar
methods for the creation of virtual supercomputers on demand, with massive
parallel processing applications such as the Cancer Screensaver [136, 137] and the
Folding@Home project [140]. While it is certainly true that commodity clusters cannot
be used to solve all problems, particularly those for which large amounts of fine-grained
communication are required, the increasing use of Grid-type technologies suggests that
dedicated shared-memory supercomputers are likely to become less and less common,
but available as shared resources for specialist applications.
QM/MM methodology
The QM/MM method has been developed and widely used over the last decade.
However, it is still difficult to use, and error-prone if not applied correctly; it is also
much more expensive than MM treatments, so must be used efficiently. A number of
problems and subtleties of the method are considered in this thesis, and either solved
or side-stepped. For example, the interaction of the QM region in CHARMM with a
periodic MM system fails if the QM system drifts from the centre of the periodic box.
It is found in this work that adding periodic boundary conditions to the QM/MM
interactions, and using no cutoffs, gives satisfactory results. It is also shown, from
calculation of the water dipole, that the choice of QM method has a large effect on the
determined properties, and so must be carefully chosen. Finally, while an extensive
choice of QM methods is available for use with the method, the relatively poor MM
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descriptions are still a limitation, which the Fluctuating Charge technique aims to
solve.
The FlucQ model
The FlucQ model, described in Chapter 3, adds efficient polarization to the MM
treatment. The original model is implemented in CHARMM as part of this work,
with additional modifications based on the work of other researchers to allow Monte
Carlo simulation and the evaluation of the QM/MM interaction. Thermostatting
is also added to allow long, stable simulations, while the original rather expensive
integration method for determining intramolecular interactions is replaced by a much
faster approximate technique.
The FlucQ model is shown to perform excellently for bulk solvent, the water
dimer, the gas-phase water monomer, and water-ion complexes, with both MM and
QM/MM treatments. Energies and forces can be evaluated extremely efficiently using
an extended Lagrangian molecular dynamics method, increasing computational cost
relative to conventional static charge treatments by only 4% when using standard
electrostatics methods. The method gives virtually identical bulk solvent properties
when using Monte Carlo techniques, and although these are less efficient, they offer
the possibility of simulating phase equilibria in the Gibbs ensemble [201, 208, 303].
The technique is not a solution to all problems; it over-polarizes in the presence
of highly-charged compact ions such as fluoride, and does not perfectly reproduce the
ESP-fitted charges of QM methods. The TIP4P-FQ1 model is proposed as a first
step towards solving these problems, although this model in turn does not produce
reasonable bulk solvent behaviour, showing that the FlucQ model does not correctly
model all aspects of the electron density. Solute-solvent binding energies are also rather
poorly reproduced when using FlucQ in combination with the AM1 method for the
Menshutkin reaction, although this is likely to be largely caused by the AM1 method
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itself, which treats the QM electron density in such an approximate fashion that any
QM/MM interaction must be carefully parameterized.
Free energy simulation
Most of the salient features of the Menshutkin SN 2 reaction can be reproduced by the
QM/MM method, even while using the very approximate AM1 treatment for the QM
region. It is vital, however, to use appropriate parameters for the QM/MM van der
Waals interaction, as standard MM parameters give very poor agreement with ab initio
binding energies.
The perturbative QM/MC method provides an excellent means for reducing the
time taken for QM/MC simulations to the point where they are competitive with
QM/MD. The combination of energy- and distance-based methods reduces the error
introduced to a negligible level. This enables the QM/MC and QM/MD methods to be
compared for the Menshutkin reaction; the Monte Carlo simulation gives an activation
free energy in better agreement with previous studies and the experimental value, but
it is possible that this is merely fortuitous, as it is probably caused by the neglect
of the rotational and vibrational degrees of freedom of the amine group. This again
suggests that any further increases in accuracy would require the replacement of the
AM1 method with a high basis set ab initio QM technique.
Energy correction
The restriction of the number of degrees of freedom of the QM region in a highsymmetry Monte Carlo approach simplifies the process of parameterizing a force field
specifically for the system. This is essentially the result of applying the approximate
energy correction term developed in Chapter 6 for the Menshutkin reaction. The
effectiveness of this method depends on two assumptions — that the low level QM
treatment reproduces the high level electron density well enough so that the interaction
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energy with solvent is similar at both levels, and that the predicted geometry of the
QM region is similar at both levels, so that some degrees of freedom can be neglected.
The method performs very well for determining the minimum-energy path for the
gas phase Menshutkin reaction, and for single point energies of the solution-phase
systems. Although it is slightly less accurate than the ONIOM method, it is much less
demanding in terms of computer time. The ONIOM method requires an additional
two QM calculations for every energy calculation, and this overhead will only increase
as higher QM treatments are used. The method developed in this work, on the other
hand, adds essentially no overhead to the QM energy calculation, irrespective of the
QM treatment used, although multiple single point energies are required prior to the
simulation to initialise the correction term. However, for systems with a reasonable
number of relevant degrees of freedom, such that a relatively small number of energy
points are required, or if the correction is then required for a large number of simulation
points, the method developed in this thesis is far more efficient than ONIOM.
The FlucQ module for CHARMM developed in this work, along with a large number
of minor QM/MM improvements, is now part of the standard CHARMM distribution.
This, together with developments by other researchers, should enable the QM/MM
method to be more widely applied in a flexible fashion. The method is unlikely to ever
become a ‘black box’ approach, requiring as it does some knowledge about the system’s
electronic structure and dynamics, but the gradual solution of many methodological
problems is likely to result in QM/MM becoming a standard technique in the future
computational chemist’s arsenal.

7.2

Future research directions

The methods developed in this work have a very broad application to hybrid QM/MM
studies. The FlucQ method can potentially be applied to any solute-solvent simulation
where the solvent (not necessarily water) is treated molecular mechanically; the
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implementation is sufficiently general that using the technique for other solvents, or
indeed for small molecules, is simply a matter of relevant parameterization, perhaps
by use of a parameterization method similar to that used in section 4.6. Hybrid
QM/MC techniques can also be used for most of the systems for which QM/MD
is applicable, given a suitable choice of move set, while the perturbative QM/MC
method as developed in this work should be usable for many solute-solvent systems,
with suitable choice of the cutoff parameters.
Perturbative QM/MC
The perturbative QM/MC technique provides a useful intermediate method, far
less expensive than conventional QM/MC but potentially far more accurate and
flexible than simulations with an MM force field. However, for many simulations
adequate results have been obtained simply by using suitable ESP-fitted charges in
the region of interest [96, 97], and for such systems the overhead of evaluating many
1-electron integrals is prohibitive. Significant cost savings could thus be achieved by
approximating the perturbative energy delta, equation 6.9, by the interaction energy
with a set of ESP-fitted charges in the QM region. This would enable the accurate
treatment of such systems in a largely automatic manner. (Incidentally, for species
such as metal ions where single point charges do not well reproduce the electrostatic
potential, some researchers have improved the treatment by adding extra charge
sites [304]. It is possible that this procedure could also be automated.) Methods also
exist to dynamically optimize the acceptance rate of conventional MC moves [287] and
it may be possible to use a similar method to alter the distance and energy cutoffs
during a perturbative QM/MC simulation, perhaps by using a formula similar to
that developed by Evans and Truong [292]. Such improvements would enable the
perturbative QM/MC method to be applied to a wider range of systems without
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requiring extensive adjustment of the cutoff parameters, and further cut the computer
time required.
The FlucQ model
The FlucQ model does not perform perfectly, and although the TIP4P-FQ1
parameterization appears to give results in better agreement with experiment for
several bimolecular systems, further study in this area is pointed to. It may be possible
to improve the fit with QM data by adding extra energy terms or by altering the existing
parameters, although recent work [240, 241, 305] would suggest that the addition of
polarizable dipoles is necessary for a more correct treatment of the electron density.
QM/MM simulation of enzymatic systems requires the introduction of link atoms
wherever the QM/MM boundary cuts bonds. The approximate treatment of electron
density by the FlucQ method suggests that these link atoms could actually be placed
on bonds where significant electron density changes occur, as FlucQ may be able to
alter the MM charges to adequately approximate this, in consequence allowing smaller
QM regions to be used in such treatments. With a sufficiently accurate FlucQ model,
it may even be possible to simulate charge transfer across these bonds, between the
QM and MM regions, in an approximate manner.
Free energy and QM/MM simulation
An obvious next step on the application side would be to simulate the Menshutkin
solution-phase reaction with ab initio methods, such as HF/3-21G*, using the method
developed in section 6.9 to increase the accuracy of the QM representation. This should
be able to predict activation and reaction free energies in much better agreement
with other studies and experiment. Additionally, the improved description of the
QM electron density should be able to more conclusively demonstrate the usefulness
or otherwise of the FlucQ method.

Further MC simulations would benefit from
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optimization of the FlucQ moves, perhaps using a technique similar to ANES-MC [200],
to reduce the overhead to levels comparable with FQ/MD simulations.

For MD

studies of enzymatic systems, the stochastic boundary method is popular, and thus
a FlucQ analogue of the Langevin random and frictional forces in charge space would
be required.
A similar energy correction technique was used recently [172] in a study of the
serine protease catalysed deacylation reaction. In that study, however, the free energy
was corrected, after QM/MM umbrella sampling was completed.

(The solution-

phase QM/MM PMF, using B3LYP/3-21G for the QM region, was corrected to
B3LYP/6-31G* level using the gas-phase free energy at both levels.) The disadvantage
of such an approach, however, is that it assumes the geometries and the minimum
energy solution-phase path to be the same at both levels of theory, such that the low
level simulation reproduces all aspects of the high level treatment except for the energy.
The correction technique used in this work, however, and the ONIOM method, both
adjust the energy during the simulation, such that the path of the reaction can be
altered. A detailed comparison of the three methods would thus be instructive, and
enormously useful in guiding future QM/MC studies. Such studies using QM/MM
techniques are likely to become increasingly common, assuming ‘Moore’s Law’ holds,
as the computer power available to the computational chemist continues to increase.
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[254] N. Menschutkin, Beiträge zur Kenntnis der Affinitätskoeffizienten der Alkylhaloide und der organischen Amine. Erster Teil. Affinitätskoeffizienten der
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[273] M. Solà, A. Lledós, M. Duran, J. Bertrán, and J.-L. M. Abboud, Analysis of
Solvent Effects on the Menshutkin Reaction. J. Am. Chem. Soc. 113, 2873 (1991).
[274] H. Castejon and K. B. Wiberg, Solvent Effects on Methyl Transfer Reactions.
1. The Menshutkin Reaction. J. Am. Chem. Soc. 121, 2139 (1999).
[275] C. Amovilli, B. Mennucci, and F. M. Floris, MCSCF Study of the SN 2
Menshutkin Reaction in Aqueous Solution within the Polarizable Continuum
Model. J. Phys. Chem. B 102, 3023 (1998).
[276] T. N. Truong and E. V. Stefanovich, A new method for incorporating solvent
effect into the classical, ab initio molecular orbital and density functional theory
frameworks for arbitrary shape cavity. Chem. Phys. Lett. 240, 253 (1995).
[277] J. Gao, A Priori Computation of a Solvent-Enhanced SN 2 Reaction Profile in
Water: The Menshutkin Reaction. J. Am. Chem. Soc. 113, 7796 (1991).
[278] A. Warshel and R. M. Weiss, An Empirical Valence Bond Approach for
Comparing Reactions in Solutions and in Enzymes. J. Am. Chem. Soc. 102,
6218 (1980).
[279] J.-K. Hwang, G. King, S. Creighton, and A. Warshel, Simulation of Free Energy
Relationships and Dynamics of SN 2 Reactions in Aqueous Soluion. J. Am. Chem.
Soc. 110, 5297 (1988).
[280] J. B. Pedley, Thermochemical Data and Structures of Organic Compounds
(Thermodynamics Research Center, College Station, TX, 1994), Vol. 1.
242
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