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Abstract Models of the electro-mechanical behaviour of ferroelectric materials are reviewed. Starting from the constitutive relationships for piezoelectrics and estimates of the response of piezoelectric
composites, the development of models is traced from the macroscale through to the micro-scale. Derivations of models based on
extensions of classical plasticity and crystal plasticity theory are
given, following the literature, and example applications of these
models are shown. The formation of domain patterns is discussed
and minimum energy methods based on the concept of compatibility are used to derive typical domain patterns for tetragonal and
rhombohedral ferroelectrics. Methods for modelling the evolution
of domain patterns are described. Finally the outlook for future
directions in modelling of ferroelectrics is discussed.
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Introduction

Among the ferroic functional materials, the ferroelectrics are distinguished
by the presence of a spontaneous dipole moment or polarization that can be
reversed through the action of electric field. Typical ferroelectrics are noncentrosymmetric crystalline materials, such as the perovskite oxide alloys in
the lead zirconate titanate system, barium titanate and others. They exhibit
strong coupling between electrical and mechanical effects and this brought
them to prominence through diverse applications of the piezoelectric effect
in sonar, acoustics and later ultrasound and precision actuators. There is
an extensive literature introducing the materials and their physics (Lines
and Glass (1977); Xu (1991); Sidorkin (2006); Tagantsev et al. (2010)).
During the last 30 years interest in the ferroelectrics intensified following
the growth of technological opportunities: increasing use of automated control has driven demand for sensors and actuators based on the piezoelectric principle. More recently the ability to produce ferroelectrics in a wide
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variety of forms such as thin films, fibres, micro-machined structures and
nano-particles has opened up further opportunities.
While the study of the physics of ferroelectrics has been ongoing for
about a century, the advent of practical constitutive models, that can be
used to predict the material performance for engineering design purposes,
is relatively recent. From the constitutive modelling perspective, the main
variables of interest are electrical (electric field/electric displacement), mechanical (stress/strain) and thermal (temperature/entropy). Thermal effects are central to the processing and preparation of ferroelectrics, which
commonly have a symmetry breaking phase transition between a high temperature non-ferroelectric phase and a low temperature ferroelectric phase
that is key to the appearance of spontaneous polarization during processing. The influence of temperature on polarization through the pyroelectric
effect, and on the dielectric permittivity, are also of importance. The wellknown phenomonology of Devonshire (1949) captured the dominant effects
and this phenomenological approach to modelling remains a key tool for understanding ferroelectrics. However, from the point of view of engineering
design, stable isothermal conditions are often desirable, and can often be
maintained by suitable thermal controls. In this case, sensitivity of the material behaviour to temperature, and the generation of heat, are still essential considerations, but the key variables for constitutive modelling become
the electrical and mechanical variables. In this spirit, the present article reviews constitutive models of ferroelectrics that relate electric field/electric
displacement and stress/strain under isothermal conditions.
With the development of devices that have complex structures such as
the composite pillar arrangements of sonar transducers and the embedded
electrodes used in multi-layer stack actuators, a requirement arises for models that can handle multi-axiality of the field variables. Equally the ability
to model non-linearity in the constitutive response due to the intense fields
generated near defects, or geometric features has become important. The
chapter is structured as an introduction to several modelling approaches,
starting with macroscopic models, proceeding to finer scales by considering
the effects of ceramic grains and domains, and eventually looking at recent
research on the arrangements of domains and domain walls. The focus is on
relatively simple models that can be applied to a wide range of materials,
but examples are given to illustrate the application to common ferroelectric
systems.
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Origins of Ferroelectricity and Piezoelectricity

The origin of spontaneous polarization and the capability for that polarization to be switched between distinct states can be understood by first
considering the crystal structure of a typical ferroelectric. Taking the perovskite oxide PbTiO3 example, the arrangement of a unit cell in the tetragonal phase is shown in figure 1. This contains an offset central Ti4+ , which
combined with offsets of other ions and displacement of their charges produces a net polarization aligned with the c-axis of the unit cell. An applied
stress produces small displacements of the ions giving rise to the usual elastic effects, but can also modify the charge distribution, changing the dipole
moment of the cell by the piezoelectric effect. Because of the lack of a centre
of symmetry, an applied stress can change the dipole moment. Similarly,
an applied electric field will produce linear dielectric effects but can also
distort the unit cell, resulting in the converse piezoelectric effect.
The linear, reversible effects can be described by a free energy function
of strain ǫij and electric displacement Di written in the form:
Ψ(ǫ, D) =

1
1
ǫ
ǫij cD
ijkl ǫkl − Dk hkij ǫij + Di βik Dk
2
2

(1)

Defining stress σij as ∂Ψ/∂ǫij and electric field Ei as ∂Ψ/∂Di gives the
constitutive relations
σij
Ei

=
=

cD
ijkl ǫkl − hkij Dk
ǫ
−hikl ǫkl + βik
Dk

(2)
(3)
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Figure 1. Unit cell of tetragonal PbTiO3 .
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where cD
ijkl is the tensor of elastic moduli, hkij are piezoelectric coefficients,
ǫ
and βik
is the tensor of dielectric impermeabilities. The superscript D
indicates that the elastic moduli are those measured with the electric displacement held constant — that is, in open circuit conditions. Similarly, superscript ǫ indicates that the dielectric impermeabilities are those measured
with the strain held constant — that is, with clamped boundary conditions.
In (2) and (3) the strain and electric displacement are to be understood as
variables measured relative to a reference state that is free of macroscopic
stress and electric field. Practical measurements can be achieved by observations of surface displacement and changes in the state of surface charge
on a material sample.
For later use, it is worth noting that (2) and (3) can be rearranged and
inverted into various forms. Making ǫij and Di the subjects yields equations
of the form:
ǫij
Di

=
=

sE
ijkl σkl + dkij Ek
dikl σkl + εσik Ek

(4)
(5)

Two further rearrangements are commonly used:
=

sD
ijkl σkl + gkij Dk

(6)

Ei

=

−gikl σkl +

σ
βik
Dk

(7)

σij
Di

=
=

cE
ijkl ǫkl − ekij Ek
eikl ǫkl + εǫik Ek

(8)
(9)

ǫij

and

Equations (2)-(9) will be used interchangeably, with expressions relating the
coefficients given where needed.
When a sufficiently strong electric field is applied to the material, ferroelectric switching can occur, reversing the polarization as shown in figure 2.
The stable offset of the Ti4+ cation from the centre of the unit cell in tetragonal lead titanate is towards one face of the cell. There are six such stable
states in polar tetragonal crystals with the corresponding spontaneous polarizations


 
 
0
0
1
(10)
P = ±P0  0  , ±P0  1  and ± P0  0 
1
0
0

in Cartesian co-ordinates aligned to the unit cell edges. Here P0 is the
magnitude of the spontaneous polarization.
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Figure 2. Ferroelectric switching in the unit cell of tetragonal PbTiO3 .

The existence of the set of six polarization states in polar tetragonal
crystals allows two distinct kinds of ferroelectric switching: one in which
the polarization vector reverses in sign, or turns through 180◦ and a second
in which the polarization vector turns through 90◦ . Meanwhile, the corresponding spontaneous strain states of the tetragonal unit cell are given
by
ǫij =



3
1
ǫ0 pi pj − δij
2
3

(11)

where p = P /P0 , δij is the Kronecker delta, and ǫ0 is a measure of the spontaneous strain magnitude. It follows from (11) that 180◦ switching, induces
no net change in spontaneous strain. However, 90◦ switching results in a
change in both spontaneous polarization and strain. The term ferroelastic
is used to describe 90◦ switching when driven by an applied stress.
A ferroelectric crystal typically contains regions of uniform polarization,
or domains, separated by thin boundaries (domain walls). Each domain
has a state of spontaneous strain and polarization that can be changed by
an electric field. Hence the overall state of polarization and strain of a ferroelectric crystal can change. Effectively, the macroscopic material stores
a state of remanent strain ǫr and remanent polarization P r . By “remanent” it is meant that the strain and polarization remain after macroscopic
electric field and stress are removed. Changing these remanent quantities
through the application of stress or electric field can also affect the elastic,
piezoelectric and dielectric response. To illustrate this point, take as an
example the tetragonal crystal system, where the microscopic piezoelectric
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response of a single domain is governed by the coefficients
hkij

= h33 pk pi pj + h31 (pk δij − pk pi pj )

+h15 (δki pj + δkj pi − 2pk pi pj )

(12)

h33 , h31 and h15 being material constants. Then 180◦ switching converts
p to −p and since hkij is an odd function of p its sign is also reversed.
The hkij coefficients are also changed by 90◦ switching. By contrast the
ǫ
dielectric and elastic coefficients, βij
and cD
ijkl , are even functions of p and
◦
are unchanged by 180 switching. However, they can be changed by 90◦
switching.
In order to model the effects of ferroelectric switching, the free energy
expression (1) requires modification. This can be achieved by the introduction of higher-order terms to capture non-linearity. The existence of several
stable states then leads to a multi-well energy structure that has been used
in classical models of ferroelectrics (Devonshire (1949)) and can be used to
simulate the formation of ferroelectric domains (Li et al. (2001); Wang et
al. (2004); Su and Landis (2007)). In typical ferroelectrics at equilibrium,
however, it is observed that almost all of the material is in a state at or close
to the bottom of one of the energy wells. The energy wells are deep, resulting in thin domain walls (typically only a few lattice parameters across)
and high barriers to switching. This motivates modelling approaches analogous to the constrained theory of martensites wherein each material point
is assumed to be in a state close to the bottom of an energy well (Ball and
James (1987); Shu and Bhattacharya (2001)), with a locally convex free
energy.
Taking ferroelectric switching into account, (2) and (3) can be rewritten
to represent the response of the ferroelectric in the form:
σij
Ei

=
=

r
r
r
r
r
r
cD
ijkl (ǫ , P ) (ǫkl − ǫkl ) − hkij (ǫ , P ) (Dk − Pk )
ǫ
−hikl (ǫr , P r ) (ǫkl − ǫrkl ) + βik
(ǫr , P r ) (Dk − Pkr )

(13)
(14)

where the dependency of elastic, dielectric and piezoelectric coefficients on
the state of remanent strain and polarization has been made explicit. In (13)
and (14) the strain and electric displacement are referred to a stress and
electric field free state with (ǫr , P r ) = 0. While (13) and (14) treat ǫr
and P r as state variables, there is no reason to suppose that these variables together contain sufficient information to specify the internal state
of the material, or even to specify the coefficients in equations 13 and 14.
Treating the two quantities (ǫr , P r ) as state variables is also inconvenient
from a practical measurement perspective in that the readily available measurements typically indicate only (ǫ, D), and then only by their changes.
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Nevertheless, the remanent strain and polarization have been widely used
as experimental indicators of the switching process (Lynch (1996); Liu and
Huber (2007)), and adopted as internal state variables in models of switching (Hwang et al. (1995); Kamlah and Tsakmakis (1999); Landis (2002);
Huber and Fleck (2001)).

3

Piezoelectric Composites

Taking ( 2) and (3) as a starting point, it is of interest to consider composites
whose components exhibit piezoelectric behaviour. In the first instance, the
small signal material response is considered, comprising elastic, dielectric
and piezoelectric behaviour, connecting together the stress σij , strain ǫij ,
electric field Ei and electric displacement Di . The strain is taken to be the
symmetrized gradient of a continuous displacement field u:
ǫij =

1
(ui,j + uj,i )
2

(15)

Analogously, electrostatic conditions are assumed such that the electric field
can be derived from a scalar potential, φ:
Ei = −φ,i

(16)

Mechanical and electrical equilibrium equations can be written as
σij,j

=

0

(17)

Di,i

=

0

(18)

where it is assumed that no body forces act and no free charge is present. At
internal interfaces, the absence of body forces and charges implies continuity
of the normal components of stress and electric displacement:
∆σij nj

=

0

(19)

∆Di ni

=

0

(20)

where ∆ indicates the jump in each quantity at the interface and n is the
interface normal direction. At external free surfaces, the normal component
of stress is the surface traction ti and the jump in normal component of
electric displacement is the surface charge density q:
σij nj

=

ti

(21)

∆Di ni

=

q

(22)
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Since the permittivity of ferroelectric materials is typically 2–3 orders of
magnitude greater than that of air or vacuum, the approximation Di ni = −q
at free surfaces can often be made with good accuracy. Conditions similar
to (19) and (20) apply to the strain and electric field if the displacement
and electric potential are continuous at internal interfaces. Let s be a vector
tangent to an interface across which the strain and electric field jump. Then
∆ǫij sj
∆Ei si

=
=

0
0

(23)
(24)

It is convenient to group the constitutive equations together into a matrix
form:

  D


cijkl −hkij
σij
ǫkl
=
(25)
ǫ
Ei
Dk
−hikl
βik

and note that, when dealing with a linear piezoelectric material, any spontaneous strain or polarization are taken to provide a constant ground state,
relative to which the strain and electric displacement are measured. Likewise, the material state is assumed unchanged by any loading applied, such
that the material coefficients or moduli are constants.
The constitutive relation (25) can be thought of as describing the macroscopic behaviour of a bulk material, or (with suitable coefficients) the behaviour of a microscopic region of material. In relating the microscopic
to the macroscopic electromechanical response it is convenient to think of
the bulk material as a composite comprising various constituent regions,
with differing material coefficients. In a polycrystalline ferroelectric, the
regions may represent differently oriented ceramic grains, or at a finer scale,
individual ferroelectric domains. The composite could also contain nonpiezoelectric components (hkij = 0) but all constituent regions are assumed
to be solid, insulating dielectrics. For a compact notation, rewrite (25) as
σ = Cǫ
identifying bold symbols with collections of tensor quantities:


 D



cijkl −hkij
σij
ǫkl
σ=
; C=
;
ǫ
=
ǫ
Ei
Dk
−hikl
βik

(26)

(27)

Taking (26) to represent the microscopic, or local, constitutive relation,
a corresponding macroscopic relationship may be written for a bulk region
of material, assumed sufficiently large and statistically homogenous that it
may be treated as an effective medium:
σ = C oǫ
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(28)

R
Here, the notation • = V1 •dV has been used to indicate volume averages
and the macroscopic variables σ and ǫ are identified averages of their microscopic counterparts. This step is justified by considering a macroscopic
region subject to a charge distribution on its boundary given by −D̃i ni
where ni is the outward surface normal. Then the average of the microscopic electric displacement Di (x) is given by
Z
Z
Z
1
1
1
Di dV =
Dj xi,j dV =
(Dj xi ), j − Dj,j xi dV
Di =
V
V
V
V

1
V

=

Z

V

V

D̃j
Dj nj xi dS =
V

S

Z

xi nj dS =

D̃j
V

S

Z

xi,j dV = D̃i

(29)

V

Electrical equilibrium (18) has been used along with Gauss’ theorem to
convert between volume and surface integrals. Also note that xi,j = δij ,
the Kronecker delta. An analogous argument holds for the averaging of
the stress field, using (17), and similar arguments apply to the averaging
of electric field and strain: consider the macroscopic region having electric
potential φ = −Ẽi xi on its boundary. Then
Z
Z
Z
1
1
1
Ei dV =
−φ,i dV =
−φni dS
Ei =
V
V
V
V

=

1
V

Z
S

V

Ẽj
Ẽj xj ni dS =
V

S

Z

xi nj dS =

S

Ẽj
V

Z

xi,j dV = Ẽi (30)

V

where (16) has been used.
In general, finding the effective properties C o from a known spatial distribution of C is a homogenization problem dependent on the detailed arrangement of the components of the composite. Various bounds (Bisegna
and Luciano (1996)) and estimates (Dunn and Taya (1993)) for C o have
been developed for piezoelectric composites. Here, the self-consistent theory of composites, originally derived by by Hill (1965) is described, as
this furnishes a practical means of estimating C o for certain common arrangements of composite that can be approximated as a matrix material
containing ellipsoidal inclusions. The self-consistent theory makes the approximation that each component of the composite behaves as if it were
an ellipsoidal inclusion embedded in a surrounding matrix with properties
C o . Then the difference between the local electromechanical fields, by Eshelby’s argument (Eshelby (1957)) uniform within the inclusion, and the
corresponding mean fields is given by
σ − σ = −C ⋆ (ǫ − ǫ)
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(31)

Where
C ⋆ = C o (S −1 − I)
In (32), I represents the collection of identity tensors given by

 1
(δik δjl + δjk δil ) 0
2
I=
0
δik

(32)

(33)

and S is the collection of Eshelby tensors relating a notional unconstrained
transformation strain and electric displacement, say ǫt , of an inclusion in a
medium of moduli C o to the constrained strain and electric displacement
of the inclusion. That is, ǫ = Sǫt .
For particular combinations of the symmetries of C o and the ellipsoidal
inclusion, explicit formulae for the components of S are known (Dunn and
Taya (1993)). In the most general case, the piezoelectric Eshelby tensors
may be obtained by numerical integration (Huber et al. (1999)). The
inversion of a collection of tensors such as S or C is interpreted in the sense
that if σ = Cǫ then ǫ = C −1 σ. This inversion may be accomplished by
unpacking the elements of C into a matrix form and using matrix inversion
methods.
Making use of (26), (28) and (31) gives
ǫ = (C + C ⋆ )

−1

(C o + C ⋆ ) ǫ = Aǫ

(34)

which defines A as the set of concentration tensors for strain and electric
displacement, specific to a particular ellipsoidal component of the composite.
Averaging over the volume of the composite shows that A = I. Equally,
since for each component of the composite σ = Cǫ, then
σ = CAǫ

(35)

and the effective properties C o can be identified as the volume average CA.
The estimate of the effective moduli provided by (35) is in implicit
form since the concentration tensors A depend on the effective moduli
themselves through equation 32; iterative recalculation of C o and C ⋆ normally gives rapid convergence. Alternative approaches to the estimation
of effective properties include unit cell or representative volume element
calculations (Kouznetsova et al. (2001)), bounds (Bisegna and Luciano
(1996)) and asymptotic homogenization (Kanoute et al. (2009)). The
self-consistent homogenization has the advantage of lying within the wellknown Hashin-Shtrikman bounds in cases such as that of elastic spherical
inclusions. Also, when there is strong contrast in moduli between the components of the composite the rigorous bounds are typically far apart, while
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Table 1. Material data for a piezoelectric composite.
cD
1111
cD
3333
cD
2323
cD
1212
cD
1122
cD
1133

(GPa)
(GPa)
(GPa)
(GPa)
(GPa)
(GPa)

Epoxy
8.0
8.0
1.8
1.8
4.4
4.4

PZT
157
175
47.2
35.8
85.4
73.0

ǫ
β11
ǫ
β33
h311
h333
h113

(m nF−1 )
(m nF−1 )
(GV m−1 )
(GV m−1 )
(GV m−1 )

Epoxy
26.9
26.9
0
0
0

PZT
0.246
0.481
-1.02
4.58
2.30

the self-consistent method can still give useful estimates provided that any
extremely stiff or compliant phases are dilute. However, in certain cases of
strong contrast such as porous composites with significant volume fraction
of porosity, the self-consistent estimate becomes inaccurate.
3.1

Example of a piezoelectric composite

The self- consistent estimate of C o can provide insight into the practical
design of piezoelectric composites for engineering applications. An example
is the piezoelectric hydrophone, used in sonar detection. Of key importance in this application is the piezoelectric response to hydrostatic stress.
Rearrangement of (25) gives


  D

sijkl gkij
ǫij
σkl
(36)
=
σ
Dk
Ei
−gikl βik
−1

D −1
σ
ǫ
− hipq sD
, gkij = cD ijpq hkpq and βik
= βik
where sD
pqrs hkrs .
ijkl = c
ijkl
Taking the axis of piezoelectric poling as the x3 axis, then the open circuit
voltage generated under hydrostatic pressure, which determines the sensitivity of the hydrophone, is governed by the piezoelectric coefficient g3kk ,
often given the symbol gh . Typical bulk ferroelectrics have g333 coefficients
of opposite sign to g311 with g311 ≈ −g333 /2, resulting in low values of gh .
However, by constructing a composite of ferroelectric fibres or pillars aligned
with the x3 axis and embedded in a compliant matrix, significant enhancements in the macroscopic gh value can be achieved. To illustrate this an
example is calculated using material data taken from Bisegna and Luciano
(1996), see table 1. This allows a direct comparison between self-consistent
estimates and the variational bounds computed therein. The composite
considered has a matrix of isotropic epoxy resin and contains round fibres
of PZT-7A, taken to have transverse isotropy.
Figure 3 shows self-consistent estimates of the dielectric impermeabilities
ǫ
ǫ
for this composite. To approximate fibres aligned with the x3
and β33
β11
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(b)
25

25

20

20
ε
β11
[109mF−1]

ε
β33
[109mF−1]

(a)

15
10
5
0
0

Elementary bounds
Self consistent
Bisegna & Luciano

15
10
5

0.2
0.4
0.6
0.8
Fibre volume fraction

1

0
0

0.2
0.4
0.6
0.8
Fibre volume fraction

1

ǫ
ǫ
Figure 3. Self-consistent estimates of impermeabilities (a) β33
and (b) β11
for a piezoelectric fibre composite.

axis, ellipsoidal inclusions with minor radii a = b and major radius c = 10a
were used in the calculation, the c axis being aligned with x3 . The volume
ǫ
fraction f of fibres is varied in the range 0–1. Elementary bounds on β11
−1

ǫ
) are
of the Voigt type (C V = C) and Reuss type (C R = C −1
and β33
also shown, along with tighter variational bounds derived by Bisegna and
Luciano at f = 0.4. Note that the elementary bounds are far apart in this
case; improved variational bounds can be much closer, as in figure 3a, but
can still show a wide range as in figure 3b. The self-consistent estimates give
an indication of how the properties of the composite change with volume
fraction, and agree well with the bounds. In particular figure 3 shows that
ǫ
ǫ
remains
is greatly reduced by adding a small volume of fibres, while β11
β33
fairly high. This may be expected because the fibres provide connectivity
in the x3 direction, such that the electric field component E3 is similar
in the fibres and matrix, while the absence of fibre connectivity in the x1
direction causes the E1 component of electric field to be concentrated in the
matrix material. Similar anisotropy is seen in the elastic properties of the
composite.
A consequence of this strong anisotropy can be seen in the hydrostatic
voltage coefficient gh ; self- consistent estimates of gho for the composite, nor-
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c = 10a
c=a
c = 0.1a

8

goh/gh

6
4
2
0
−2
0

0.2
0.4
0.6
0.8
1
Volume fraction of piezoelectric component

Figure 4. Self-consistent estimates of enhancement to the hydrostatic voltage coefficient gh in a piezoelectric fibre composite.

malized by the gh coefficient of the piezoelectric component of the composite are shown in figure 4. Here, various aspect ratios for the piezoelectric
component are compared. In a fibrous composite (c = 10a), an order of
magnitude enhancement of gh can be achieved by using a low volume fraction of fibres. The enhancement is mainly due to the elastic anisotropy of
the composite. A particulate composite (c = a) shows less enhancement of
gho and requires a high volume fraction of piezoelectric particles to achieve
optimum enhancement, while disc-like piezoelectric particles c = 0.1a are
even less effective.

4

Models of Ferroelectric Switching

Now consider an extension of the linear piezoelectric constitutive laws (25)
to represent material states with a remanent polarization and strain:

  D


cijkl −hkij
σij
ǫkl − ǫrkl
=
(37)
ǫ
Ei
Dk − Pkr
−hikl
βik
Or, in the compact notation of section 3,
σ = C (ǫ − ǫr )
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(38)

Changes in ǫr are somewhat analogous to increments of plastic strain in
the classical theory of plasticity; there are two significant differences: The
first is that here C is dependent on ǫr ; thus changes in C must be included in the theory. The second is that, unlike classical plasticity, where
plastic straining can proceed indefinitely through the nucleation and motion of dislocations, the remanent strain and polarization of ferroelectricity
are limited in range. This is because no further ferroelectric switching can
happen once all of the material has switched. Thus the P0 and ǫ0 of (10)
and (11) place limits on ǫr . In plasticity theory such a limit on strain could
be handled through strain-dependent hardening rules, and similar methods
are adopted in the case of ferroelectrics. Finally it should be noted that ǫr
itself consists of both a remanent strain and a remanent polarization part,
but this added complication has no impact on the theoretical development,
except for making the expressions rather cumbersome if written out in full.
A goal of constitutive modelling is to provide tangent moduli C t to relate
increments, or rates of applied loading to the incremental material response
such that
σ̇ = C t ǫ̇
(39)
In sections 4.1 and 4.2 models of ferroelectric switching are described that
are analogous to classical plasticity and crystal plasticity respectively, following closely the corresponding developments in the literature (Bassiouny
et al. (1988); Cocks and McMeeking (1999); Huber et al. (1999); Huber
and Fleck (2001); Kamlah and Tsakmakis (1999); Landis (2002)).
4.1

Classical plasticity model

In the spirit of classical plasticity, a constitutive framework for the ferroelectric material can be developed by postulating a free energy expression similar to (1) but including a dissipative part associated with switching (Cocks and McMeeking (1999)):
Ψ=

1
(ǫ − ǫr ) C (ǫ − ǫr ) + Ψr (ǫr )
2

(40)

As in the linear case, the stress and electric field can be derived from the
free energy.
∂Ψ
σ=
(41)
∂ǫ
Then the second law of thermodynamics requires that the rate of work done
by external agencies acting on the material, σ ǫ̇, is at least as great as the
rate of increase in free energy, or
σ ǫ̇ − Ψ̇ ≥ 0
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(42)

The free energy rate is
Ψ̇ = σ ǫ̇ − σ ǫ̇r +

∂Ψr r ∂Ψ ∂C r
ǫ̇ +
ǫ̇
∂ǫr
∂C ∂ǫr

(43)

where the final term is due to the dependence of the elastic, dielectric and
piezoelectric moduli on the remanent strain and polarization state. Equally,
by defining
∂Ψ ∂C
∂Ψr
+
(44)
σB =
r
∂ǫ
∂C ∂ǫr
and
σ̂ = σ − σ B
(45)
the free energy rate can be written as

Ψ̇ = σ ǫ̇ − σ̂ ǫ̇r

(46)

and (42) can then be expressed as
σ̂ ǫ̇r ≥ 0

(47)

One way to satisfy (47) is for there to be a convex surface in σ̂ space
enclosing the origin such that switching occurs only at states of σ̂ that lie
on the surface, and such that the associated rates ǫ̇r are directed towards
the outward normal of the surface at point σ̂. This is analogous to the
convex yield surface and associated flow of classical plasticity. Continuing
the development in this way, let switching occur only when
G(σ̂, ǫr ) = 0

(48)

and the rates ǫ̇r be defined by
ǫ̇r = λ̇

∂G
∂ σ̂

(49)

where λ̇ is analogous to a plastic multiplier. Then, since Ġ = 0 during
switching,
∂G
∂G ˙
σ̂ + r ǫ̇r = 0
(50)
∂ σ̂
∂ǫ
So far, the value of λ̇ is arbitrary and the determination of the rate of switching corresponding to a given loading rate requires additional information.
This can be specified through an analogue of the hardening rules found in
classical plasticity, in this case connecting increments in the “back” fields
σ B to the increments of the remanent quantities ǫrij and Pir . Let
σ̇ B = H ǫ̇r
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(51)

where H is a collection of tensors that depend on the state of the material
and can be derived from a specification of Ψ, or defined directly as an alternative to specifying Ψ. Proper specification of the switching surface G
and hardening rule, through H, will define the non-linear response of the
material. The requirement to set G convex motivates the use of relatively
simple quadratic expressions for the switching surface (Cocks and McMeeking (1999); Huber and Fleck (2001); Landis (2002)), placing the majority
of the richness in the material behaviour into H. Using (51) and (50) the
rates λ̇ can be found. First it is convenient to define n = ∂G/∂ σ̂ and
m = ∂G/∂ǫr . Then
nσ̇ = nσ̇ B − mǫ̇r = λ̇ (nHn − mn)

(52)

The rates λ̇ during switching are given by
λ̇ =

n
σ̇
nHn − mn

(53)

and thus the rates of the remanent quantities are given by
ǫ̇r = Λσ̇

(54)

where

n⊗n
(55)
nHn − mn
Finally, using (38), (39) and (54) the tangent moduli can be derived:
Λ=

σ̇ = C t ǫ̇

=
=

Ċ(ǫ − ǫr ) + C ǫ̇ − C ǫ̇r


∂C −1
C
σ
−
C
Λσ̇ + C ǫ̇
∂ǫr

where the inverse of C represents a set of tensors of the form
 E

sijkl dkij
C −1 =
dikl εσik
dependent on the current material state. Rearranging (56) gives
−1

∂C
C ǫ̇
σ̇ = I + CΛ − r C −1 σΛ
∂ǫ
and the tangent moduli are identified as

−1
∂C −1
t
C = I + CΛ − r C σΛ
C
∂ǫ
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(56)

(57)

(58)

(59)

Care is needed in interpreting the term (∂C/∂ǫr )C −1 σΛ — this consists
of a collection of tensors of the form

 ′′
′
1
Tijkl Tkij
(60)
′
Tikl
Tik
nHn − mn
which, if written out in full, produce lengthy expressions such as
!
 ∂G
∂cD
∂cD
ijrs ∂G
ijrs ∂G
′′
sE
+
Tijkl =
rsmn σmn + dtrs Et
r
r
∂ǫpq ∂ σ̂pq
∂Pq ∂ Êq
∂ σ̂kl
!
∂hrij ∂G
∂G
∂hrij ∂G
−
(drmn σmn + εσrt Et )
+
(61)
∂ǫrpq ∂ σ̂pq
∂Pqr ∂ Êq
∂ σ̂kl
and so forth. Note that a consequence of the presence of these terms in the
tangent moduli is that the tangent moduli depend not only on the material state, represented through the remanent quantities in ǫr , but also on
the applied stress and electric field loading σ. The physical effect captured
by this term is the energy released or absorbed by changes in the material
compliance or permittivity due to switching. In most practical ferroelectrics
this effect is small because the magnitude of the reversible strain and electric displacement represented by C −1 σ is much less than the magnitude of
the remanent quantities ǫr , while the compliances change only fractionally
during switching.
Models of the type derived in this section have been illustrated by Huber
and Fleck (2001) and Landis (2002). The models have the advantage of
simplicity, which enables them to be incorporated readily into finite element
codes for engineering design calculations. However, there are disadvantages.
Apart from the difficulty of specifying hardening rules that accurately capture both the switching process and the eventual saturation of switching, the
main objection to the model leading to (59) is perhaps the assumption that
the remanent strain and polarization are sufficient as internal variables to
capture the material state. Experimental evidence (Liu and Lynch (2006);
Liu and Huber (2007)) certainly suggests that the material behaviour is
more complex. This motivates models with a greater number of internal
variables that build up a macroscopic picture of material behaviour from an
understanding of the microscopic process of switching, as explored in the
following section.
4.2

Crystal plasticity model

In the context of crystal plasticity, the starting point is consideration of
a single crystal and the microscopic processes that lead to changes in the
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macroscopic ǫr of that crystal. The switching process of a ferroelectric crystal is modelled by replacing the slip systems of classical plasticity with a set
of transformation systems that correspond to the motion of domain walls.
The macroscopic switching effect arises from a number of these transformation systems acting incrementally and simultaneously. The development
here closely follows that in the literature (Huber et al. (1999); Huber and
Fleck (2004); Pathak and McMeeking (2008)).
First consider a single crystal or grain within a ceramic, in which there
are several domains with distinct, symmetry related orientations of the polar axis. In section 2 it was shown that there are six symmetry related
variants in the polar tetragonal crystal system. More generally, let there
be n variants such that the Ith variant has spontaneous strain ǫIij and polarization PiI , the two quantities being represented in compact notation by
ǫI . Similarly, let each variant have moduli C I with inverse S I and occupy
volume fraction v I of the crystal. Define ǫ and σ to represent effective
strain/electric displacement and stress/electric field values at the macroscopic level of the entire crystal. Similarly, let the local values in individual
domains be ǫl , σ l . Then, by the arguments in (29) and (30), ǫ = ǫl and
σ = σ l . But these arguments do
allow ǫr to be immediately identified
P not
I I
I
with the volume average ǫ =
v ǫ . Instead the constitutive law for the
crystal can be written
ǫ − ǫr = Sσ
(62)
where S is the inverse of C, the set of macroscopic moduli for the crystal.
At the microscopic level, each material point has the constitutive relation
ǫl − ǫI = S I σ l

(63)

ǫ − ǫI = S I σ l

(64)

ǫ − ǫI = S I σ

(65)

Averaging (63) gives
Now, if the assumption is made that the stress and electric field are uniform
within the crystal, then σ l = σ and

so that it is then possible to identify S = S I and ǫr = ǫI . This is the Reuss
approximation at the level of the single crystal or grain. Proceeding on this
basis, define a set of transformations α := I → J that correspond to the
actions of moving domain walls in transforming material of crystal variant
I into material of crystal variant J. Let f˙α be the rate of volume fraction
transformation by α. Then
X
˙
f˙α ∆ǫα
(66)
ǫ̇r = ǫI =
α
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where ∆ǫα = ǫJ − ǫI . Similarly, defining ∆S α = S J − S I gives
X
˙
f˙α ∆S α
Ṡ = S I =

(67)

α

Considering energy, the electromechanical work stored in the crystal by
virtue of its elastic, dielectric and piezoelectric moduli is
w=

1
σSσ
2

(68)

Now suppose that each transformation system dissipates energy of at least
Gαc per unit volume in converting a volume of material from variant I to
variant J. The second law of thermodynamics requires that
X
f˙α Gαc ≥ 0
(69)
σ ǫ̇ − ẇ −
α

Noting, from (62), that
σ ǫ̇ = σS σ̇ + σ Ṡσ + σ ǫ̇r

(70)

1
ẇ = σS σ̇ + σ Ṡσ
2

(71)

and, from (68),

allows (69) to be written as
X
α

f˙α Gα −

X
α

f˙α Gαc ≥ 0

(72)

where Gα is the thermodynamic driving force for switching, given by
1
Gα = σ∆ǫα + σ∆S α σ
2

(73)

A criterion for ferroelectric switching that satisfies (72) is that switching
occurs only when
Gα = Gαc and f˙α > 0
(74)
Following classical crystal plasticity, the set of tangent moduli for the crystal
can be found by connecting increments in Gα to the increments f˙α via a
hardening rule. For simplicity, consider independent hardening, with
Ġαc = hα f˙α

(75)

Ġα = σ̇ǫ̂α

(76)

Then, from (73)
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where

ǫ̂α = ∆ǫα + ∆S α σ

(77)

and since during switching Ġα = Ġαc
1
f˙α = α ǫ̂α σ̇
h

(78)

The incremental constitutive relation derived from (62) is
ǫ̇ = S σ̇ + Ṡσ + ǫ̇r

(79)

f˙α ǫ̂α

(80)

or, making use of (77),
ǫ̇ = S σ̇ +

X
α

Substituting from (78) gives
ǫ̇ =

X 1
ǫ̂α ⊗ ǫ̂α
S+
α
h
α

!

σ̇

(81)

and the tangent moduli are thus given by
St = S +

X 1
ǫ̂α ⊗ ǫ̂α
hα
α

(82)

The summation in (82) is taken only over those transformation systems that
are active by satisfaction of (74). So far, no attention has been given to the
requirement that the switching process saturates when any of the v I falls to
zero. This requirement can be met by making the hα functions of v I that
grow large as v I → 0. Alternatively, incremental calculations can be carried
out by testing for v I > 0 at each step and suppressing any transformation
that violates this condition. Care must also be taken to arrange that, during
cyclical loading, the accumulated hardening of each transformation system
is reversed during the cycle to allow for the stable cyclic hysteresis observed
in most ferroelectrics. Since the transformation systems that convert I → J
and J → I are separate, this requires softening of inactive transformation
systems when the corresponding v I move away from zero. Approximate
incremental calculations have been achieved by setting the hα values to be
small, and neglecting changes in Gαc (Huber and Fleck (2004)).
Having established the tangent moduli for a single crystal or grain, the
response of a polycrystal can be computed by treating the polycrystal as
a composite of a number of grains, using the methods discussed in section 3. If the self-consistent method is used, iteration is required to find
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the stress and electric field in each grain as the tangent moduli are dependent on σ through (77); this method has been shown to be in good
agreement with more sophisticated, but computationally expensive, finite
element calculations by Haug et al. (2007). Also, Huber and Fleck (2004)
have demonstrated that the model can be fitted to various ferroelectric materials, though the fitting process is not straightforward, since neither the
microscopic moduli S I nor the Gαc are readily available for most materials.
The rate-independent formulation developed here can be replaced with a
rate-dependent formulation by making the transformation rates f˙α depend
directly on Gα without requiring a switching criterion to be satisfied. This
method has the advantage of avoiding the need for hardening relationships,
and providing a simple, forward calculation; the rate-dependent formulation
has been used by several researchers (Huber and Fleck (2001); Kamlah et
al. (2005); Haug et al. (2007); Pathak and McMeeking (2008)) for practical
calculations.
4.3

Example of crystal plasticity model

To illustrate the crystal plasticity approach to modelling ferroelectrics,
the response of a single crystal of polar tetragonal material is simulated
here. The six crystal variants have spontaneous polarization states as given
by (10) and the corresponding spontaneous strain states given by (11). In
the initial state the volume fractions of the crystal variants are taken to
be v I = 1/6, I = 1 . . . 6. For simplicity the variants are here modelled as
having isotropic elasticity and dielectric permittivity given by
sE
ijkl

=

εσij

=

ν
1+ν
(δik δjl + δjk δil ) − δij δkl
2Y
Y
εδij

(83)
(84)

where Y is Young’s modulus, ν is Poisson’s ratio and ε is the dielectric
permittivity at constant stress. The piezoelectric tensor is expected to be
strongly anisotropic and is given by

dIkij = d33 pIk pIi pIj + d31 pIk δij − pIk pIi pIj

+d15 δki pIj + δkj pIi − 2pIk pIi pIj
(85)

where pI = P I /P0 is the unit vector in the direction of the spontaneous
polarization for each crystal variant; d33 , d31 and d15 are piezoelectric constants. With these definitions, ∆S α becomes


0
dJkij − dIkij
α
J
I
∆S = S − S =
(86)
dJikl − dIikl
0
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Table 2. Material data and model parameters for the tetragonal crystal
plasticity model.
E (GPa)
ν
ε (nF m−1 )
d33 (pm V−1 )
d31 (pm V−1 )
d15 (pm V−1 )

60
0.3
22.5
315
-128
482

P0 (C m−2 )
ǫ0
Gαc (180◦ ) (MJ m−3 )
Gαc (90◦ ) (MJ m−3 )
n

0.25
0.2%
0.5
0.25
5

At each step in the simulation, (73) is used to compute the driving force for
switching by each transformation system, but instead of finding the tangent
moduli of (82), a rate-dependent formulation is used by setting (Huber and
Fleck (2001); Pathak and McMeeking (2008))
Gα
f˙α = H α αc
G

n−1

Gα
Gαc

(87)

which, for values of n ≫ 1 has the effect of suppressing switching when
Gα < Gαc and allowing switching to proceed rapidly whenever Gα > Gαc .
To provide saturation of switching as v I → 0, Pathak and McMeeking
(2008) introduced the hardening rule
H α = 1 − e−v

I

/v 0

(88)

with v 0 = 0.01. Material parameters similar to those of Pathak and McMeeking (2008) have been used (see table 2), except for the use of isotropic
elastic and dielectric moduli. Note that distinct values of Gαc are used for
90◦ switching and 180◦ switching. This has the effect that the critical value
of electric field at which rapid ferroelectric switching occurs is about the
same for the two distinct types of switching. In the model, the crystal is
subjected to cyclic electric field loading of the form E1 = 2E0 sin(ωt) with
ω = 2πrad s−1 and E0 = Gαc (90◦ )/P0 . The stress is held at zero throughout. The f˙α are computed using (87) and integrated over small time steps
to update the volume fractions. At each time step, the remanent quantities
ǫrij and Pir are updated using (66) and the material moduli are updated
using (67), with only the piezoelectric moduli changing, as in (86).
Starting from the initial condition with all v I = 1/6 the electric field E1
increases, causing switching to increase the volume fraction of the crystal
variant with P1J = P0 at the expense of the other five variants. EventuT
ally this process saturates with P r = P0 (1 0 0) . Later in the cycle, when
E1 < 0 the switching process is reversed. The volume fraction of the variant
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Figure 5. Electric displacement and strain hysteresis loops for a tetragonal
single crystal, modelled by the crystal plasticity method, and showing the
effect of a compressive stress.

with P1J = −P0 increases, and similarly the volume fractions of variants with
polarization states orthogonal to the applied field increase. However, as this
happens, further switching transfers volume fraction from these orthogonal
variants into the P1J = −P0 variant, which eventually reaches a volume fracT
tion of unity, so that P r = −P0 (1 0 0) . As the electric field is cycled, the
T
polarization state cycles between ±P0 (1 0 0) . Figure 5 shows the resulting
hysteresis in electric displacement versus electric field, calculated using (62).
Also shown is the variation of the strain component ǫ11 which follows the
“butterfly” hysteresis pattern characteristic of ferroelectrics. This arises
due to a combination of effects: the piezoelectric moduli of the crystal reverse during each half cycle of loading, giving rise to regions with positive
and regions with negative slope ∂ǫ11 /∂E1 . The changes in volume fractions
also affect the remanent strain, producing a large increase in strain during
the first quarter cycle of loading and affecting the shape of the subsequent
hysteresis.
Figure 5 also shows, in dashed lines, the effect on the hysteresis curves
of a moderate compressive stress σ11 = −0.01P0 /d33 , which is equivalent
to about 8MPa compression. This stress is held constant throughout, while
the electric field is again cycled. The compression has only a slight effect
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on the dielectric hysteresis curve, but the strain hysteresis is substantially
changed. Of interest, the presence of compressive stress greatly increases
the amplitude of strain variation during the stable cyclic hysteresis. This
happens because the compressive stress stabilizes the four crystal variants
with polarization orthogonal to the electrical loading axis. These crystal
variants have negative ǫI11 components which causes the strain response
to curve downwards during switching, and then turn sharply upwards as
switching proceeds favouring the crystal variant whose spontaneous polarization is aligned with the electric field. A practical consequence is that the
strain of piezoelectric actuators can be enhanced by holding them under
moderate compression. This encourages an “extrinsic” contribution to the
piezoelectric response, caused by the movement of domain walls. Piezoelectric actuators are commonly held under such a bias stress to improve
their performance. Similar effects were observed in barium single titanate
crystals by Burcsu et al. (2004).
The model described in this section can be incorporated into finite element calculations (Haug et al. (2007); Pathak and McMeeking (2008)) enabling simulation of the response of polycrystalline materials, and allowing
complex boundary conditions to be handled. The crystal plasticity approach
is also attractive in that the model contains an ample quantity of internal
variables in the form of the volume fractions v I , and these relate naturally
to both the switching process and the saturation of switching. Furthermore,
the v I and crystallographic orientations can be inferred from X-ray or neutron diffraction studies (Hall et al. (2005); Jones et al. (2005)) enabling
comparison of models with experimental data at both the macroscopic and
microscopic scales. However, as noted by Pathak and McMeeking (2008),
there are deficiencies. The Reuss-type assumption of uniform stress and
electric field at the grain level is unlikely to be accurate. Also, the model
allows that any crystal variant can transform into any other. In practice,
specific structures or patterns of domains form within ferroelectric crystals
and these limit the available transformation systems. This factor motivates
modelling at a finer scale to capture the effects of domain pattern.

5

Models of Ferroelectric Domain Patterns

In section 4.3 the observation was made that specific structures or patterns
of domains may influence the behaviour of a ferroelectric crystal. Hence
there arises the possibility of arranging the domains within a crystal in
an advantageous way. For example, in a crystal with engineered domain
configuration (Park and Shrout (1997); Liu and Lynch (2006); Wu et
al. (2011)), enhanced piezoelectric properties are achieved by arranging
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a pattern of favourably oriented domains, or aligning a crystal such that
favourable transformations happen when electric field is applied. There
is also the opportunity to design new ferroelectrics with favourable properties by understanding the process by which domain patterns form and
their consequences for the mechanism of ferroelectric switching — similar
methods have been applied in the context of martensites (James and Hane
(2000); Zhang and James (2009)). Finally, an improved representation of
domain patterns could be incorporated into models of the type developed
in section 4.2 for better accuracy.
Experimental evidence (Arlt (1990); Tsou et al. (2011)) makes clear
that laminated patterns of domains are common and this observation can
be interpreted as a consequence of energy minimization, similar to the formation of laminates in the theory of martensite (Ball and James (1987);
Bhattacharya (1993)). The energy minimization approach has been used
to predict domain patterns in ferroelectric crystals (Shu and Bhattacharya
(2001)) and hence obtain the piezoelectric properties of poled crystals with
engineered domain configurations (Li and Liu (2004)). The key step in
the energy minimization approach is to recognize (Shu and Bhattacharya
(2001); Ball and James (1987)) that the overall energy is minimized when
the strain and polarization state at almost every material point belongs to
one of the set of minima of a multi-well free energy function. Consider a
ferroelectric occupying volume V which is part of the extended space (volume Ṽ ) that contains free space outside V . Let the material be subjected
to tractions ti and surface charges of density q over a portion of its surface.
Then write the energy to be minimized as:
Z
Z
Z
1
ε0 φ,i φ,i dṼ
(89)
Ψbulk (ǫ) + Ψgrad dV − ti ui + φq dS +
2
V

S

Ṽ

The physical meaning of the terms in (89) is as follows: Ψbulk is the bulk
energy, depending on the strain and electric displacement at each point
in the region V occupied by the ferroelectric. This term has the multi-well
structure discussed in section 2. In the ferroelectric phase, Ψbulk can without
loss of generality be defined such that Ψbulk ≥ 0 with Ψbulk (ǫ) = 0 for any
ǫ = ǫI , I ∈ 1 . . . N , corresponding to the set of spontaneous strain and
polarization states of the crystal variants. The term Ψgrad is the additional
energy due to local gradients in polarization. Typically, this term is assumed
to depend only on the gradient Pi,j of the conventional polarization, which
is that part of the electric displacement due to the presence of the material
in free space; that is,
D i = P i + ε 0 Ei
(90)
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where ε0 is the permittivity of free space, 8.854×10−12 F m−1 . The meaning
of polarization in this context is different from the remanent polarization
discussed in sections 2-4: Pi includes both the spontaneous polarization PiI
of the domain and that part of the reversible electric displacement resulting from the dielectric properties of the material. For example in a linear
piezoelectric, using (9)
Pi = eikl ǫkl + (εǫik − ε0 δik ) Ek + PiI

(91)

Including the gradient energy is physically reasonable on the grounds that
domain walls, where Pi,j is non-zero, contribute to the overall energy of the
system. But the domain walls have finite thickness, introducing a length
scale that is associated with Ψgrad . Continuing with the terms in (89), the
surface integral contains the potential energy of external loads in the form
of tractions ti displaced by ui and surface free charge density q at voltage
φ, applied to the material. The final term includes the stored electrostatic
energy of free space. This term should be modified if there is any material
other than free space surrounding the ferroelectric in region V . However,
changes in this final term due to loading on V or rearrangement of the
domains in V are typically much smaller than the resulting changes in the
bulk energy term and so the energy of free space is often (but not always see Dayal and Bhattacharya (2007)) neglected.
Given a specific form for Ψbulk and Ψgrad , (89) can be minimized to
yield patterns of polarization throughout a ferroelectric body, consistent
with applied boundary conditions. The use of gradient methods to relax
the energy towards the minimum results in Ginzburg-Landau type phasefield models which have been widely used to study ferroelectric domains.
For periodic problems, Fourier spectral methods are expedient (Wang et
al. (2013)), while real space solutions can be found using finite difference,
finite element and boundary element methods (Wang et al. (2009); Su and
Landis (2007); Dayal and Bhattacharya (2007)). Phase-field models are not
described in further detail in this chapter. However, it should be noted that,
in numerical models, it is necessary to discretize space at a scale finer than
the domain wall width. Typically, a minimum of about 3 elements across
a domain wall is needed (Völker and Kamlah (2012)), resulting in a mesh
spacing of < 10−9 m. The resulting models are computationally expensive,
but have the advantage of allowing a great diversity of problems to be
studied. A further point to note is that the phase-field models will typically
identify a unique minimum, or in time-dependent formulations, a unique
path of pattern evolution. This is of course desirable on physical grounds.
However, due to the multi-well structure of the bulk energy, multiple local
minima may exist and repeat runs of these models with slightly different

26

starting conditions can produce qualitatively different results.
5.1

Theory of compatibility

The remainder of this section is devoted to the constrained theory of
ferroelectric domains. The constrained theory arises from neglecting the
term Ψgrad in (89), recognizing that the domain walls in ferroelectrics are
of thickness only a few times the lattice parameter and the domain wall
energy makes no significant contribution when the size of region V is much
greater than the domain wall thickness. Then, considering the case without
external loads, the minimisation problem
reduces to finding an arrangement
R
of ǫ throughout V that minimizes V Ψbulk dV . This can be achieved by
giving each point (except those within domain walls, which are taken to
constitute a negligible volume) a strain and polarization belonging to one
of the set of ǫI of the symmetry related variants. Setting
ǫ = ǫI , I ∈ 1, 2, . . . , N

(92)

R
gives immediately V Ψbulk dV = 0. But this also produces particular requirements on the arrangement of domains and of any domain walls present.
Consider a domain wall with normal n separating domains in states ǫ1 and
ǫ2 . Then, from (20):

(93)
Pi2 − Pi1 ni = 0

Similarly, considering the jump in strain and requiring continuity of displacement, (23) results in the Hadamard jump condition (Shu and Bhattacharya (2001)) which can be written, in the context of small strains,
as
ǫ2ij − ǫ1ij = ni aj + nj ai
(94)

for some vector a. Now, since ǫ1 and ǫ2 must be drawn from the set of
spontaneous states of the domains, it is possible that, for a given pair of
domains, the compatibility equations (93) and (94) have no solutions. There
can be at most two non-trivial solutions for n (Ball and James (1987)).
However, there are also degenerate cases. For example it is common in
ferroelectrics to have two variants with identical spontaneous strain states
but opposite polarization. Then (94) is satisfied by any n with a = 0
and (93) only restricts n to lie in the plane orthogonal to P 2 −P 1 , producing
a continuous set of domain wall normals. This results in 180◦ walls without
a unique orientation, and gives rise to wavy patterns commonly seen in
ferroelectric microstructure. More generally, the left hand side of (94) is
symmetric so that orthogonal eigenvectors e1 , e2 and e3 can be identified,
with corresponding eigenvalues λ1 , λ2 and λ3 . For solutions of (94) to exist,
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there is at least one eigenvalue that is zero: let λ3 = 0. Additionally, because
the spontaneous strains are those of symmetry related variants any one of
which can be derived from any other by a pure rotation, the eigenvalues
sum to zero, so λ1 = −λ2 . Then solutions of (94) give the interface normal
as
e1 ± e2
n= √
(95)
2
and the resulting n can be tested for electrical compatibility using (93).
Ball and James (1987) and Shu and Bhattacharya (2001) have give a fuller
discussion of the compatibility equations in the context of finite deformation
gradients. Note that if a unique n results as the solution to (93) and (94),
then the pair of domains can form only one orientation of domain wall
consistent with energy minimization. This typically results in laminated
microstructure with the layers alternating between two crystal variants.
What states of macroscopic remanent strain and polarization can a crystal achieve while satisfying the requirements of compatibility? Suppose that
a region of a ferroelectric crystal in volume V is subjected to surface displacements and charges ui , q, relative to a reference state with ǫ = 0, such
that ui = ǫ̃ij xj and −q = D̃i ni for some ǫ̃ = (ǫ̃ij , D̃i ), where ni is the
surface normal. Let the resulting pattern of domains form on a scale much
finer than that of the region V , and homogeneous across the region. Then
a compatible arrangement of domains with average strain and polarization
given by ǫ = ǫ̃ that can be periodically repeated across the region achieves
a minimum energy state in V with stress and electric field everywhere equal
to zero. Care must be taken in applying the small strain formulation of
the compatibility equations (93) and (94) to this problem. Specifically, (94)
neglects the small rotations in crystal lattice orientation that may occur
at domain walls. This point will briefly be discussed later on. First, however, consider specific arrangements of domains in the form of a hierarchical
laminate that satisfies (93) and (94) in an average sense at every internal
interface.
5.2

Average compatibility

A hierarchical arrangement of laminations can guarantee satisfying compatibility conditions and matching a prescribed macroscopic state of remanent strain and polarization ǫr by construction. First note that within the
constrained theory, each material point has strain and electric displacement
matching one of the N states ǫI , I = 1 . . . N . Implicitly, each domain has
zero stress and electric field, so that, in the absence of external loading,
ǫr = ǫ = ǫ̃ = ǫI . That is, the strain and electric displacement is entirely
due to spontaneous states of the crystal variants.
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Figure 6. Tree diagram corresponding to a rank-2 laminate, showing interface normals and pattern of laminations.

To form a hierarchical laminate, a pair of crystal variants are first laminated with domain walls normal to n, derived by solving (93) and (94).
The resulting laminate is formed with sufficiently fine layers to be treated
as a homogenized medium with effective ǫ that can be computed as a volume average over the constituent layers. The result is a rank-1 laminate.
Higher rank laminates can be formed by laminating together layers of two
materials, each of which is formed as a lower rank lamination — a rank R
lamination being formed from fine layers comprising two rank R − 1 laminations. The resulting hierarchy of laminates can be visualized using a
binary tree diagram (see figure 6) in which the root node (node number
1) represents the macroscopic material, comprising laminations of materials
represented by nodes 2 and 3 and so forth. A rank R lamination has a
corresponding tree diagram with R + 1 layers and 2R+1 − 1 nodes.
The nodes in layer R + 1 each represent material comprising a single
variant drawn from the set of N crystal variants. Numbering the nodes
in the tree diagram from the top down and from left to right as shown in
figure 6, each node i in layers 1 . . . R has an associated interface normal,
ni defining the orientation of its constituent layers. Each node also has an
associated volume fraction fi such that f1 = 1 = f2 + f3 and so forth:
fi = f2i + f2i+1 , i = 1 . . . 2R − 1

(96)

and since each lamination satisfies the compatibility conditions,
fi ǫri = f2i ǫr2i + f2i+1 ǫr2i+1 , i = 1 . . . 2R − 1

(97)

As usual, ǫr is used as compact notation representing both remanent strain
and polarization. Each of the N variants has some volume fraction f I ≥ 0,
I = 1 . . . N where the superscript I distinguishes volume fractions of the
crystal variants from the volume fractions fi associated with the nodes.
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Again, the compatibility conditions enforce
N
X

ǫr =

f I ǫI

(98)

1

with
N
X

fI = 1

(99)

1

If the macroscopic remanent strain and polarization are specified, (98)
and (99) give rise to a system of linear equations for the N volume fractions
f I . The strain component of (98) gives 6 linear equations; the polarization
part gives 3 equations and (99) provides one further equation. Hence there
are 10 equations for the N unknowns, with coefficients dependent on the
spontaneous strain and polarization states of the crystal. It is immediately
evident that the crystal parameters can result in (98) and (99) being invertible, singular or over-determined. Particular cases will be examined in
detail in section 5.4.
Suppose now that the f I are known. Following Bhattacharya (1993)
and Li and Liu (2004) it is possible to construct a compatible lamination
with these overall variant volume fractions as follows. Rewrite (98) as
ǫr = µ1 ǫ1 + µ2 (1 − µ1 )ǫ2 + · · · + µN −1

N
−2
Y
m=1

(1 − µm )ǫN −1 +

N
−1
Y
m=1

(1 − µm )ǫN
(100)

where the coefficients µm are given by
µm

=

0 if

m−1
X

f I = 1,

I=1

µm

=
1−

fm
m−1
P

otherwise

(101)

fI

I=1

The volume fractions fi of the material represented by each node in the
lowest level of the rank-R binary tree diagram can then be reconstructed
using (Tsou and Huber (2010)):
fi =

R
Y

(1 − 2b)µk + b, i = 2R . . . 2R+1 − 1

k=1
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(102)

Figure 7. A rank-2 tree diagram showing the construction of volume fractions fi from µk .
with
b=






i − 2R
i − 2R
−
2
2k−1
2k

(103)

where ⌊x⌋ represents the floor function that gives the greatest integer less
than or equal to x. Volume fractions associated with node numbers i < 2R
are recovered by successive applications of (96). The binary digit b defined
in (103) takes on the values zero or unity to indicate the branch of the tree
diagram in which node i resides. If node i is reached via the left hand branch
at level k − 1 then b = 0; otherwise b = 1. The resulting pattern of volume
fractions in a rank-2 tree diagram is shown in figure 7, along with labels
(A,B,C) to indicate the crystal variants represented at each node. Provided that the individual crystal variants are pairwise compatible, that is,
there exists a domain wall orientation satisfying (93) and (94) for any pairing of crystal variants, then the arrangement of volume fractions specified
by (100–103) guarantees that a fully compatible hierarchical laminate can
form with average strain and polarization state ǫr . The way this arrangement produces compatibility is evident from figure 7. Variant A is repeated
in laminations A/B and A/C with identical volume fractions. Since A can
form a notional interface with itself in any orientation, the only requirement
to form a lamination between A/B and A/C is that B can form an interface
with C; this requirement is met by pairwise compatibility. In terms of the
average strains and polarizations,
= µ1 ǫA + (1 − µ1 )ǫB
= µ1 ǫA + (1 − µ1 )ǫC

ǫ2 = µ1 ǫ4 + (1 − µ1 )ǫ5
ǫ3 = µ1 ǫ6 + (1 − µ1 )ǫ7

(104)
(105)

where superscripts on ǫ identify particular crystal variants, but subscripts
identify node numbers in the binary tree. Now, from pairwise compatibility
C
BC
BC
ǫB
ij − ǫij = ni aj + nj ai
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(106)

and

=0
PiB − PiC nBC
i

From which it follows that

(107)

′
BC ′
(ǫ2 − ǫ3 )ij = nBC
i aj + nj ai

(108)

with a′i = (1 − µ1 )ai , and
(P2 − P3 )i nBC
=0
i

(109)

Similar compatible interfaces are guaranteed throughout the laminate. Since
the µm in (100) can be chosen arbitrarily in the range 0 ≤ µ ≤ 1 and a compatible laminate can still be found, equivalently the volume fractions f I can
be arbitrarily chosen. It follows that the states of remanent strain and polarization ǫr accessible by a zero energy compatible laminate include all
states within the convex hull of the set of ǫI , the spontaneous states of the
individual crystal variants, given by
r

ǫ =

N
X
i=1

I I

I

f ǫ , f ≥ 0,

N
X

fI = 1

(110)

i=1

Compatibility is achieved in an average sense: The homogenized materials represented by the nodes can form an interface satisfying electrical and
mechanical compatibility conditions, but the fine scale domain walls formed
at the interface between two laminates do not necessarily satisfy compatibility conditions. The resulting pattern is an energy minimizer provided
that there is a separation of length scales between successive laminations,
allowing each lamination to be treated as a homogenized medium. This separation of length scales is consistent with observed microstructure (Liu and
Lynch (2006); Arlt and Sasko (1980)) where layers of very fine domains
are seen to form.
Note, however, that the resulting pattern of crystal variants requires a
lamination of rank N − 1 to accommodate N distinct variants. It is rare
in practice to see such multiple levels of length scale separation in ferroelectric crystals, and this motivates consideration of other ways that energy
minimizing domain patterns can form, such as the formation of laminates
without separation of length scales, but with compatibility satisfied exactly
at every domain wall.
5.3

Exact compatibility

Next consider the necessary conditions for the formation of a laminate
in which the compatibility conditions are satisfied exactly at every domain
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Figure 8. Rank-2 laminations with (a) unmatched volume fractions and
(b) matched volume fractions according to equation (111).

wall. Tsou and Huber (2010) identified a set of sufficient conditions which
guarantee such exact compatibility: First, wherever two laminations meet
to form a higher-rank lamination, there should be a matching of volume
fractions across the higher-rank interface. This avoids the type of mismatch
indicated in figure 8a which, though it does not prevent the formation of
exactly compatible interfaces, places extremely restrictive conditions upon
their formation. With matched volume fractions, fewer pairings of crystal
variants are formed. By reference to the binary tree diagram of rank-R, this
first condition can be written as (Tsou and Huber (2010)):
f2R−r
f2R−r +1

=

f2R−r +2n−2
, n = 2, . . . , 2R−r−1 , r = 0 . . . R − 2
f2R−r +2n−1

(111)

This imposes a requirement upon all pairs of materials that are laminated
together in a given level r of the binary tree to share a common volume
fraction ratio, allowing matched patterns such as figure 8b.
A second condition identified by Tsou and Huber (2010) is that pairs of
domain walls in the two laminations that are joined to form a higher rank
lamination intersect the common interface on the same line. This restricts
the domain walls to have a common orientation when projected into the
plane of that interface across which the higher rank lamination is formed.
The condition forces the domain patterns on either side of an interface to
match not only in spacing, as specified by (111) but also in orientation.
The requirement can be written as a coplanarity condition on the interface
normals associated with particular nodes in the binary tree:
ni · (np × nq ) = 0

(112)

where i, p and q are node numbers selected as follows:
p = 2j+1 i + k,
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q = p + 2j ,

(113)

with i, j and k in the ranges
i = 1, . . . , 2R−1 − 1, j = 0, . . . , r − 2, k = 0, . . . , 2j − 1

(114)

and tree level r = R − ⌊log2 i⌋. The pattern of nodes picked out by (112114) can be illustrated by application to a rank-2 laminate. With R = 2,
the range of values specified in (114) becomes simply i = 1, j = 0, k = 0.
Then the node numbers i, p, q for use in (112) are just i = 1, p = 2, q = 3,
requiring that n1 , n2 , and n3 are coplanar. When R = 3, (112-114) produce
five coplanarity equations, with node numbers i, p, q equal to
1,
1,
1,
2,
3,

2,
4,
5,
4,
6,

3;
6;
7;
5;
7.

Higher rank laminations lead to greater numbers of coplanarity equations
and hence reduce the chance of finding an exactly compatible arrangement.
The final exact-compatibility condition for a rank-R lamination is that
each domain walls satisfies (93) and (94), which brings in the spontaneous
strain and polarization states of the individual domains. Once again, the
set of nodes over which the compatibility equations apply must be specified.
Write the compatibility equations as:
(Pp − Pq ) · ni = 0

(115)

ǫp − ǫq = n i a i + a i n i

(116)

i = 1, . . . , 2R − 1, p = 2r i + k, q = p + 2r−1

(117)

k = 0, . . . , 2r−1 − 1, r = R − ⌊log2 i⌋

(118)

and
for nodes i, p and q. The nodes p, q are always drawn from the pure crystal
variants in the lowest level of the tree diagram — nodes 2R , . . . , 2R+1 − 1.
Meanwhile, the domain wall normal ni is always associated with a higher
level node i < 2R . The set of domain walls formed in the rank-R lamination
is specified by:

with
In the case of a rank-2 laminate, (117) and (118) produce the node numbers
i, p, q equal to
1, 4, 6;
1, 5, 7;
2, 4, 5;
3, 6, 7;

34

while in a rank-R laminate, R · 2R−1 sets of node numbers are produced.
These conditions become highly restrictive in laminates of rank R > 2
and are unlikely to be satisfied by sets of crystal variants with arbitrary
spontaneous states ǫI . However, the crystal variants of typical ferroelectrics
are both symmetric and symmetry related, with the result that exactly
compatible laminates can often form.
It should be emphasized that the conditions specified by (111–118) are
sufficient conditions for an exactly compatible laminate pattern, but are
not necessary conditions for exactly compatible patterns of domains: other
patterns such as crossing domains (Shu and Bhattacharya (2001)) can
form and the microstructure is of course not restricted to form only binary
laminates. However, Tsou et al. (2011) have shown that this formulation
generates many of the commonly observed patterns of domains, and can
give insight into observed domain patterns.
Returning to the problem of accessible states of macroscopic remanent
strain and polarization, it was noted in section 5.2 that any state ǫr that
can be made up as the volume average over a set of pairwise compatible
variants with states ǫI admits an averagely compatible laminate to form.
However, the same is not true for exactly compatible laminates and the set
of accessible states is in this case not known.
The theory of compatibility described in sections 5.1–5.3 uses the linear
approximation in which deformation gradients are infinitesimal and deformation is represented by a strain tensor that is the symmetrized deformation
gradient: the skew-symmetric part of the deformation gradient, representing rotation, is neglected. In typical ferroelectrics such rotations are small
and the predictions of the linear theory are similar to those of the nonlinear theory. However, as noted by Bhattacharya (1993), significant errors
can occur in the linear theory where there are multiple rotations. This can
arise at the junction of domains. To see this, consider a path crossing a
domain wall at which there is a net rotation of crystal lattice planes. Now
a closed path around the junction of domains can cross several such walls.
If the total lattice rotation is non-zero, then the formation of the junction
from a continuous region of crystal results in a disclination and the loss
of stress/electric field-free perfect compatibility. To account for the finite
rotations, the use of the non-linear theory (Shu and Bhattacharya (2001))
is expedient. Alternatively, using the linear theory, Tsou and Huber (2010)
computed the net rotation of lattice planes at each domain wall and used
this to check for the existence of disclinations.

35

5.4

Examples of compatible laminates

To illustrate the use of the theory of compatibility, consider ferroelectric
crystals in the polar tetragonal system, which includes BaTiO3 and many
other ferroelectrics. Here the crystal has six variants with spontaneous polarization states expressed in co-ordinates aligned with the crystallographic
axes as follows:



−1
P 2 = P0  0  ;
0


0
P 4 = P0  −1  ;
0


0
P 6 = P0  0 
−1




1
P 1 = P0  0  ;
0
 
0
P 3 = P0  1  ;
0
 
0
P 5 = P0  0  ;
1

(119)

The corresponding spontaneous strain states are

ǫ1 = ǫ2

ǫ3 = ǫ4

ǫ5 = ǫ6

=

=

=



1 0
0
0
ǫ0  0 − 12
0 0 − 12
 1
−2 0 0
ǫ0  0 1 0
0 0 − 21
 1
0 0
−2
ǫ0  0 − 12 0
0
0 1



;


;

(120)




Application of (93) and (94) to the polar tetragonal system shows that
180◦ domain walls can form between variants 1 and 2, variants 3 and 4 or
variants 5 and 6 while 90◦ domain walls form between any other pairs of
variants. Application of (98) shows immediately that all ǫrij , i 6= j must be
zero: the crystal cannot achieve remanent strain states that include shear
components in co-ordinates aligned with the crystallographic axes. The
remaining, non-trivial equations derived from (98) and (99) can be written
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as:











ǫr11 /ǫ0
ǫr22 /ǫ0
ǫr33 /ǫ0
P1r /P0
P2r /P0
P3r /P0
1
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1
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1
0
0
1

−1
0
0
1
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0
−1
0
1

1
0
0
1
1

1
0
0
−1
1

1

0
1
0
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f1
f2
f3
f4
f5
f6










(121)

This has the form e = M f where M is a 7 × 6 matrix of rank 6. Given
e, this yields a unique solution for the six volume fractions in f provided
that the remanent strain and polarization state specified in e is within the
convex hull of the set of spontaneous states. This result is special to the
polar tetragonal system: the macroscopic ǫr prescribes the volume fractions
f I , but the arrangement of domains is non-unique. Consider, for example,
a fully “unpoled” state, in which
ǫr = 0
so that
e = [0 0 0 0 0 0 1]

(122)
T

(123)

For this state, (121) gives the volume fractions
f=



1 1 1 1 1 1
6 6 6 6 6 6

T

(124)

Now the construction of Li and Liu (2004) and Bhattacharya (1993)
gives the µ values for an averagely compatible laminate with this state of
macroscopic ǫr . Using (101)
µ1 =

1
1
1
1
1
; µ2 = ; µ3 = ; µ4 = ; µ5 = ;
6
5
4
3
2

(125)

An averagely compatible laminate of rank-5 can match the “unpoled”
state. The resulting laminate is, however, highly complicated, with the
requirement for separation of length scales over multiple levels of hierarchical
lamination. Considering exactly compatible laminates that may match the
same ǫr , Tsou and Huber (2010) showed that a rank-3 exactly compatible
laminate can form, see figure 9. The rank-3 solution is not unique and many
alternate arrangements are possible. The arrangement shown in figure 9
can be represented by a binary tree diagram with the crystal variants in the
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Figure 9. A rank-3 laminate in the polar tetragonal crystal system that
achieves ǫr = 0. Spontaneous polarization directions of the individual domains are indicated using the colour coding.

lowest level of the tree having numbers 1, 2, 6, 2, 4, 3, 5, 3 reading across
the tree diagram from left to right. Use the notation “IJ” to represent
a rank-1 lamination of variants I and J, “IJKL” to represent a rank-2
lamination comprising alternating layers of “IJ” and “KL”, and so forth.
Then, figure 9 shows the laminate“12624353”. Note, however, that this
numbering specifies only the arrangement of the crystal variants, not the
orientation of domain walls or the volume fractions. In figure 9, f I = 1/6
for each variant. The corresponding nodal volume fractions in the lowest
level of the tree diagram are f8 = 1/6, f9 = 1/12, f10 = 1/6, f11 = 1/12,
f12 = 1/6, f13 = 1/12, f14 = 1/6, f15 = 1/12.
It is of interest to study the variety of exactly compatible laminates that
can form within a given crystal system. From consideration of the binary
tree diagram, each node in the lowest level of the tree could represent any
of the individual crystal variants. A rank-R binary tree has 2R nodes in
its lowest level, so in a crystal system with N variants the lowest level of
R
the tree diagram has N 2 possible arrangements. However, many of these
may represent identical laminates, differing only by rotations or reflections.
Furthermore, many of the arrangements may not satisfy the conditions for
compatibility given in section 5.3.
Using the 6 variants of the polar tetragonal system defined by (119)
and (120) as an example, the rank-1 arrangements can easily be enumerated. The 36 possible arrangements of the rank-1 tree include 6 of the form
“II” that pair a crystal variant with itself and thus have no domain wall,
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representing rank-0 laminates, or single crystal variants. Another 6 contain
pairings such as “12” that represent laminations of a crystal variant with another variant having the same spontaneous strain but opposite spontaneous
polarization. In each case, a 180◦ domain wall can form satisfying the exact
compatibility conditions. These laminates are congruent, differing only by
rotations. The remaining 24 laminates contain pairings such as “13” that
represent laminations of one crystal variant with another having different
spontaneous strain and polarization. Once again, the exact compatibility
conditions can be met, this time by forming 90◦ domain walls. These 24
laminates are again congruent by rotation. Effectively, then, there are just
two families of rank-1 laminate in the polar tetragonal system, those with
90◦ and those with 180◦ domain walls. The notation {12} and {13} can be
used to indicate these families.
Tsou et al. (2011) have similarly enumerated the rank-2 laminates in the
polar tetragonal system. At first sight there are 64 = 1296 arrangements.
Removing those that either (i) represent lower rank laminations such as
“1111”, or (ii) cannot satisfy exact compatibility conditions (“1345” is an
example of this, failing to satisfy (112)), or (iii) are rotations or reflections
of some lower numbered pattern, leaves just eight distinct families. These
are illustrated in figure 10.
The domain walls shown using dashed lines in figure (10) are 180◦ walls
without a unique orientation. Consequently these walls can form wavy
patterns, producing the “watermarks” commonly observed in ferroelectric
microstructure. Figure (10) also shows notional domain walls where a crystal variant meets itself across an interface introduced by the laminate. In
practice, no domain wall would form in these circumstances and the crystal would be continuous, without an interface. Upon checking for the
presence of disclinations, it is found that only patterns {1112}, {1221},
{1234} and {1324} are disclination free. These are zero-energy laminations
within the constrained theory and are among the commonest patterns of
domains observed in tetragonal ferroelectric crystals such as BaTiO3 (Tsou
et al. (2011); McGilly et al. (2010); Hooton and Merz (1955); Tagantsev
et al. (2010)).
The polar tetragonal crystal structure is among the most important of
the ferroelectric crystal systems, being found in BaTiO3 and in the PZT
alloys PbZrx TiO(1−x) O3 as well as many others. The PZT alloy series also
includes rhombohedral crystal structures, which have trigonal symmetry.
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Figure 10. The periodic repeating cells of the set of distinct rank-2 laminations in the tetragonal system.
The polar rhombohedral crystal system
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has eight variants as follows:
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0
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1
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0
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3
−1


−1
P
0
P8 = √  1 ;
(126)
3
−1

with corresponding spontaneous strain states

0 1 1
ǫ1 = ǫ2 = ǫ 0  1 0 1
1 1 0

0 −1
ǫ3 = ǫ4 = ǫ0  −1 0
−1 1

0
1
0
ǫ5 = ǫ6 = ǫ 0  1
−1 −1

0 −1
ǫ7 = ǫ8 = ǫ0  −1 0
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−1
1 
0

−1
−1 
0

1
−1 
0

(127)

The crystal variants are pairwise compatible and from (93) and (94) it can
be found that there are three distinct types of domain wall that can form.
The corresponding rank-1 laminates are {12} with 180◦ domain walls, {13}
with 70.5◦ domain walls, and {14} with 109.5◦ domain walls. In this crystal
system, equation (98) indicates that ǫrij = 0 whenever i = j and so the
macroscopic remanent strain includes only shear components in co-ordinates
aligned with the crystallographic axes. Then (98)and (99) give:


 f1
 

ǫr23 /ǫ0
1 1
1
1 −1 −1 −1 −1  2 
 f 
 ǫr31 /ǫ0   1 1 −1 −1 −1 −1 1
1 
  f3 



r


 ǫ12 /ǫ0   1 1 −1 −1 1
1 −1 −1 
  f4 
 
 √ r


 3P1 /P0  =  1 −1 −1 1 −1 1
1 −1   5 

 
 √
 3P r /P0   1 −1 1 −1 −1 1 −1 1   f 6 
 f 
 
 √ 2
 3P r /P0   1 −1 1 −1 1 −1 1 −1   7 
3
 f 
1 1
1
1
1
1
1
1
1
f8

(128)
Noting once again that this has the form e = M f , M is in this case a 7 × 8
matrix of rank 7. Thus there is a degree of freedom in the solution to (128),
the general solution being
f = f0 + γ [1 − 1 − 1 1 1 − 1 − 1 1]

T

(129)

where f0 is any particular solution for the set of volume fractions, and γ
is a scalar parameter that is limited in range by the requirement for all
f I ≥ 0. Hence for any feasible macroscopic state of ǫr it is possible to
find a set of volume fractions f I with at least one of the f I equal to zero.
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Averagely compatible laminates can be found for any ǫr in the convex hull
of the set of ǫI , but these will typically have high rank and so are unlikely
to form naturally. The macroscopic strain and polarization states that can
be achieved with exactly compatible laminates have been explored by Tsou
and Huber (2010). In considering the rank-2 exactly compatible laminates
that can form, Tsou (2011) found the 14 families of laminates shown in
figure 11.
These rank-2 laminates have some remarkable properties. For example,
the laminate designated “1458” can, through the choice of nodal volume
fractions f4 = f5 = f6 = f7 = 1/4, produce the “unpoled” macroscopic
state ǫr = 0. But by varying the volume fractions, a continuous range of
laminates can be produced including both the “unpoled” state and a single
variant state, representing a fully “poled” condition. Possibilities of this
kind indicate the potential utility of the constrained theory in identifying
low energy pathways that the domain patterns in ferroelectric crystals could
follow, potentially enabling ferroelectric switching with very low coercive
field. A discussion of the design of martensitic materials to achieve such low
energy transformation paths has been given by Zhang and James (2009). In
the case of ferroelectrics, the possibility of domain walls migrating through
a laminate, transforming it continuously from one state of ǫr to another,
provides a means to model the effect of applied macroscopic loads in the
form of electric field and stress. The next section discusses the evolution of
laminate domain patterns under applied loads.
5.5

Evolution of laminate domain patterns

A number of constitutive models for ferroelectric crystals have been developed around the concepts of compatible laminates (Yen et al. (2008);
Weng and Wong (2009); Tsou et al. (2013)). The advantage of this approach, relative to the crystal plasticity methods described in section 4.1,
is that some account is taken of the pattern of domains within a crystal,
or within individual grains of a polycrystal. This is significant because the
presence of particular arrangements of domains can affect the switching
process. To illustrate models of this kind, a general model of ferroelectric
switching based on the incremental motion of a known pattern of domain
walls is first developed here. Following Huber and Cocks (2008), rate potentials are used to characterize the mobility of the domain walls.
Consider a region of a ferroelectric crystal occupying volume V , bounded
by surface S, containing domains and domain walls such that the positions
of the domain walls are defined by a set of m configurational variables ai ,
with i = 1 . . . m. As in the constrained theory, the domain walls are taken

42

Figure 11. The periodic repeating cells of the set of distinct rank-2 laminations in the rhombohedral system, after Tsou (2011). Arrows show the
projections of each polarization vector onto the surface of the cell.

to be thin such that each material point lies within one of the domains,
with spontaneous strain state ǫIij and spontaneous polarization PiI , corresponding to one of the N crystal variants (I ∈ 1 . . . N ). The domain walls
themselves occupy area A. Let each material point experience local stress
σij and electric field Ei . The Gibbs free energy of the system G is the sum
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of an internal energy U (σ, E, ai ) and potential energy, Ω, due to boundary
tractions ti and surface charge density q. The stored dielectric energy outside region V is neglected here, but should be included whenever changes in
external stored energy significantly influence the material behaviour. The
Gibbs free energy in the current configuration may be written as
Z
Z


 1
I
i
I
G σ, E, a =
σij ǫij − ǫij +Ei Di − Pi dV − φq+ti ui dS (130)
2
S

V

where I varies from point to point, indicating which crystal variant is present
at each point.
A change in the configurational variables δai causes points on the domain
walls to displace by δx resulting in a change δG in the free energy. Define
an equivalent thermodynamic pressure F (v) on the domain walls, moving
at speed v such that
Z
F (v)δx dA = −δG

(131)

A

dA being an element of the domain wall area. Note that F (v) can vary from
point to point on the domain walls; also G depends on the current configuration and loading, but is independent of v. Hence if the dependence of F (v)
on v is specified, (131) ensures that the displacements δx are energetically
consistent with δG. Thus the motion of domain walls is driven by changes
in G, but their increment of position is governed by F (v). If the increment
δx happens over time increment δt, then in the limit δt → 0
Z
F (v)v dA = −Ġ
(132)
A

Now define a rate potential Ψ(ai , ȧi ) as
Ψ=

Z Zv

F (ζ) dζ dA

(133)

A 0

A virtual variation δ ȧi in the rates of the configurational variables corresponds to variation δv of the domain wall velocity at each point on the walls,
and a variation δ Ġ in the rate of change of Gibbs free energy. Using (132)
and (133)
Z
F (v)δv dA = −δ Ġ

δΨ =

A
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(134)

Hence, defining a functional Π by
Π = Ψ + Ġ

(135)

the rates ȧi are such that Π is stationary to variations δ ȧi ; that is
δΠ = 0

(136)

This variational principle provides a general framework for the thermodynamic evolution of configurational variables and similar methods have
been widely applied in the study of microstructure evolution (Fischer et al.
(2014)). In the present context, since G is independent of the ȧi then
Ġ =

X ∂G
ȧi
i
∂a
i

(137)

or writing the ai as a row matrix a,
Ġ =

∂G T
ȧ
∂a

(138)

δ Ġ =

∂G T
δ ȧ
∂a

(139)

Then the variation in Ġ is

Application of (136) provides a set of equations for the ȧi , which can be
coupled and non-linear. However, a particularly simple expression results if
the system has linear kinetics, of the form
Ψ=

1
ȧM ȧT
2

(140)

where M is a symmetric matrix of constant coefficients that defines the
mobility of the domain walls. Then
δΨ = ȧM δ ȧT
and so

(141)

∂G T
δ ȧ = ȧM δ ȧT
(142)
∂a
As this holds for any variation δ ȧi about the true rates ȧi , then the ȧi can
be found directly by

T
∂G
T
−1
ȧ = −M
(143)
∂a
−
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5.6

Example of domain pattern evolution

The model of evolution of domain patterns outlined in section 5.5 can be
illustrated by considering the evolution of a rank-2 laminate under simple
loading conditions. Take as an example a laminate in the family {1458} of
the polar rhombohedral crystal system. This family was shown in section 5.4
to allow a state of zero average remanent strain and polarization when the
four crystal variants have equal volume fractions. These laminates also allow
a fully polarized state when the volume fraction of any variant tends to
unity. It can easily be shown that the {1458} family is unique among rank2 laminates in allowing ǫr = 0. To see this, consider the general solution
for the volume fractions of the crystal variants given in (129). When ǫr = 0
the volume fractions take the form
f=

1
T
T
[1 1 1 1 1 1 1 1] + γ [1 − 1 − 1 1 1 − 1 − 1 1]
8

(144)

with γ limited such that 0 ≤ f I ≤ 1. Setting γ such that only four crystal
variants are present gives
f=

1
1
T
T
[1 0 0 1 1 0 0 1] or f = [0 1 1 0 0 1 1 0]
4
4

(145)

The first of these possibilities has only variant numbers 1, 4, 5, and 8 present
and so includes the {1458} family. Since these four crystal variants produce
a set of polarizations P I with tetrahedral symmetry (see figure 12), it is
evident that all permutations such as “1458”, “1548”, and so forth, are
related by pure rotations or reflections. Similarly it can be seen that the
second arrangement of volume fractions in (145) produces laminates such
as “2376” which is a rotation of “1458”, and permutations thereof.
Now consider the evolution of the specific domain pattern “1458”. A
binary tree diagram for this laminate is shown in figure 13a. Application
of the compatibility equations from section 5.3 shows that the domain wall
orientations are given by
 
 
0
1
n1 =  0  ; n2 = n3 =  0 
(146)
1
0
The resulting pattern of domains is a rectangular grid or checkerboard as
shown in cross-section in the x-z plane in figure 13b. All of the internal interfaces are 109.5◦ domain walls. For simplicity, let the material experience
uniform stress and electric field with all components equal to zero except
σ11 and E1 . Also, let each crystal variant have identical material properties
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Figure 12. The polarization states of the four rhombohedral crystal variants in the laminate “1458”.

σ
sE
ijkl and εij in x, y, z co-ordinates aligned with the crystallographic axes.
Define the positions of the domain walls within a unit volume of the material by two configurational variables (a1 , a2 ) as shown in figure 13b, such
that the volume fractions of the individual crystal variants are:

f 1 = a1 a2 ; f 4 = a1 (1 − a2 ); f 5 = a2 (1 − a1 ); f 8 = (1 − a1 )(1 − a2 ) (147)
In order to find ∂G/∂a, recall that G = U + Ω, and note that for the
specified loading with only σ11 and E1 the internal energy U is given by
Z
1
1
σ
U=
σ11 sE
(148)
1111 σ11 + E1 ε11 E1 + E1 d111 σ11 dV
2
2
V

while the potential energy of boundary tractions and charges is
Z
Ω = − φq + ti ui dS
S

=

−

Z

σ
σ11 sE
1111 σ11 + E1 ε11 E1 + 2E1 d111 σ11

V

+E1 P1I + σ11 ǫI11 dV
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(149)

Figure 13. (a) Binary tree diagram for the laminate “1458”, and (b) arrangement of crystal variants in the x − z plane.
where use has been made of Gauss’ theorem and electromechanical equilibrium to convert to a volume integral. The simplifying assumptions of
σ
uniform sE
ijkl and εij imply that the corresponding terms in (148) and (149)
will not enter into the expression for ∂G/∂a. However, it is expected that
the piezoelectric coefficient d111 will differ among the variants because of
their differing polar axes. From symmetry, it can be seen that the d111 coefficient will be identical in variants 1 and 4, and have an opposite (negative)
value in variants 5 and 8. Let variants 1 and 4 have d111 = d0 and variants
5 and 8 have d111 = −d0 . Also, ǫI11 = 0 for all four variants. Then, for a
unit volume of the material, using (147)–(149):


P0
∂G
(150)
= −2E1 σ11 d0 + √
∂a1
3
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and

∂G
=0
(151)
∂a2
The uniaxial loading case considered here does not drive changes in the
second degree of freedom, as indicated by (151). This is as expected from
the symmetry of the loading and the crystal variants. The rate ȧ1 is then
specified by rate potential Ψ. Taking the simple case of linear kinetics, given
by
 1 

1 1 2 m 0
ȧ
Ψ=
(152)
ȧ ȧ
ȧ2
0 m
2

per unit area, the evolution of domains is governed by


P0
2E1
σ11 d0 + √
ȧ1 =
m
3

(153)

The evolution of the laminate can be simulated by integrating (153), using (147) and (98) to reconstruct the remanent strain and polarization state.
Additionally, the constraint 0 ≤ ai ≤ 1 must be enforced. Figure 14 shows
the polarization response of the laminate when subjected to sinusoidal loading E1 = E0 sin(ωt) with ω = 2πrad s−1 and E0 P0 /m = 30, starting from
a state with a1 = 0.5. The response is shown with no stress and with a
compressive stress σ11 = −0.2P0 /d0 , which reduces the rate of ferroelectric
switching through piezoelectric coupling.
Other examples have been given by Huber and Cocks (2008) and Tsou
et al. (2013).

6

Summary and Outlook

This chapter has reviewed a variety of methods for modelling the electromechanical response of ferroelectrics. The methods are derived from classical
theories of plasticity, energy minimization, and the use of thermodynamic
principles that have wide application in mechanics. It is expected that extensions of these methods can also provide insight into other ferroic materials and multiferroics. While the chapter makes a general progression from
macroscopic towards microscopic models, it does not address finer scale
modelling methods such as Ginzburg-Landau phase field models, molecular
dynamics or atomistics, each of which has made a substantial contribution
to the understanding of ferroic materials. At present the fine-scale models
are restricted by the limits of practical computation to regions of material of
size in the order of nanometres. However, coupling of fine-scale to coarsescale is an ongoing endeavor that has already made substantial progress.
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Figure 14. Polarization response of the “1458” laminate.

With continued growth in the applications of and the demand for ferroic
materials, it can be expected that models of ferroelectrics and related materials will continue to provide a rich source of insight for engineering design.
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